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6. INTRODUCTION

In this note we deal with several combinatorial sums and series involving inverses of binomial
coefficients. Some of them have already been considered by other authors (see, e.g., [3], [4]), but
it should be noted that our approach is different. It is based on Euler's well-known Beta function
defined by

B(m,n) = [ (1 -1y

for all positive integers m and ». Since

L)L) _ (m=1i(n-1)!

BOmm) = Fmtny ~ man-1)

we get
-1
(Z) =(n+1) J;t"(l—t)”’kdt 1)
for all nonnegative integers 7 and k with n> k.

1. SUMS INVOLVING INVERSES OF BINOMIAL COEFFICIENTS

Theorem 1.1 ([4], Theorem I1): If n is a nonnegative integer, then

n -1 n+1n+1
S -meE

k=0

Proof: Let S, be the sum of inverses of binomial coefficients. From (1) we get
S,= Y+ D[ (- 1) Fat
k=0
1 L { Nl st
=(n+ l)fo{(l - t)n,;(l = ) } ={(n+ I)J ——L——a’t

Making the substitution 1~27 = x, we obtain

n+1J‘1 (1+x)”"‘—(1—x)"+l n+1{J' (1+x)”"1 dx+r 1—(l—x)"+1dx}
X

x 2n+2 _1

S =

n 2n+2 _

n+l Ak
’;j;zl Z{j @+ )+ [ (1-x)ar}= Z;:}lek.
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Theorem 1.2: If n is a positive integer, then
2n N\—-1
2n\(4n 4n+1
o) -
2Ok N2k) =201
Proof: Formula (1) yields

Z(-1)k(2”)( ) Z(—l)k(zn)(4n+l) j £* (1~ 1y gy

= (4n+1)| {(l ’)MZ( )((l—t’)z)k} )

2 2n
_(4n+1)j (1- t)“"(l—(l t)z) dt

4dn+1
2n+1’

=(4n+1) j (-20"dt =
Theorem 1.3 ([5]): If nis a positive integer, then
2n -1
C(AnY(2aY 1
26D G o
Proof: Let S, be the sum to evaluate. From (1) we get
2
. 4n) Lk 2n-k
S, = (—1)"( Cn+D) (-0 dt
1;) 2k J J‘o
1 & (4n k (& 2nk
=(2n+1)j0 Z(zk)(—n 1F(1—1)2r* L s
= 2 =T i)+ (V=7 - 140)

Since
JM—t it = cos(arctam /1—f;) +isin (arctan1 ’T—t——t)’
it follows that
1 4
S, =@2n+1) jo cos(4n arctan,, ’E)dt.
Making the substitution arctan = x, we obtain

=@2n+ 1)]" cos(4rx) sin (2x) dx

1
2n—-1

2n+1

J' {sin (4n+2)x —sin (4n—-2)x}dx = —

Theorem 1.4 ({2]): If m, n, and p are nonnegative integers with p <n, then

i(m)(n+m)’1:n+m+l(n)'l
Zi\k)\p+k n+l \p) -
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Proof: Formula (1) yields

kz:,(”?) (ZJ:JZ)—I = é(’;{') (n+m+ l)j'oltp‘fk(l —py"mPk gy
= (+me+1) L‘{zm — tyrmr kg’; (’I’:) (T%)k}dz

1 _ ¢ Y
— Py _ gyntm-p
-(n+m+1)j0z (1-9) (1+—1_1) dt

1 - n+m+1(nY!
= Bl P (- )" Pdt = ———— :
(n+m+ )fo -9 -y (p)

Remark: In the special case p =r, from the above theorem we get
i(m)(n+m)"‘ _n+m+1
par! k\n+k n+l
Theorem 1.5: If m and » are nonnegative integers, then
n -1 1
Seray) -z o)
Proof: We have

i(—l)k(Ziz)_l = i(—l)k(mm +1) _Et'”*"(l — 1y *dt
k=0 k=0

= (m+n+1) jol{t"'(l S (T‘_Lt)k}dt

k=0

= (m+n+1) ( [Lma- oyt + -1y j;t'”"“dt)
_m+n+l (m+n+l)_1 I
m+n+2 m )
Remark: In ihe special case m=n we get
n -1 -1
o 2n _2n+1{(2n+1 ayn
]E)(_l) (ﬂ+k) - 2n+2[( n ) +( l) J;

while in the special case m = 0 we obtain

S (i) =2 asc)
k=0

n+2

Consequently (see [3], p. 343),

2n -1
2n 2n+1
(—1)"( ) = .
Z;) k n+l
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Theorem 1.6: If nis a positive integer, then
1 &3m)!t 1 & (3n+l)”l 1 & (3n+2)“
————— —_—— +__.__
3n+1,§,(3k) 3n+2,§, 3k +1 3n+3,§) 3k +2

1 W ap0)t!
‘3n+3,§)( k )

Proof: We have
1 L (3n -1 1 " (3n+1 —1 1 n (3n+2)_1
3n+1/§)(3k) 3n+2,§(3k+1) +3n+3,§) 3k 42
=y .,.ol (P (L= £33 — RH(] gy 4 2 py3ky g
k=0

3n+3 3n+3
_j {(1 t)Sn(l t+l‘2)2((1 t)3] } _I (1 t)l o —1 dr.

On the other hand,

3n+2
) = L ka0

_ Y a2 o _ 1(—11)3ff£dt
_L{(l ) ,;,(1-:) }dt_jo A ,

completing the proof.

2. SERIES INVOLVING INVERSES OF BINOMIAL COEFFICIENTS

Theorem 2.1: If m and n are positive integers with m > n, then

1+ (m— D)1~ £)""
( ) =f (1= 1"(1-£)™™")? at

Proof: From (1) we get

oo —1 0
Z(’;’:}:) = 3 (mk+ D[ (-
k=0 k=0

= mi Jolk(tn(l — 0"y + i jol(tn(l iyt
k=1 =

Let f:[0,1]— R be the function defined by f(r)=¢"(1-7)"" 1t is immediately seen that f
attains its maximum at the point 7, =n/m. Since f(f,) <1, it follows that

-5

Zk(l"(1 Ty = A= =1y

and
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5 1
1=y k _

& =0 = e

uniformly on [0, 1]. Therefore, we obtain

& (mk ! Lo(1-0"" 1 dt

Z(nk) I dt+fo

=m
=0 o(1-"(1~-ty""y 1-"Q-gy™™"’

completing the proof.
Remark: As special cases of Theorem 2.1 we get

i(Zk)“ _4, 273
k) 3" 27

w(4k) 16 a3 245, 1+45
«\ 2k 527 25

Indeed, according to Theorem 2.1, we have
(2" ¢t 1411 1 gt 1 dr
=) ——dt=2 -
é)(k) 01—t +1%)? jﬂ(l—t+12)2 jo1—t+12

> (4kY o 1+322(1=1)?
Z( ) I(1 (- t)z)zdt

k=0

and

respectively. Since

1+3x2 _ 1+x 1-x
232 T 7t 2>
(1-x*y 2(1-x)* 2(1+x)
we obtain
=(4k\' o 1+1-7 11—+
ké;,( ) _102(1 t+12)2 -[02(1+t—t2)2

I g dt I' dt Lt dt
0(1—t+t2)2 201-7+72

It

Taking into account that

J‘l dt __2_75_@ and J'l dt 4\/_ 1445

01—z+2 9 01+7—-12 5 2

and that (see, e.g., [1])

J- dt _ b+2ct + 2c J' dt
(a+bt+ct®)? ~ (dac—b*)Na+bt+ct?) dac-b*7 a+bt+et*’

from (4) and (5) one can easily obtain (2) and (3).

Theorem 2.2 ([4], Theorem 2): If n>2 is an integer, then
i (n + k)‘l __n
= k n—1

2000]
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Proof: For each positive integer p, we have

p

5, 1= z(”,tk)'l = é(mkn)j;tk(l—t)"dt

k=0
- ﬂ{(n -0 (1 t)"fkt"}df
k=0 k=0
=+ A=ty ds -+ D[ P9 A=y dt + [ (1~ 1y=2dr

_ 1 prlyy  pan-2 Vopi2py  pn-2
(p+1)jot (1-1) dt+pj0ﬂ’ (1—-)"2dt.

Formula (1) yields

_n_ o o mprptD(p+D B (p+D!
= AT e e D

Taking into account that 7> 2, we conclude that s, — 2; when p — .

5.
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NEW ELEMENTARY PROBLEMS’ AND SOLUTIONS’ EDITORS
AND SUBMISSION OF PROBLEMS AND SOLUTIONS

Starting May 1, 2000, ali new problem proposals and corresponding solutions must be submitted
to the Problems’ Editor:

Dr. Russ Euler

Department of Mathematics and Statistics

Northwest Missouri State University

800 University Drive

Maryville, MO 64468

Starting May 1, 2000, all solutions to others’ proposals must be submitted to the Solutions’ Editor:

Dr. Jawad Sadek

Department of Mathematics and Statistics
Northwest Missouri State University

800 University Drive

Maryville, MO 64468

Guidelines for problem and solution submissions are listed at the beginning of Elementary
Problems and Solutions section of each issue of The Fibonacci Quarterly.

84

[FEB.



