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ABSTRACT. Let p > 3 be a prime. We derive the following new congru-

ences:
p—1
Z(2n +1)A, =p (mod p*)
n=0

and

p—1
> Dp=(-1)PN/2_p2E, 3 (mod p?),
n=0

where A, denotes the Apéry number > 7 (2)2(”1"“)2, D,, stands for
the central Delannoy number Y 7' (Z) ("Zk), and Ey, E1,Es, ... are Eu-
ler numbers. We show that the arithmetic means % EZ;&(Zk:—l— DAk (n =
1,2,3,...) are always integers and conjecture that ZZ;&@k—i—l)(—l)kAk =
0 (mod n) for every n = 1,2,3,.... We also investigated generalized cen-
tral trinomial coefficient T3, (b, ¢) (with b, ¢ € Z) which is the coefficient of

n

x™ in the expansion of (2 + bx + ¢)™. For any positive integer n we prove
that

n—1

> " (2k 4+ 1)Ty (b, €)*(4e — b*)" 1% = 0 (mod n)

k=0

and conjecture that

n—1
> " (2k + )Ty (b, €)*(b* — 4¢)" 7% = 0 (mod n?).
k=0

Our topic is original and many conjectures are raised.
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1. INTRODUCTION

In number theory, for an arithmetical function f, analytic number-
theorists often study the asymptotical behavoir of the partial sum > . f(n).
Similarly, for an integer sequence ag,ai,as,... we may investigate the
arithmetic mean % ZZ;& ap (n=1,2,3,...) or the partial sum Zi;é ay
modulo powers of a prime p. In this paper we initiate the topic for various
integer sequences {ay }r>o arising naturally from enumeration problems in
combinatorics.

Let p be a prime. Partially motivated by H. Pan and Z. W. Sun [PS],
Sun and R. Tauraso [ST] proved that

=2k _ (p o) S
Z(k)_<3)( dp’) dkz_oc’“_ g

k=0

(mod p?),

where C} denotes the Catalan number (Qkk)/(k-i- 1) = (Zkk) - (szl) and (—)

refers to the Legendre symbol. Recently Sun [Su] determined Zz;é (zkk) /m
mod p? for any integer m # 0 (mod p).
Recall that Apéry numbers are given by
n 2 2 n 2 2
n n+k n+k 2k
A, = — —1{0,1,2,...
() () =50 (5) wem=orz

k=0 k=0

k

which play a central role in Apéry’s proof of the irrationality of ((3) =
>0 1 1/n® (see R. Apéry [Ap] and van der Poorten [Po]). Apéry numbers
are related to modular forms and the p-adic Gamma function, see Ken
Ono [O, pp.198-203]. The Dedekind eta function in the theory of modular
forms is defined by

n(r) =" [[(1—¢") withg=e"",
n=1

where 7 € H= {2z € C: Im(z) > 0} and hence |g| < 1. In 1987 F. Beukers
[B] conjectured that
Ap—1)/2 = a(p) (mod p?)  for any prime p > 3,

where a(n) (n=1,2,3,...) are given by

7t erntar) =q [J(1 - @M - ¢*)* =) aln)g"

This was finally confirmed by S. Ahlgren and Ono [AO] in 2000.

Let p be an odd prime. Motivated by the author’s determination of
Zz;é (Qkk)/mk mod p? for any integer m #Z 0 (mod p), we computed
Zz;é Ap/m* mod p? via Mathematica and found the following surprising
conjecture.
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Conjecture 1.1. Let p be an odd prime. Then
p—1
> A
k=0

:{ 422 — 2p (mod p?) ifp=1,3 (mod 8) and p = x> + 2y* (z,y € Z),

0 (mod p?) if p=>5,7 (mod 8);
and

p—1

> (—1)kA,

k=0
[ 42% —2p (mod p?) ifp=1 (mod 3) and p = z* + 3y? (z,y € Z),
:{ 0 (mod p?) if p=2 (mod 3).

Remark 1.1. In number theory, it is well known that if p is an odd prime
with (_72) =1 (i.e., p = 1,3 (mod 8)) then there are unique positive
integers x and y such that p = 2 + 2y2. Also, if p is an odd prime with
(_73) =1 (i.e., p =1 (mod 3)) then there are unique positive integers z
and y such that p = 22 + 3y%. The reader may consult A. Cox [Co] for
these basic facts.

Conjecture 1.1 is also related to modular forms since J. Stienstra and
F. Beukers [SB] proved that if we write

IIl—q)(l—q)ﬂ—@ (1-¢*" }:
and

qIII—q (1-¢")%=> cln)g

then for any odd prime p we have

b(p) {4x2—2p if p=1,3 (mod 8) & p = 2% + 2y? with x,y € Z,
p =

0 if p="5,7 (mod 8),
and
()_{4&:2—219 if p=1 (mod 3) & p = 2% + 3y? with x,y € Z,
A if p =2 (mod 3).

Conjecture 1.1 seems very challenging and we are unable to prove it;
we also have a similar conjecture for > 7_ OskkAk mod p? where ¢ =
+1. Nevertheless we can establish the following novel property of Apéry
numbers.
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Theorem 1.1. (i) For any positive integer n we have

n—1

> (2k+1)A, =0 (mod n). (1.1)
k=0

If p > 3 is a prime, then

p—1

> (2k+1)A;, = p (mod p*). (1.2)

k=0
(i) Let e € {£1} and m € Z*, and let p be any prime. Then

p—1
Z(Qk 4+ 1)eF AT = 0 (mod p). (1.3)

k=0

Remark 1.2. The values of

n—1

Sp = lZ(zchrl)Ak Y/

k=0

S

withn=1,...,8 are
1, 8, 127, 2624, 61501, 1552760, 41186755, 1131614720
respectively. Via the Zeilberger algorithm we obtain the recursion

(n+2)3(n+3)(2n 4 1)s,43
=(n+2)(2n + 1)(35n 4+ 193n? + 3451 + 203) 5,42
— (n+1)(2n 4 5)(35n3 + 122n% + 132n + 40)s,,41
+n(n+1)%2n + 5)s,
forn=20,1,2,....
For n € N we define the Apéry polynomial A, (x) as follows:
n 2 2
n n+k\" .
Apy(x) = :
@ =2, PIGYE

Obviously A, (1) = A,,. By aslight modification of our proof of (1.1) given
in the next section, we see that

% nf(zk + 1) Ay(z) = :2;: (n L 1) (n Z k) (27;1]3 (2:) i

k=0
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for every n =1,2,3,.... Thus, for any odd prime p and integer = we have

p—1
Z (2k + 1) Ap(z) = p G) (mod p?),

k=0

since p | (2”;;_’“1) for every k = 0,...,(p —3)/2, and p | ( ) for all & =

(p+1)/2,...,p—1.
Based on our computation via Mathematica, we raise the following
conjecture which has the same flavor with Theorem 1.1.

Conjecture 1.2. For any e € {+1}, m,n € Z* and z € Z, we have
n—1
Z(Qk + 1)e* A ()™ = 0 (mod n).

k=0

If p is an odd prime, then

p—1
Z(Qk +1)(-1)*Ai(z) =p (1 — 433) (mod p?).

k=0

Also, for any prime p > 3 we have

p—1 p—1
SOk 4+ D)A(-3)= > 2k + 1)(~1)* 4, = p (%) (mod p®).
k=0 k=0

Remark 1.3. The values of * Z;;(Qk—i— 1)(—=1)*Ag withn =1,...,8 are
1, =7, 117, —2441, 57449, —1453635, 38609845, —1061792695

respectively.

In contrast with Conjecture 1.1, we have the following conjecture in-
volving the binary quadratic form 22 + 72.

Conjecture 1.3. Let p be an odd prime. Then

422 — 2p (mod p?) ifp=1(mod 4) & p=2>+y? 21z, 2|y),
0 (mod p?) if p=3 (mod 4).
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Provided p > 3 we also have

i(%: +1)(-1)*AL(-2)=p - %qup@) (mod p?),
k=0

where q,(2) denotes the Fermat quotient (2P~1 —1)/p.

Remark 1.4. As observed by Fermat and proved by Euler, any prime
p = 1 (mod 4) can be uniquely written in the form 22 + y? with 2 odd
and y even. Conjecture 1.3 determines 22 mod p? via the integer sequence
{(=1)* A (—=2)}1>0; in Sections 4 and 5 we will present more conjectures
in this spirit.

The central Delannoy numbers (see [CHV]) are defined by
" (n+k\ (2K " /n\ (mn+k
D, = = N).
> (") () -2 () () e

Such numbers arise naturally in many enumeration problems in combina-
torics (cf. Sloane [Sl]); for example, D,, is the number of lattice paths from
(0,0) to (n,n) with steps (1,0),(0,1) and (1,1).

Our second theorem is concerned with central Delannoy numbers.

Theorem 1.2. Let p > 3 be a prime. Then
151 - -
Z(Qk + 1)Ar(—1) = Z = (—) —p*E,_3 (mod p*), (1.4)

p k=0

where Ey, Eq, o, ... are Euler numbers defined by
" /n
EozlandZ(k) =0 forneZ"={1,2,3,...}.
2k

We also have

7
> @k+1)(-1)"Dy=p— Ep4Bp 5 (mod p°) (1.5)
k=0
and
p—1
> 2k +1)Dy = p+ 2p%¢p(2) — pq,(2)? (mod p*), (1.6)
k=0
where By, B1, B ... are Bernoulli numbers.

Now we give our fourth conjecture.
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Conjecture 1.4. Let p be any odd prime. Then

p—1
D -1
Z k—Qk =2 <—) E,_3 (mod p).

k=1 p
If p > 3, then
p—1
Z(2k +1)Di = p* — 4p°q,(2) — 2p*¢,(2)* (mod p°).
k=0

Recall that for a prime p and a rational number z, the p-adic valuation
of x is given by

vp(z) =sup{a € N: 2 =0 (mod p*)}.

Just like the Apéry polynomial A4, (z) =", _, (") ("Zk) z* we define
Dy (x) = zn: n\ (n+k ok
e = \k k '

Actually D,,((x — 1)/2) coincides with the Legendre polynomial P, (x) of
degree n.

Conjecture 1.5. (i) For any n € Z the numbers

1
k
n2 E 2]€ +1 Ak <4)
and

Z (2k +1)(—=1)* Dy, (—1>

k=

are rational numbers with denominators 22v2(") and 23(n—1+v2(nh)—va(n)
respectively. Moreover, the numerators of s(1),s(3), s(5), ... are congruent
to 1 modulo 12 and the numerators of s(2),s(4),s(6),... are congruent to
7 modulo 12. If p is an odd prime and a € Z+, then

s(p) = t(p*) =1 (mod p).
Forp=3 and a € Z" we have

5(3%) =4 (mod 3%) and t(3*) = —8 (mod 3°).
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(ii) Let p be a prime. For any positive integer n and p-adic integer x,
we have

n
k=0

” (1 " (2k 4 1)(~1)* 4, (:z:)) > min{v,(n), v,(de — 1)}
and

n—1
1 .
(£ 3@k DD )" ) 2 minog (o), vy + 1)
k=0
For n € N, the nth central trinomial coefficient and the nth Motzkin
numbers are defined by

[n/2] n\ /2% [n/2] n
S () - 5 ()

k=0

It is known that T,, coincides with [2"](1 +  + 22)", the coefficient of
2™ in the expansion of (1 + 2z + 22)™, and that M,, equals the number of
paths from (0,0) to (n,0) in an n x n grid using only steps (1,1), (1,0)
and (1,—1) (cf. Sloane [Sl]). Quite recently H. Q. Cao and Pan [CP]
determined S"P~! T, mod p and S°PZ! (—1)¥ Ty mod p?, where p is an odd
prime.

Our following conjecture seems sophisticated.

Conjecture 1.6. (i) For any n € Z* we have

n—1
Z(Sk +5)T2 =0 (mod n).
k=0
If p is a prime, then
p—1

Z(Sk +5)T2 = 3p (%) (mod p?).

e
Il
=

(ii) Let p > 3 be a prime. Then

S ME=(2-6p) (L) (mod p?),
k=0
Sk = o 1) (£) (mod p?).
k=0
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and

ST =2((5) 1) ot

Given b, c € Z, we define the generalized central trinomial coefficients
To(b,c) :=[z"](z* + bz + )" = [2°](b+ 2 4 cx™ )"
In/2] Ln/2]
B n\ (2K, ok g _ n—=Fk\(n\ .o k
2 )G S )G
k=0 k=0
and introduce the generalized Motzkin numbers

Ln/2] n - Ln/2] n—k n\ bn—2kqk
My, (b, c) := " =
(be)i= 3 (%)C’“b 2 ( k )(k:) k1

k=0 k=0

(n=0,1,2,...). Note that

Tn = Tn(la 1)7 Mn = Mn<17 1)7

To(2,1) = ") (o + 1" = (2”)

n

and

" /n
M, (2,1) = Z (Qk) Cr2" % = Cpy1.

k=0

It is also known (cf. [Sl]) that D, = T,(3,2). Thus T, (b,c) can be
viewed a natural common extension of central binomial coefficients, central
trinomial coefficients and central Delannoy numbers, while M, (b, ¢) can be
viewed as a natural common extension of Catalan numbers and Motzkin

numbers. H. S. Wilf [W, p. 159] observed that

- 1
Z Tn(b,c)x™ =
= V1 —2bx + (b — 4c)z?

which implies the recursion
(n+1)Tyy1(b,c) = (2n4+1)0T, (b, ¢)+(4e—b*)nT,_1(b,c) (n € ZT). (1.7)

(See also T. D. Noe [N].)
Our third theorem is concerned with generalized central trinomial co-
efficients and generalized Motzkin numbers.
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Theorem 1.3. Let p be an odd prime and let b,c,m € Z with m #
0 (mod p). Then

S Tilb,e) _ ((m—1b)>—4de
l;) = <—p ) (mod p) (1.8)
and
2cz M’;S;’ 2 = (m —b)? — ((m — b)* — 4c) (W) (mod p).
= (1.9)

Theorem 1.4. Let b,c € Z.
(i) For any n € Z* we have
n—1
> (2k + 1)Ti(b, )*(4c — b*)" ' = 0 (mod n), (1.10)
k=0
and furthermore
n—1
b (2k+ 1)Ti(b,c)*(4c — b*)" ' F = nT,, (b, )T —1(b,c).  (L.11)
k=0
(i) Suppose that b*> —4c =1 (i.e., b=2d + 1 and ¢ = d*> + d for some
deZ). Then

%g(zm 1) T4 (b, ¢) = nf <ki1) (n:k) (l)_TlY ez (1.12)

k=0
for alln € Z*. If p is a prime not dividing c, then

gi%+&ﬂﬂ@@zp+b+l((hH)%l—Q(mMpﬂ (1.13)

b— 1\ \ 2
k=0
For any odd prime p we also have
b—15%~ b—1)/2
5 (2k 4+ 1)*Ty(b, c) = <%) (mod p). (1.14)
k=0

Remark 1.5. The author notes that for any n € Z™ we have

. :é(% + )37 = nf (" . 1) (—1)" (ke + 1) (2:)

k=0
If b,c € Z with b> — 4c = 1, then for any prime p { ¢ by (1.13) we have

Z_:(%: + 1)Tk(b, ¢) = p (mod p?).
k=0
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Conjecture 1.7. Let b,c € Z.
(i) For any n € Z* we have

n—1

Z(Qk + 1)T5(b, ¢)?(b% — 4¢)" 7% = 0 (mod n?).

k=0

If ¢ is nonzero and p is an odd prime not dividing b*> — 4c, then

— 2_4c
1 Tk (b, c)? 2 () -1
N @k )Y T e S .
e kz_: k + —dc)F -l-c 5 (mod p)
(i) Suppose that b* —4c = 1. Then
n—1
Z(2k + 1)Tx(b,¢)™ =0 (mod n)
k=0

for all m,n € Z™. If p is a prime not dividing c, then

p—1
S @2k + DTr(b,0)* = p (‘22_ 1) (mod p?)

k=0

and
p—1
Z(Qk + 1)Tk(b,c)* = p (mod p?).
k=0

Remark 1.6. Note that D,, = T,,(3,2) and 32 —4 x 2 = 1. Thus Conjecture
1.7(i) implies that

n—1

Z(2k +1)D? = 0 (mod n?)
k=0

for all n € ZT. The values of - > 7'~ 1(2k +1)D2 withn =1,...,9 are

1, 7, 97, 1791, 38241, 892039, 22092673, 571387903, 15271248769

respectively.

Theorems 1.1 and 1.2 will be proved in the next section. In Section
3 we will prove Theorems 1.3 and 1.4. Sections 4 and 5 contain various
conjectures involving generalized central trinomial coefficients and a new
kind of numbers respectively. We hope that our conjectures in Sections
1,4 and 5 will interest number theorists and stimulate further research.
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2. PROOFS OF THEOREMS 1.1 AND 1.2
Lemma 2.1. Let k € N. Then, for any n € Z* we have the identity
n—1 2 2
m+k (n—k)? (m+k
2 1 = — . 2.1
mzzo(m+ )< 2%k ) 2k +1 \ 2 (2.1)

Proof. Obviously (2.1) holds when n = 1.
Now assume that n > 1 and (2.1) holds. Then

- m+k\>
mZ:O(2m+1)< o )
(n—k)?(n+k 2+(2 ) n+k\>
T2k + 1\ 2% " ok
(n+k+1)2 m+E\> (+1-k2/((n+1)+k\>
2k +1 2k o 2k+1 2k '

Combining the above, we have proved the desired result by induc-
tion. U

Proof of Theorem 1.1. (i) Let n be any positive integer. Then

:g(%n +1)A, = :g(zm +1) kﬁ;o (m;,; k) 2 <2:> 2
_ :_O (2:) :;Zzo(zm +1) (m;; k)
:g <2:)2 (Zk_ff (n;;k)z (by (2.1))

> G () ()

Since )
(n—k)(Z)zn(n; ) forall k=0,...,n—1,
we have
n—1 n—1 2
1 n—1\n—% /n\/n+k
— 2 1A, =
nmzo(m+> H( k )2k+1<k)< k )
_nil n—1\n—k (n+k\ /2k\ n+k
=\ k J2k+1\ 2k )\ Kk k
Lt | n+k\/n+k\ [/2k
= € Z.
k k 2k +1 k
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This proves (1.1).
Now we fix a prime p > 3. By the above, for any n € Z* we have

nf 2m+ 1 y (” - 1) (” ;: k)Q. (2.2)

m=0 =0

Observe that

k#(p 1)/2
_ ZS 1 <p2 —12)2
- 2
k=0 2k +1 0<j<k J
k#(p—1)/2
_ ”i 1 (”‘Z?’)/Q L, 1
&2 2%+l &= \2k+1 20p—1-k)+1
k#(p—1)/2
_ (pi/z L 1 B (pi/z 2p
B = \2k+1 2p—2k-—1 B £~ (2k+1)(2p — 2k — 1)
(r=3)/2 —2p p—1 (p—zl)/2 1
= Z 7:—;9(2 5 = 2) (mod p?).
Since
p—1 1 p—1 1
k=1 k=1
we have
(p—1)/2 1 (p—1)/2 1 r—1 4
2 Z 5 = (—2—|— 2): — =0 (mod p).
-k o\ (k) il
Therefore

g(% 04z (o ) 2 RS |
_ppﬁ)/z(l) _ppzn/z( 22)

(p—1)/2 1
Ep(l —2p? Z ﬁ) = p (mod p).

k=1
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This concludes the proof of (1.2).
(ii) As Ap =1 and A; = 3, (1.3) with p = 2 holds trivially.
Below we assume that p > 2. If k € {0,1... ,p— 1}, then

Ap-1-k = pi <(p_ 12—jk) H)Z(?)Z

j=0
p—1 k 2
SV C 505 C) s
7=0 7=0 ‘7
Thus
p—1 p—1
> @k+1)FAR =) (2p—1—k)+ erRAr,
k=0 k=0
p—1
= — Z(Qk +1)e* A7 (mod p)
k=0

and hence (1.3) follows.
Combining the above we have completed the proof of Theorem 1.1. [

Lemma 2.2. Letn € N. Then we have
" lrx+k—1 r+n
U)o
k=0
Proof. By the Chu-Vandermonde identity (see, e.g., [GKP, p.169]),
i —x -1\ [(—x-1
k n—k) n
k=0
which is equivalent to (2.3). O
Lemma 2.3. Let p > 3 be a prime. Then

S
Z T —pE,_3 (mod p?). (2.4)
k=0
k#(p—1)/2
Proof. Observe that
SR
2k+1 2

k=0
k#(p—1)/2 k#(p 1)/2

1

e
<2k-|—1 * (2(p—1—k)+1))

(-1
P kz_o 2k +1)(2k + 1 — 2p)
k#(p—1)/2
p—1

e <k: + %)H (mod p?).

k=0

I
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So we have reduced (2.4) to the following congruence

p—1

Z(_l)k (k + %) ) =4FE,_3 (mod p). (2.5)

k=0

Recall that the Euler polynomial of degree n is defined by

oS5

k=0

It is well known that
E,(x)+ E,(x+ 1) =2z".
Thus

= (0 (b ) -0 (k14 5))
=E, 3 <%) — (=1)PEp-3 <p+ %)

=2E, 3 (1) = 2E = 8FE,_3 (mod p)

2 2r—3

and hence (2.5) follows. We are done. [J

Proof of Theorem 1.2. (i) We first show (1.4).
Similar to (2.2), we have

§(2k+1 A—1) =S ( _1) (p:’“)Q(—n’f.

k=0 =0

Note that

k=0
k#(p—1)/2
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and
( p-1 )<P+(p—1)/2>:(p )/ P — 2
r—1)/2)\ (p-1)/2 I
(p—1)/2 ] X
(8 3 ()
- ; 7 p ( )
Therefore,
p—1
> (2k+1)Ap(-1)
k=0
2(_1ye-1/2 /_1\2 -
—2(_ p( 1) _1 B _1 iy 4
=p~( pE_3)+2(p—1)/2+1<p =P\, p*E,_3 (mod p*).
Observe that
p—1 p—1 n b1 -
n+k\ [(2k ok otk
S0 =S () =S (S (5
n=0 nokmo \ 2k k 2\ k) 2\ 2k
v p—ik S+ ok
= . j
F=0 j=0
p—1
2\ (2k+1+p—1—
= < k)( k+1+p k) by Lemma 22
k p—1—k
k=0
E= <2k><p+k) _’Sﬂ(%H)(Hk)
A\ k)\2k+1)  &2%k+1\ &k ot 1
and thus

p—1 p—1 p—1
k+1 (p+k P P p—1\(p+k
D, = = .
>on=> gt m () ) e e ()
n=0 k=0 k=1
For k=1,...,p— 1 we clearly have

(p; 1) (P:k) - ﬁ z ._j2 = (—1)* (mod p?).

2
=1

Recall that

() o) = ()
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Therefore

k=0
k#(p—1)/2

= (‘?1) B, s (mod ) (by (2.4)).

(ii) Now we prove (1.5) and (1.6).
Let n be any positive integer. Then

Z(2m+ j om + 1 mki_o(m“‘“) (%)

5 () B (1)

It is easy to show that

S o+ Deun (") = - ().

Thus "
:g(%n +1)(=1)™D,, =(—1)"" :2: (2]5) n— k) (n;kk)
e ()
-z () ()
Similarly,
-5 (8 Zemen (")
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For k € {0,...,p — 1}, we have

()0 = IL (5252 = I (- 5)

0<j<k
—(—1)F (1—p )<modp>
oerd

By a known result (see, e.g., [S, Corollary 5.2(a)]),

(p—z%ﬂ 1 7
— 2
— = 5pBp—3 (mod p7).
— k 3

Thus

p—1 p—1 (_1)k p—1 1 p—1
_ k 2 _ 2 k
=2 (V- > =1 5 ) (D)
k=0 k=10<j<k j=1 k=j
(p—1)/2 1 7
_ 2 _
=1 — =1-—p°B d
DY (2i)2 137 Bp-s (mod p)

(In the last step we employ Wolstenholme’s Congruences (2p 1) = 1 (mod p?)
and > 1_ } £ =0 (mod p?)). To obtain (1.6) it suffices to apply Lehmer’s
congruence (cf. [L])

(p—1)/2

D

k=1

= —2¢,(2) + pq;(2) (mod p?).

e

The proof of Theorem 1.2 is now complete. [
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3. PROOFS OF THEOREMS 1.3-1.4

Lemma 3.1. Let p be an odd prime and let m € Z with m % 0 (mod p).

Then _—ry
p—1)/2 (2K
m(m — 4
Z (kk E( ( )> (mod p) (3.1)
k= M p
and (p—1)/
p—1)/2
C m m—4 (m(m—4
Z m—}ZE?— 5 < (p )) (mod p). (3.2)
k=0

Proof. Clearly

()2

(p—1)/2
("7
for all K € N. Thus

<p—zl>/2@ E(p—zlw ((p —kl)/2) (—4}3’6 _ (1 B i)(p—l)/z
k=0 _ (niz;v)z — 4))(p=1)/2 (m(m g

This proves (3.1).
Observe that
—1)/2 2k 2%
TG+ ()

D

k=0

_(p—zlfm (zkljl) B ((p—li)/Q) .\ 1 (p—z?%/z (Zkk:f)

N mk  m®-1/2 " 2 mk
k=0 k=0

(p—1)/2 (zk)

m . m
=7 Py (mod p).
k=0
Hence
(p—1)/2 ( 2k ) m (p—1)/2 (Qk) m
k+1) _ k
> = (501 X k- (mody)
k=0 k=0
and

(p—zli/Z ﬂ _ (p_zli/z (zkk) B (k24f1)
k=0 m? k=0 m*

(p—1)/2 2k)

Il
SE
_|_
<
I
NE
(]
1f3
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So (3.2) also holds.

Proof of Theorem 1.3. In the case ¢ = 0 (mod p), as T (b, ¢) = b* (mod c)
for all £ € N, we have

I

So (1.8) holds if p | ¢. Note that (1.9) is trivial when p | c.
Suppose that ¢ Z 0 (mod p). Note that for any n € N we have

/2] 2K\ 2k k _ (nj2)e"/? (mod ) it 2|,
Tn(b,c) = Z <2k;)(k)b { 0 (mod b) if 2 { n.

k=0

In the case b =0 (mod p), by applying Lemma 3.1 we obtain

p—1 T (b, ¢) (p—1)/2 (Qkk)ckz (p—1)/2 (Qkk)

> mk > 2k > (mch_2>k5(m2_4c) (mod p)

k=0 k=0 k=0 p
and
p—1 My (b, ¢) _(p—l)/20 e (p—1)/2 Ch
l;) mk kZ:O m2k — kzo (m2cp—2)k
E1721_62 B m22; 4e (mzp—élc) (mod p)

So (1.8) and (1.9) hold when p | b.
Below we assume that p { be. Observe that

Pl by 22 2 o\ .
zpcz;zwuﬁw

n=0 n=0 =0

(p— 1)/2 Ck p—1 pn
b2—k e

n=0

and )
p_anb, p—1)/2 o=l
SUAIS SPES ST

in a similar way.



APERY NUMBERS AND CENTRAL TRINOMIAL COEFFICIENTS 21

Now we consider the case m = b (mod p). For k € {0,1,...,(p—1)/2}
we have

p—1 p—1 p—1—2k .

b (n\ _ ny 2k+J\ D
Zm”(Qk)_ 2 <2k:)_ Z, ( j )_(2k+1) (mod p)
k=0 n=2k §=0

by Lemma 2.2. Thus, by the above,

Rl (7o) N ()« ()

n=0
and
p—1 -
M, (b,c) p=D/2 e\ [(m—b)?—4c
;7”&” =Co-vppmr =2(+ ) =2 () ) (modp).

So (1.8) and (1.9) are true.
Below we consider the remaining case m # b (mod p). Observe that

p—1 ., n p—1 .,
> () =B ey
n=0 n=0
p—! P _ mpP
E[$2k] ;(b + bx)nmp—l—n _ [$2k] (bz;:—b’;;; —
:[:132k] (b + bx)p —mP . (bx)p — (m — b)p
—(m —b)P bx — (m — b)
P pPyP — P P2 ) , 2k
=[P S = 0 = e (mod )

J=0

Therefore, with the help of Lemma 3.1,

(P—Zl)/2 o i b2k
mn k ) b2k (m — b)2k
k=0

(o) = () e
This proves (1.8)

In a similar way,

Mﬁl
AN
3
~—~
=
o
S—

Il

>
Il
=

p—1 (p—1)/2 k (p—1)/2

M, (b, c) c o/
E — = E — = E — d
o S k=0 i (m — b)2 k=0 ; mod 2),

where M := (m — b)2c?P=2. Applying Lemma 3.1 we get the desired
(1.9). O
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Lemma 3.2. For any d € Z we have

To(2d+1,d° + d) = zn: (Z) (" Z k) d*.

k=0

Proof. The Legendre polynomial of degree n is defined by

n=3 () (5)

It is well known that

1
ZP
\/1—2tx+x2

Thus, if we set b = 2d + 1 and ¢ = d? + d then

1
ZP \/1—2b:1:-|-( Z

and hence

To(b,c) = Py (b) — zn: <Z) <”‘]:k>d’“.

This proves (3.3). O

Lemma 3.3. Fork e N and n € ZT we have

m=0

Proof. Observe that
n—Fk (n+k ofn+k
4n* — 1 2 1
(4n? >2k+3< 2% )+(”+ ) ( 2% )

1—k k
:(4n2+8n+3)L<n+ )

2% +3 \ 2k

+1—-k/n+1+Ek
—(An+1)2 2" .
(4(n+1) )2k+3< 2% )

So we can easily prove (3.4) by induction on n. [

Proof of Theorem 1.4. (i) We first prove (1.11) by induction.

n—1
m + k n—=k (n+k
2 1)2 = (4n? -1 )
Z(m+)< 2% ) (4n )2k+3<2k:)

(3.3)

(3.4)
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When n = 1, both sides of (1.11) are equal to b.
Now assume that (1.11) holds for a fixed integer n > 1. Then

(n+1)—k
b Y (2k+ 1)Tk(b,c)?(4e — b))t =1k
k=0
n—1
=b(2n + )T, (b, c)® + (dc = b*)b Y (2k + 1) Ty (b, ¢)* (4c — %) 7F
k=0

=b(2n + 1)T},(b, c)* + (4¢c — b*)nT, (b, c)T—1 (b, ¢)
=(n+ 1)Th41(b,c)Ty(b,c) (by (1.7)).

This concludes the induction step.
Now we fix a positive integer n and want to show (1.10). Recall that
",)c"/? (mod b) if 2
c mo i n,

Th(b,c) = ("/2) ( ) |
0 (mod b) if 24 n.

When b # 0, b divides T,,(b,¢) or T,,_1(b, c) since n or n — 1 is odd,

therefore (1.10) follows from (1.11).
Now it remains to consider the case b = 0. Note that T%(0,c) = 0 for

k=1,3,5,..., and Ty (0,¢c) = (k’;2)ck/2 for k =0,2,4,.... Thus

n—1

Z(Qk + 1)T5(0, c)2(4c _ 02)n—1—k

) L(n—zl:)/% ) ( (2:) ck) 2 (40712

k=0
[(n—1)/2] (2k)2

=(4¢)" ! kzzo (4k + 1) 1’<6k.

By induction, for any m € N we have the identity

i(% ) (25 _ (m+1)7 <2m - 1)2 _ (2m+1)? <2m)2’

16*% 16™ m 16™ m
k=0

which was pointed out to the author by R. Tauraso. It follows that

L(n=1)/2] (%)2 n 1\ 2
4n—1 (4k + 1)k :n2< ) :
kzzo 16* |n/2]
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Therefore

n—1

> 2k + 1)T5(0,¢)*(4c — 0°)" 1 7* = 0 (mod n?)
k=0

and hence (1.10) holds when b = 0.
(ii) We prove (1.12) by induction. (1.12) is obvious when n = 1.
Now suppose the validity of (1.12) for a fixed n € Z*. Observe that

S () () ()

k=0

S -2 (5
S 007 (5

Therefore, by Lemma 3.2 and the induction hypothesis, we have

v ()

Z (2k + )Ty (b,¢) + (2n + DT, (b,c) = > _(2k + 1)Tx(b, ¢).
k=0 k=0

This proves (1.12) with n replaced by n + 1.
As b? —4c =1, for some d € Z we have b =2d + 1 and ¢ = d? + d. Let
p be a prime not dividing ¢ = d(d + 1). In light of (1.12),

Pl Pl p+k
= _ k
pZQk-i-lkac Z(k-i—l)( i )d

k=0 =0
(2p—1\ , D p+E\ i
(e () 1)
k=0
p—2
_ _ d+1)P —dP —1
Edpl p dk:dpl (
+Z<k+1) N d
k=0
d+1)P —(d+1 b+1/(b+1\"!
51+( +1) d( il ):1+bf1<< "g ) —1) (mod p?)

and hence (1.13) follows.
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Now we fix an odd prime p and show (1.14). Let d = (b—1)/2. In view
of Lemmas 3.2 and 3.3,

:§<2m+> 0,0
DR O(m”“)()

1 (mod p) for k=1,...,p— 1, from the above

Since p | (¥) and (p‘,';k)

we obtain
pz_:(% +1)*T (b, ¢)
k=0
2 (p+3)/2 p p+ (P —=3)/2\ ;p-3)/2
=t TRt (G )
__( PmL N go-92 = L\ 0-0/200-3)/2 (1
= (a7 = (O (o
and hence
p—1
A4 " (2k 4+ 1)%Ty(b, ¢) = (—d)P~1/2 = —d (mod p)
> (k1 () ot
as desired.

In view of the above, we have completed the proof of Theorem 1.4. [

4. MORE CONJECTURES ON GENERALIZED
CENTRAL TRINOMIAL COEFFICIENTS

Those integers

s (i) S ()L e

k=0
are called Schroder numbers. It is known that S, coincides with the num-
ber of lattice paths from (0,0) to (n,n) with steps (1,0),(0,1) and (1,1)
that never rise above the line y = = (see, e.g., [St]).
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Conjecture 4.1. Let p > 3 be a prime. Then

p—1
> DiSk =1+ 4pgy(2) — 2p°¢p(2)° (mod p?),
k=0
and
(p_zlf/zD S, = { 422 (mod p) ifp=1 (mod 4) and p = 2> + y? (21 x),
k=1 P71 0 (mod p) if p=3 (mod 4).

Conjecture 4.2. For any odd prime p, we have

p—1
3 2k +1)°Ti(7,12) = (%’) — 4p (mod p?)
k=0
and
p—1 1
Z(Qk +1)2Dy = <?) —2p+ (2 — E,_3)p* (mod p?).
k=0

Conjecture 4.3. Let p > 3 be a prime. Then

p—1 2 p—1 5 o
Mg rp Mg 1 P
2 —- =6 <§> — 20 (mod p), 2 =5 (3) (mod p),
p—1 9 p—1 2
KT 1 EM;
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Conjecture 4.4. Let p be an odd prime.
(i) If b,c € Z and b* — 4c # 0 (mod p), then

p—1
Tr(b,c)®  [c(b? — 4c)
0 10t = < p ) (mod p).

k=0

(ii) We have

p—1 2
Ti(2,—1 —2
k( ék ) = <—) (mod p?),
k=0 p
p—1
Te(2,-3) /-3 )
k=0
p—1 2
T3.(6, —3 1
k(48k ) <—) (mod p?) ifp >3
k=0

Remark 4.1. By Theorem 1.3, if p is an odd prime not dividing b? — 4c
with b, ¢ € Z then

e Tk B ((b2 —4e)((b—1)2 — 40))
(mod p).

k:O p

—

Conjecture 4.5. Let p be an odd prime. Then

—_

p— 1

ZTk12 EZTk2_2 E”E‘:Tk2—1

B 2x(m0dp) zfp:l(mod4) =22 +y? 4|z -1),
_{ 0 (mod p) if p=3 (mod 4).

Also,
p—1 p—1 2
Tr(2,2
ZTI«(L—UQ = k(4k: )
k=0 k=0
_{ (2)2z (mod p) ifp=1 (mod4) & p=a?+y* (4|z—1),
~ L 0 (mod p) if p=3 (mod 4),
and

Ti(2,1)2 { 0 (mod p?) ifp=1 (mod 4),
0 (mod p?) if p=3 (mod 4).
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Conjecture 4.6. (i) For any n € Z* we have

n—1
Z(Sk + 7)Tk(3,1)* =0 (mod n)
k=0
and
n—1
Z(k +1)T5(3,1)%4" 7% = 0 (mod n)
k=0

(ii) Let p > 3 be a prime. Then

gms,w =(=1) noas),

Z(Sk + 7)Tk(3,1)* =5p (g) (mod p?).

Also,
p—1 2
T.(4,1 -1
k(4k ) = (—) (mod p?)
k=0
and
p—1
Tp(4,1)2 3 /(3 9
kz_o(k-i-l) =1\ p (mod p?)

Conjecture 4.7. For any n € Z™ we have

n—1

Z(Sk +9)T%(5,1)%9" 7% = 0 (mod n).

and
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5. CONJECTURES ON A NEW KIND NUMBERS

Motivated by central trinomial coefficients and Apéry numbers, for
b, c € Z we introduce a new kind of numbers:

n N2 i — k2 [n/2] n\2 /9% 2
._ n—2k k _ n—2k k
=35 (1) () e = S (L) () et e

Note that W, (=b,c) = (=1)"W,(b,c). For these numbers we have the
following conjectures.

Conjecture 5.1. Let p be an odd prime. Then

p—1
Wi(1,1)
k=0
[ 42* = 2p (mod p?) ifp=1,3 (mod 8) and p = z* + 2y* (z,y € Z),
{ 0 (mod p?) if p=5,7 (mod 8).

If p=1,3 (mod 8), then

p—1
> (16K + 3)Wi(1,1) = 8p (mod p?).
k=0

When p = 5,7 (mod 8) and p # 7, we have

w11
% =0 (mod p?).
k=0

Conjecture 5.2. (i) Let p > 3 be a prime. Then

p—1

> (=D)FW(1, -1)

k=0
[ 42? = 2p (mod p?) if p=1 (mod 3) and p =z + 3y* (z,y € Z),
_{ 0 (mod p?) if p=2 (mod 3).

(ii) For any n € Z" we have

n—1

Z(Gk +5)(=1)*Wi(1,-1) = 0 (mod n).
k=0
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If p is an odd prime, then

p—1

Z(Gk +5)(=1D)FW(1,-1) =p (2 +3 (%)) (mod p?).

k=0

Remark 5.1. Let p > 3 be a prime. We also conjecture that

p—1
1,—1
ZM =0 (mod p) if p=2 (mod 3),
(—13)F
k=0
and
p—1 p—1
W, ]-7_]- Wi ].,—]_ .
Zk(_igyc) EZ% =0 (mod p) if p=3 (mod 4).
k=0 k=0

Conjecture 5.3. Let p be an odd prime. Then

?fw&2—1

{ 42? — 2p (mod p?) ifp=1 (mod 4) and p = 2> +y* (21 2),
0 (mod p?) if p=3 (mod 4).

If p=1 (mod 4), then

p—

Mk+aﬂﬁilﬁ

2 (—2) =0 (mod p?).

Conjecture 5.4. (i) Let p be an odd prime. Then

()8

k=0
_{ 422 — 2p (mod p?) ifp=1,3 (mod 8) and p = 2 + 2y* (z,y € Z),
| 0 (mod p?) if p=5,7 (mod 8).
(ii) For any n € ZT we have
n—1
Z(4k + 3)Wi(2,—-1)(—=2)""17* = 0 (mod n).
k=0

If p is an odd prime, then

S 0 (2)+ (3) i)
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Conjecture 5.5. (i) Let

p be an odd prime. Then

lw S W4, -9) K= Wi(4,9)
=) T =2 e
k=0 k=0 4 i 10
B ( ) (422 —2p) (mod p?) if p=1 (mod 3) and p = 2> + 3y? (z,y € Z)
o modp if p=2 (mod 8)

(ii) For any n € Z* we

n—1

have

> 3k + 2)Wi(4, —1)(—4)" 7 F =0 (mod 2n),

and

+ (4, — 1=k =0 (mod 2n).
> 5k + 4)Wi(4,-9)4" "7 =0 (mod 2n)

k=0

If p is an odd prime, then

1’2‘:<3k+2)Wk(4,—1) 3(5)+(‘7)p

k=0

and
p—1

k=0

If p > 3 is a prime, then

(—4)F 2

Z(?)k + Q)M = 2p (mod p?).

p—1 . 3(3 5(=L
Z(5k—|—4) Wk(il; 9) = <p)+2 5 )p (mod p?).
k=0

Conjecture 5.6. (i) For

p—1
> Wi(1,7)
k=0

_{ 422 — 2p (mod p?)
~ | 0 (mod p?)

any prime p # 3,7, we have

if p=1,3 (mod 8) & p = 2% +2y? (x,y € Z),
if p=>5,7 (mod 8).
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(ii) For all n € Z* we have

n—1

2(4()]{: + 37)Wi(1,7) =0 (mod n).
k=0

If p # 7 is a prime, then
p—1

H = b mod p?).
;(4Ok+37)Wk(1,7)_p(17(3>+20> (mod p?)

Conjecture 5.7. (i) For any prime p # 7, we have

422 —2p (mod p?) ifp=1,2,4 (mod 7) & p =22+ 7y? (x,y € Z),
0 (mod p?) if p=3,5,6 (mod 7).

(ii) For all n € Z* we have

n—1

> (42 + 37)(=1)* Wi (1,-16) = 0 (mod n).
k=0

If p is a prime, then
p—1

kz_o(42]€ + 37>(_1)ka(1, —16) =p (21 (g) + 16) (mod p2>'

Remark 5.2. Let p be an odd prime with (%) = 1. It is well known that
p =22 + Ty? for some z,y € Z (see, e.g., [C]).

Conjecture 5.8. (i) Let p # 2,5 be a prime. Then we have

p—1
> Wi(1,—4)
k=0

422 — 2p (mod p?) ifp=1,9 (mod 20) & p = 22 + 5y? (z,y € Z),
=¢ 222 —2p (mod p?) if p=3,7 (mod 20) & 2p = 2% + 5y? (z,y € Z),
0 (mod p?) if p=11,13,17,19 (mod 20).
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(ii) For any n € Z" we have

n—1

Z(20k + 17)Wi(1,—4) =0 (mod n).
k=0

If p is an odd prime, then

pi(zok FAT)Wi(1, —4) = p (10 (%) N 7) (mod %)

k=0

Remark 5.3. Let p # 2,5 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if p = 1,9 (mod 20) then p = x? + 5y for some
x,y € Z; if p= 3,7 (mod 20) then 2p = 22 + 532 for some x,y € Z.

Conjecture 5.9. (i) For any prime p > 5, we have

p—1
> Wi(1,81)
k=0

422 — 2p (mod p?) if p=1,9,11,19 (mod 40) & p = 2% + 1032,
={ 2p—22% (mod p?) ifp=17,13,23,37 (mod 40) & 2p = 2% + 10y?,
0 (mod p?) if (5°) = —1.

(ii) For any n € Z" we have

n—1

> (10k +9)Wi(1,81) = 0 (mod n).
k=0

If p > 3 is a prime, then

S(lOk+9)Wk(1 81)=p (4 (_?2) + 5) (mod p?).

k=0

Remark 5.4. Let p > 5 be a prime. By the theory of binary quadratic
forms (see, e.g., [ ]), if (=2) = (&) = 1 then p = 2% + 10y? for some

)
x,y € 7L if(_pz) (2) = —1 then 2p = 2% + 10y? for some x,y € Z.

s
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Conjecture 5.10. (i) For any prime p > 3, we have

p—1

> Wi(1,—324)

k=0

422 — 2p (mod p?) zf(%) = (_71) =1& p=2%+13y?
={ 2z% —2p (mod p?) zf(%) = (_71) =—1 & 2p =% +13y?,
0 (mod p?) zf(_Tl?’) =-—1.
(ii) For any n € Z" we have
n—1
> (260K + 237)W(1, ~324) = 0 (mod n).
k=0

If p > 3 is a prime, then

p—1
> (260k + 237) Wi (1, —324) = p (130 (71) + 107) (mod p?).
k=0

Remark 5.5. Let p > 3 be a prime. By the theory of binary quadratic
forms (see, e.g., [C]), if (%) = (_71) = 1 then p = 2% + 13y? for some
x,y € Z; if (%) = (_71) = —1 then 2p = 22 + 13y? for some z,y € Z.
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