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1" I}ITrIOI}UCTION

Pairs tlf inverse relations are !'ery uselui in the stuel.y' af r:crrnbi*atoriai icleniities [2J. One
r:f the classic*l inr.'ersicn fbrmuias is tlie }:inomial inverse pair:

ré,- : É,-t,* l::lu-, u,- : É(-r)- f::1,,-, {r}
l,::o \Aj'l ffi \f{/

trVe say that a $€quence {r:,*} r:f c*rnpiex nurnl-rers is self-inr.er$e or in*ariant if
rt -/--\

It-i)* { :: J"- : {Ly, {2}ffi \ff/
*nd clenr:te l:y 5+ rhe *et of seif-irverse sequerrces. lVe *lso den*te b.v 5- the set of sec;uences

{o,* } satislving
lLl\

)- r-1i* l: )** : -',,.
7,, \ff1

Bl't'he <-lefi.nit,icln ir is n.oi riiffindt ta r.erift tliat {*,,} € S- if aud only if *,ù :0 arid ifit'} a
5i r:r {n*rr--1} = 5".

Recerltly. $un {51 stuclied se}f-inverse se{iuences tr..v using tireir generating functions and
gal'e rrta"n3i interesting extrxrples and resuits of self-in*'ers€ seqnLlnces. In this paper- a'e expl*re
seu-ilrverse $equer{ltts }.:y trearrs of linear ira:rsfbrrnat,irns. riiÍterent:e operi+i<;rs arrcl the *rnbral
calculus. trtrre cbÍain r,'arious characieriza.iions of self-irrverse sequence.s f,rom thme difi'e."relrt
appr'*aches. For 5+ r*"c shotv that it is a vectcr spa'ce cver the cornplex f,eld and cletermine its
dirnen*inn. \\e als* give sinlpler pr*ofs ta certain results of Sun" It i-{ *-orth noting that. ogr
resulls can give rise t'J :rràny interesting identities.

Let

P_

T'he* the inverse pair il] can be

rvtrere e : irrc, {t1"{t--,.. - iT anc}
pair in {1i is self*ir:r'erse. Hence,

2, LINEA.R. T}LANSF'OII,}'/IATIONS

lvI?tten a$

rr:P#1 ij-P*,
.î : illo,br,fl:, - -.)" a.re tr+'o colurnn l.€ctùrs. lfote that rhe
P is an involutory rnatrix. i.e-. ?2: f, s'here f is the identirv
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matrix. In wliat fbllorvs .'e identif'y a 
'ector 

& : (o.0, o, ;{trz,.. . )?. x,it}i the seq*ence {u*}.Tlrerr * € 
^9 

i if and only if a is invariant uncler the liriear transforrnation .V : px:,i.e." p.n : .'.
Tlrus, 5+ is trrreciselv the rrull sPace of ther rnatrix P - L siniilarly. 1are rnay shoi' that ,g- is
the null space of tlie rnatrix P + I. T.he ftrllorving proposition is therefbre irnmediate.
Proposition 2.I-: Let rt, fr be trno e:ompler uectors.
{o) If rt,$ € S"r. the.rL ccr * óJ e ,Si Jor arbi,trary co'mp\et rzurnbe.r.s rt and,b:(b) il' A i,s a rnatri:r sati,sfTg,ing Ap: pA. th.en cr e s* i,nqtlies that Aue ,sr.
Theorern 2-2: r.v € ,-9É i,f o,nd ont'| i,f *. : {P * I)tt Jor so,rne ver:tor t:. In other u,rtrzls, Sf z.s
prec'isel,g the t:olurnr: sp&rc of th,e: nt,o,trit: p * I.

Proof: suppose tlr.at r:r: € ,g+. Then pry : r-r. putting ?,, : rr/2, rn,e have

(P + /)u : (P + Ilolz: (pa + *)12: (a * ef 2: a.

Conlersel._\i suppose that o : (P * fh for sorne r.r. .fhen

pu : p(p + I)u :(p, + plu : {I + p}u : a.

Thus. o € ,9'+.

The statenient for 5- rnav be provecl similarly. Il
Remark 2.3: The abov-e discussion fbr the birionrierl iuverse pair is also suitable for general
sclf-invtrrse pails:

(1",: I '\ Y1 " "{òrr : 
+ 

orn, ri)011i 0,' : 2_ A\n.k)a1,,

n'lrere tlie niatrix l.: (é(ru,k)) satisfies A2 : I.
An equir'a'lent fornr of Tlieorent 2.2 is the fbllorving theorem. which ha,s beel observed i^,

Sun [5. Rernark 3.2].

Theorem 2.4: T'h,e .seque:na: {o,,r} € .g* il un,d onlu if they.e e,x|sts e sequence Aa,,\1,.À2, . . .
of contpler nu,nttsers su,ch, that

n:0,Lr2r...

Takirrg À", : À' in Tireorern 2.4 an<l noting

:(1 _À)"

rve obtain

corollary 2.5: sup'pose tlzat ), i.s rz crsrnytler rzurn.ber.. r'hen {(1 -,\)'. *,\'} € sr
Remark 2.6: Let {or,} is à sequcnce defiued bv

e,, :Ét-tl- (;)^- =r À,,,

Ér-,i.(;)^'

{ 
,rnn-, : G.n_tt * túrr,. re } 0,

L ao : 2,o1 :1.
'flren, the Binet form of {arr} is a,, : (l - À)" + À", u,her.e À is a
À2 -,\---f :0. T.h*s. {*,,} e-,S+. Irr particuiai., r'e have {.L,,} e ,g+,
Lucas numbers defirred b-v Io :2,L1: 1 ancl L,r: Ln_t * L,, z Íor n

rooi of the eqr_ra,tiorr

rvhere tlie -L, are the
>2.
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Similarlr', if a seqnence {4,,} satisfies t}re reclursive rela,tiolt {tr1s-s-2 : o,*.-f 1 *ta,n(n I 0) il'ith
ee:0, then {r:r,} e ,S-. In pa,rticular. n'e have {4r} €,S-, r,vhere the fi,. trre the Fi}:onacci
rnrnrbers clefiled b-y fÌr : 0, fi : 1 and Fn : F"r-r * Frr-z f.or n )_ 2.

Norn'let rnbe a positive integer aucl P,,,. tIrc.rrtxm, matri* ((-l)n(;)) , n,k: 0, 1, ... ,,1ft-
1. Denote S* : {a € C"' : P,,r{}. - *rr}. lf}rcn 5fi is the colunru spa.e of t}re rna,trices P,,,*1.
L,{oreover. rve }rave tiie follou.ing result.

Theorem 2.7: With, the u,boue notati,oyt, ue h,aue

(a) Cn' :,9$,:) S;,, antl
(b) dim,Sj. : |rnfz] anrl ditnS'- : jnlzl.
'uthere fr] and tyr) de:rt.ote the l,eu,st. ir*egry q,reate'r lh,an, or er:u,u,l to :r: and the gr:u,test i,,nteqer
Iess tlta,n, or equal to :r resqtecti,uely.

Proof: (a) An-v vector a e Cn' can be written in the fbrni

ft:tst+?:
w'Ìrere il: tP,".* Ilu/2 and 1 : *(P,n.-- I)*/2 €.9;. By T'ireorent2.2,13 e ,5;; anci 1-- € 5;.
So C"' - 5'*. + S;. On tlie otirer ha,rrd, it is clear ttiat .9fr n,S; : {0}. Thris, we conc:lude
that C* : S;-, S S;.

{b) For È : 0,1,... , nt - I.let -us be t}ie kth coiunrn of ttie rnatrix

P rI-rn1. I r 
-

'Iherr. uo.1.t2,r14,... are linearl-1r independent; since t;he position of the first non-zer'o element
crf'tlrese vectclrs is tlifferent. Tlhe rank of rnatrix P,^. * / is therefore not less thau fml2l.
It ilrllcrws that dirnSf, > lnrlz] frorn Theorem 2.2. Sirnilarlr'. u'e have dim^f,, ) ;mlTl.
Hou,ever, diniSfi *dim S;: nr, by (a,]. Hence, dirnSfr : irn.lT] ancl clirn Sl,: lmfT),, a"s

claimed. n
Remark 2.8: Frorn tlie proof of Theorern 2.7(b) rve see that us. 7tr2,714;.. . form i-l basis of titer
vector space S;. Similarly rve rnay deterinine a trasis of the vector space,S;.

3. DIFFER,ENCE OPERATORS

Given a function J : Z 'C, r:lefi.nc a,nelvfuuct,ion i\f : Z --t C b-l'

A/(n) :f(n,+1)- f(n).

A is cailed the foru'ard difi'erence operator. F'clr À: ) 1. u'e mav iterate A I; tirnes to obtairr the
kth forrvard riiffcrencc operator.

an.f : a(ak-11),

2

10
L-220
1-330
:::;
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where A0 is the identitv operator. It is tell-known (see. e.s.., 14, p.371) that

a,,J(o) : Ét-l)ri r ll)rt*l
A':o \lJl

Thus, f'Ìieorem 2.4 can be restated as follot's.
Tlreorem 3'1: ?'Ít,e sequ,e.nce {a,,r} € S+ if antt onft1 'if tltere erists a f,un,ctio,n J , Z ---* C such
th,ut

{LtL: (-1J"A*'.f(0) + Í'(tt), n, _ 0, L,2,...

It is irlso r.vell-knox'n thrrt if / is a pol-vnoinial of de;gree rJ. then 
^È/(0) 

:0 fbr.À > d (see.
e.8., [4. Proposition 1.4.2(a)]). Hence. rve have

Theorem 3.2: If .f is a trtoh1norn,i,tr,I oJ rle.tSree d, therz th,ere etists art se$-irnlerse se:qu,ence {o,n}
such th,at {Ln : f {n,) when, n, > rI.
Example 3.3: Let r/ be a positive integer.

1. Srippose that /(n) : Ttd.'llherr A"/(0) :2!5(rJ.2,) rvlere S(cl.rz) are the Stirling **mbers
of tlie seconcl kind (see, e.g., [4, Propositiorr 1.4.2(c)]). T]rus. we obtain a self-irler.se seqlence
e,n.: i-I)"rf,S(d,n) * nd satisf)'ing en:.nd fbr n ) fi.

2. Suppose that /(n) : (;). Then 
^"/(0) 

: òntt by intluctiori, w[ere ònd, :1 if ri : { ancl
6n,t:0 otherwise. 'rhus. rve obtain a self-inr.'erse se-querÌce oîù : (-l')'tòr,.,t+ (|j) satisfying
&rr.:(])tornld.
Theorem 3.4: Su'ppose that {c,,} e ,S+. Then {Aka,,+r} € S+ for k:}_0.

Proof: \4Ie use induction on À:. The case À; :0 is trivia.l. irior.v a*ssurne ihzr{, L.k{t,,rr-1" € S+.
'fhtrn there exist,s a function f such that

Lka,,,1.1,: (-1)'A'/(0) + J(n),, î :0, 1,2,...

It foilon's that

6b+1a,, r(tu+-r) : A(Aealrr+r)+r)

-=. ai(-1)nr'1a"+t.f(0) + /(ri + 1)]

: (-1)'+26n+t/(O) - (-1)'-tr1.,ftl(O) + AJ(rr, + 1)

: (__1)*A"+r./{1) :- A/(n + 1)

: (-t)"i1"F(0) + F(ru),

wlrerre F(.r-t): z\,f(n + 1). Hence {Ak+1c',,,(r+r)} € ,9+ anci the proof is cornplete }:1,
induction. n

Iri the case k:1, T-heorem 3.4 states tirat {ar} € S+ yielcls {o"na2 - (Ln-r1} e S-,-, svliiclr
is precisel-v the result of Corollar"y 3.1(c) in [5j.
Remark 3.5: The discussion fbr S+ iu tliis section is also suita,ble for S-.
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4. Uh{BRAL CALCULUS

fulany results in comtrinatorics are often easily read, r'erified and expa.nded by mea.ns cf the
umbrai method" In this section we appl,v the umbral method to explore s€lf-ingerse seque6ces.
But here, we do not want tc describe the urnbral rnetho<l (fi:r a rigorous description, see lr]or [3])- The basic idea of t]re umbral method relies on t]re use of a notation where certain
exponents can be irlterchanged with suffixes. For example, (2) can be writtep symbolicaliy as

(1 -a)" =ú,",

*ith the understanding that the expression on the left be expancled in powers af a, and ihen
each. term afr te repiaced by c,*. The symbol a is referred to as ail "umbra". and the syuil:ol: is used to denote symboiic or umbral equivalences, in which we put &k : &k. Thus, a
sequence {o*} e Sf if and only if (1 - a)" = a" fbr all n. Similarly, {o*} e ,5- if and oni5r if
(1 - o)* = -tj,n'for ali n.

Proposition 4.1: let {a"! ar*d {b"l be hto sequerLce.s of com,ples nuwrbers.
(u) Suppose that hotÍt, {anl and {b*,} nre i,n S+ orin S-. Thenn

holtls for odd, n.

{b} Suppose th,at {**} € S- and {b*l € S+ . Then, {3) hotd,s for eaen n.
Proof: Suppose that botir {*,} and {à,,} are self-inr,-erce. Then,

&" = {I - o,}*, bn' : (1 - b}*.

Thus,
(o -b)" = f{1 - *} * (1 -à}J* : {b - a}n.

When rz is odd, rre have (o - S)" = 0. Expanding the binomial expression _r'ields {3).
Other resuits ma;t l:e obtaineti sirnilarly'. fi

Corollary 4.2: Suppose th,at {a*} € St . Tlten for od,d n,

It is easy to see that the sequence {Llz*l is self-inverse. By Proposil,ion 4.1, if {o*} € S*,
then

-0

holds for odd'n, aad if {a*} €,S-, then {4) holds for even n. The corlr'erse is also tnre.
Theorem 4.3: Let {a-) be ú, sequettct af complen nu,rnbers.
(") {o*} e S+ i,f and onls tf {}r) hold,s far add n.
(b) 1o*\ e S* i.f and only tf {/r) hotds for eaen n.

Ér-':- (ir)",-rbn:8

É,-t,- (;) (rkan-k: o

7t1\

It-r f {:\2ru*-*
l:o \rc/

(4)
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Proof: (u) It suffices to shovr sufficiency. Suppose that (A) holds for ocld n. Then
(a - 112)11 : 0 for odd n. Thus, (a - 1.12)n = (112 - eln for all n. It follows that

{1 - o)" =lL/z + (U2- a)1" - IL12+ (o - 1/2)3 = &n.

Hence, {a".} e ^9+.(b) The proof is similar to that of part (a). n
Finally we apply the umbral method to give an elegant proof of the following proposition

due to Sun [5, Theorem 4.1J.

Proposition 4.4: Suppose that {f"\,,{anl are huo sequences of eomplen numbers.
(") If {o",} €. S+, then

(b) If {o*} € 5- , then

fL / \ / k /'\ \

).. I'j) l/n + (-r)'-* I (i)* ) o,-u : o.
Éí \kl \ ..:o \"lrù )*'o-fr

Proof: We only proÌ-e (a). The proof of (b) is simiiar. Suppose that {a"} e S+. Then,

(f + a,)* = ["f + (1 - o)]* = [(,f * 1) - a]'.

Expanding and notirig that (/ + 1)k = IÍ=o (f)f", we obtain

rfiì rpan-n:É,-,,"-*(;) f (il Ísen-k,
;= \tcl ,b=o

which yields (5). ft
Remark 4.5: We have seen that the Lucas sequence {L"} € S-f and the Fibonacci sequence

{4} € S-. It is also easy to see that {(-1)" BnI € S+ where Bn are the Bernoulli numbers
defined by Bo : 1, Br : -L/2 and f[:o (i)g* : Bn for n > 1. So. the results of this section
can produce manJ. identities about these well-knou'n numbers.
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