Int. J. Number Theory 7(2011), no. 3, 645-662.

ON SOME NEW CONGRUENCES
FOR BINOMIAL COEFFICIENTS

ZHI-WEI SUN! AND ROBERTO TAURASO?

!Department of Mathematics, Nanjing University
Nanjing 210093, People’s Republic of China
zwsun@nju.edu.cn
http://math.nju.edu.cn/~zwsun

2Dipartimento di Matematica
Universita di Roma “Tor Vergata”
Roma 00133, Italy
tauraso@mat.uniroma2.it
http://www.mat.uniroma2.it/~tauraso

ABSTRACT. In this paper we establish some new congruences involving
central binomial coefficients as well as Catalan numbers. Let p be a prime

a
and let a be any positive integer. We determine 22261 (kz_fd) mod p? for

d=0,...,p* and Ziigl ( 2k ) mod p3 for § = 0,1. We also show that

k446
a_1
1" p*—1
o Cpantr =1—-3(n+1) ( 3 ) (mod p?)
™ k=0
for every n = 0,1,2,..., where C,, is the Catalan number (QT:Ln)/(m + 1),

and (3) is the Legendre symbol.

1. INTRODUCTION

For n e N=1{0,1,2,...}, the nth Catalan number is given by

c 1 2n 2n 2n
" n+1\n/) \n n+1/)
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Here is an alternate definition:

Co=1 and Cpy1=)» CpCrg (n=0,1,2,...).
k=0

The Catalan numbers play important roles in combinatorics; they arise
naturally in many enumeration problems (see, e.g., [St, pp. 219-229]). For
example, C), is the number of binary parenthesizations of a string of n + 1
letters, and it is also the number of ways to triangulate a convex (n+2)-gon
into n triangles by n — 1 diagonals that do not intersect in their interiors.

In 2006 H. Pan and Z. W. Sun [PS] employed a useful identity to deduce
many congruences on Catalan numbers, in particular they determined the
partial sum Zi;é C% modulo a prime p in terms of the Legendre symbol
(3). Foranya € Z, (§) € {0, £1} satisfies the congruence a = (§) (mod 3).

In this paper we establish some further congruences involving Catalan
numbers and related central binomial coefficients.

For an assertion A, we adopt Iverson’s notation:

1 if A holds,
[A] =

0 otherwise.

For d € N we set

Sa= Y. <_1;k_1 (d;k). (1.1)

0<k<d

Note that

21
Sy=S1=0, S =1, Sg=—3, Si=, S = So=

Here is our first theorem.

Theorem 1.1. Let p be a prime, and let d € {0,... ,p*} with a € ZT =
(1,2,3,...}. Set

F(d) :%CZ:: (szd) - <p3_d)) (1.2)

+1rpsa sl =31 (3).
Then
F(d)=plp=2& 31 (~1)* +d] (mod p?) (1.3)
and

F(p® —d) = F(d) (mod p?). (1.4)
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Remark 1.1. Let p be any prime, and let a € Z* and § € {0,1}. (1.4) in
the case d = ¢ yields the congruence

(S5 -(5)

P (-1 (p“ —d—k

(1.5)

=26p[p = —1)P1pe
plp=3]+ (=1)P"'p ; p 3

) (mod p°).

Corollary 1.1. Let p be any prime and leta € Z*. Ford € {0,1,... ,p®},
we have

p?—1
2%\ _ (p—d\ . . (d ) )
;<k+d>_< 3 ) p[p—3](3>+2p5d(m0dp)- (1.6)
Also,
p*—1 a
a_ 3(2) 1
ZC’kzl—E}(p 3 1)5 (32) (mod p?) (1.7)
k=0
and

Z kCy = ( a_1) —p[p:3]El_T(p_3) (mod p?). (1.8)

Proof. (1.6) holds since 2F(d) = 0 (mod p?). As Cy = (2:) — (k%l) and

kCy, = (,2)), both (1.7) and (1.8) follow from (1.6) with d =0,1. O

Remark 1.2. Let p be a prime and let a € ZT. For d = 0,1,... ,p%, (1.6)

implies that
p*—1
2k [(p*—d
Z (k:—i—d) = ( 3 ) (mod p),

k=0

which was proved by Pan and Sun [PS, Theorem 1.2] in the case a = 1
via a sophisticated combinatorial identity. (1.6) in the case d = 0,1 yields

that S
> (%) = (%) moas? (1.9)
and
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(1.9) in the case a = 1 implies the following observation of A. Adamchuk
[A] (who told the second author that he could not find a proof): If p > 3

then
p+(EE)

2k
Z ( ) =0 (mod p?).

k
k=1
(Recall the Wolstenholme congruence (2;’) = (2;’:11) = 1 (mod p?) for
p > 3 (see, e.g., [HT]).) Recently, (1.9) in the case a = 2 was posed by
D. Callan as a problem in [C]; in fact, (1.9) in the case a € {2,3,4} was
also observed by A. Adamchuk [A] slightly earlier who could not provide

a proof.

— |~

Now we state our second theorem.

Theorem 1.2. Let p be a prime. Let d € {0,1,... ,p*} witha € Z™, and
let m,n € N with m > n. Then

T () e (55 e (5)

n/) k=0

=((m = 4 G )+ 2~ Ip =31 (§ ) ol Dot

+p=2&31d—(—1)*pm(n+1) (mod p?).

(1.11)
In particular,
1 R ( 297 + 2k ) <d) Pt —d
— Z . —nl|=|—-(Mm+1) ( )
Cn = \Pntk+d 3 ? (1.12)

=50+ )3+ 2)80— = Hp(n+1) (§ ) (mod 7).

Corollary 1.2. Let p be a prime and let a,n € N with a > 0. Then

1 a_1
ol Z Cpantr =1—-3(n+1) (p 3 > (mod p?) (1.13)
" k=0
and
1 A
C Z kCpenti + [p = 3]p(n + 1)
" k=0 (1.14)

=(1-p")n+ Bpn+1)(n+1) <pa3_ 1) (mod p?).

Remark 1.3. Note that (1.13) and (1.14) are extensions of (1.7) and (1.8).
(1.7) and (1.9) in the case a = 1 suggest the following open problem.
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Problem 1.1. Are there any composite numbers n # 0 (mod 3) such that

5 ()= ) ot

k=0

Are there any composite numbers n #Z 0 (mod 3) satisfying

n—1
ZC’kzl—?)(n;l) (mod n?) ?
k=0

Remark 1.4. It seems that the answers to Problem 1.1 are negative. We
have confirmed this for n < 10* via Maple.

We are going to do some preparations in the next section. We will show
Theorem 1.1 in Sections 3, and prove Theorem 1.2 and Corollary 1.2 in
Section 4.

2. SOME LEMMAS
As usual, for a prime p and an integer m, we define
ord,(m) = sup{a € N: p* | m}

(and thus ord,(0) = +00). A congruence modulo +oo refers to the corre-
sponding equality.

Lemma 2.1. Let p be any prime, and let a € ZT and m,n € N with
m >=n. Then

(pam) / (m) =1+ [p=2Jpn(m —n) (mod p**r ). (2.1)

pn n

Proof. (2.1) holds trivially when n is 0 or m.
Below we assume 0 < n < m. Observe that

)T A 1 ()

pn —

j=0 0<j<pn
p*tj
Thus
(S a @
pinl —p - P - L
(m) + (m —mn) Za o —j + (m —n) Z -
n 0<j<pn 0<i<pn
Pt p*fi
n—1p%—1 p*—1 pa
=1+ (m —nzz q—l—k 1+ (m—n)n -
g=0 k=1 k=1

=1+ [p = 2p(m — n)n (mod p**ords(m=—n))



6 ZHI-WEI SUN AND ROBERTO TAURASO

since
Tt (D" e
2 _:Z<_+ . ): — = =0 (mod p?)
ok o \k ok = kot k
and
2°—1 ., 2711 ga-1 2°—1 .,
o ; :Z—EO(modZG)
k=1 j=1 k=1
2k
Similarly,
pm m\ pm m
pn n)  \p(m—n) m-—n

=1+ [p = 2pn(m — n) (mod p**+orde(m),

We are done. [

Remark 2.1. By a deep result of Jacobsthal (see, e.g., [Gr]), if p > 3 is a

prime and m > n > 0 are integers, then (Z’g) = (") (1 + p*mn(m — n)v)

for some p-adic integer v. However, the proof of Jacobsthal’s result is
complicated and not easily found in modern literature.

Lemma 2.2. Let p be a prime and let a € ZT. Then

b ()2 ()
(2p - 1) —1=plp =2+ %lp = 3] (mod p).

Proof. Clearly

2k . 2k B 2k +1 1 2k + 2
k k+1) \k+1) 2\k+1
for all ¥k € N. Thus
p*—1 p*—1 p*—1 p
2k 2k + 2 2k
2 p—
> (1) (2 -2 ()= ()

and hence
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By Lemma 2.1,
2pi
gpff)l =1+ [p=2p* ' =1 (mod p't') fori=2,3,....
(pi—l)
So we have

1 /2p® 1/2p 2p— 1 9 3
— = — = =1 =2 = d
z(pa) 2<p) (p_1> + p[p = 2] + p*[p = 3] (mod p”)
by applying the well-known Wolstenholme congruence in the last step.
Clearly (2.2) follows from the above. [
Lemma 2.3. Letn > 1 and d be integers. Then

ni <Z) (%) =1+ (=" =3[3]n]) (d;”) . (2.3)

k=1

Proof. Let w denote the cubic root (—1 4 +/—3)/2 of unity. As observed
by E. Lehmer [L1] in 1938, for any r € Z we have

ny _ n k—r 2(k—r)
3k=r(2m;)d ) (k> ;(k>(1+w + w )
=2" 4+ w14+ W) "+ w (14 W)
=2" 4+ W (—w?)" + W (—w)"
2" 4 (1) (W 4 W)
+2(=1)" if3|n+mr
:{ —(=1)"  i3fn+r
It follows that

> () (5 (5)(%5)

+
3
d+k n n
2 - 02 6
k=1—d (mod 3) k=2—d (mod 3)

24 (-)"BBIn+l-d-1) 2"+ (-1)"BB|n+2-d 1)
3 3

=(-D)"([3|n+1—-d—-[3|n+2—-d])=(-1)" <d;n>

Since p p p i
—-n +n
(557)« (3) « (557) =m0 )
we finally obtain the desired (2.3). O

Remark 2.2. The evaluation of 37, _ 04 12) () with n € N and r € Z,
can be found in [Su].
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Lemma 2.4. Let p be a prime and let a € Z". Then

a

p—1
p* (3 >
k=1
3|k—p®

_1\k p*—1 _1\k
( kl) _ ; ( k:l) )Ep[p:2]+§[]3:3] (mod p*). (2.4)

Proof. By Lehmer’s result mentioned in the proof of Lemma 2.3,

3> (Z;:>+3[3|p“]+3=3 > (Z)

OSTkk<paa k=pe (mod 3)
i

a

=2 4 (<1 BB ]~ 1) = 2~ 303 ] - (-1

Therefore

a

—(1+ 1) =2~ (27" —6p=3] =3~ (~1)") = 6[p = 3] + 2[p = 2]
For k=1,...,p* —1, since p*/k =0 (mod p) and

(i)t I (=) =1- 32 5 ot

0<j<k
we have

(0) w5 = ()] = o 32 7 oty

0<j<k

If 1 <k<p®—1and p* !}k, then p*/k = 0 (mod p?). Note also that
—1 =1 (mod 2). Thus

“—1

=
I

Do @BIE—p- DD Y=
k=1 o<j<k 7
- p° p°
=N"03[3 | p* 'k —p® — 1) (1" FE L
kl( 31p p"l = 1)(-1) p“_lkk.zul :
= I<p k
- p p°
= _GBBp T k-p)] - DD D ey
0<g<k

T
—_ =

D Bp#A3& 3 k—pl - D(DF2 D L (mod pP).

0<j<k J

=

[y
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Combining the above,

S 60 k- pt - 1T

k=1

mod p?

does not depend on a. So it suffices to prove (2.4) for a = 1.

When a =1 and p € {2,3}, (2.4) can be verified directly.

Below we assume p > 3. With the help of Wolstenholme’s result
SP~ 1 1/k =0 (mod p?) (cf. [Gr] or [HT]), we see that

3 _
k=1 k k=1 &
3|lk—p
(pzliﬂ 1 /3l Lpz/éJ
= — —+3 _6 (I’IlOdp2)
= 7 vl 37 el e 67
Recall the following congruences of E. Lehmer [L2]:
(p—1)/2 1
> = =—2¢,(2) +pgy(2) (mod p?),
—
J
Lp/3]
1 _¢(3) po 2
; 5T = g 4% ®) (modp?),
Lp/6]
1 aw(2) | w(3) P , b o 2
= —=q,(2) —=q (3 d
;p—ﬁj st 5% — 50 (3) (mod p?),

where ¢,(2) = (2P~ —1)/p and ¢,(3) = (3?~! —1)/p are Fermat quotients.
Consequently,

36031 & -l - )L =0 (mod p?)

and hence (2.4) holds for a = 1.
In view of the above, we have completed the proof. [J

3. ProoOF OF THEOREM 1.1

In this section we prove Theorem 1.1 on the basis of Section 2.
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Lemma 3.1. Let p be a prime and let d € {1,... ,p* — 1} with a € Z".
For the function F' given by (1.1) we have

Fd—-1)+F(d)+ F(d+1)

(7)) - (L ey E) moas)

=0 (mod p?).

Proof. Observe that
2k n 2k n 2k
k+d—1 k+d k+d+1
_(2k+1 n 2k +1 B 2k B 2k + 2 B 2k
\k+d k+d+1 k+d S \k+d+1 k+d
for every k =0,1,2,.... Thus
r 2N, (2k N, 2
‘ k+d-—1 k+d k+d+1
N (21 2\ 20\ (0 [ °
= \\(k+1) +d k+d)) \p*+d d)  \p*—d)
Note also that

21: 3 (—;)k<d+§—k)

e=—10<k<d+e

E () () ()

0<k<d

N (—;)d (d+;—d>

I
—

(]

>
I

Q

E

Therefore

F(d—1)+ F(d) + F(d+ 1)
SEAREENE
w e S =g ((5H)

pa 2pa -1 “—d—lpa
= —1)? =
pa—d(a—d—1>+( ) d

+ \l/
w|&/\
s

[S]

|

Q.

|

—_
=N
N———
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Clearly

() T (%)

0<r<p®—d
2p® p*
=1 - — =2(1- — -1
> oofi- ¥ Y
0<r<p®—d 0<r<p®—d

a @ -1
=2(—1)P" -1 (pap_ g 1) — 1 (mod p?).

So, by the above we have

Fd—1)+F(d)+F(d+1)

a

__ b @ _d—1 a_q1P"
e L S Ve
E(—l)pa_d_lp— P~y (mod p?)

d p*—d
and

F(d—1)+F(d) + F(d+1)

p* a_g—1_ P* Y
2 N A N
(/) — et et

=) (p;) —p (% T (-1)?“—1ﬂ) (mod p?).

pt—d

This concludes the proof. [
Proof of Theorem 1.1. (i) For k=1,... ,p® — 1, clearly

() 105 ) r 4

0<j<k

Thus, with the help of Lemma 2.3, for d € {p*, p* — 1} we have
P =o'y

> () -ab-a(3)
“z‘x )55 )

L (17 =303 p]) (_ds_pa) s (g>
n

pa> =plp =2 & 31d+ 2% (mod p?).

w
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This proves (1.3) for d = p®, p* — 1.
Assume that 0 < d < p®. If

F(d)=plp=2& 31(—1)*+d] (mod p?)

and
Fld+1)=pp=2& 31 (=1)"+d+ 1] (mod p?),

then by Lemma 3.1 we have

Fd—1) =~ F(d)~ F(d+1)

bl =203 (-1 + d+ B (1) +d+ 1))
—plp=2]2-Bf(-1)*+d-1])

=plp =2 & 31 (=1)*+d — 1] (mod p?).

By induction. we obtain from the above that (1.3) holds for any d =
p*, p*—1,...,0.
(ii) By Lemma 2.2,
F(0) 4+ 2F(1)
1 (2K (p° <
(2 6)-(5) - 2 (
k=0 k=0

k
a@=ﬂ+ﬁ@:$+%o—<%)

p2

ﬂ%=ﬂ+§@=$WMW3




ON SOME NEW CONGRUENCES FOR BINOMIAL COEFFICIENTS 13
Therefore
F(0) — F(p*) = —2(F(1) — F(p* — 1)) (mod p°).

When p=2and d € {1,...,p* — 1}, we clearly have

a

p p*  _ p p p* pt 2
F __r £ — £ = d
d o d- d pid d gaq= O (wodp?)
and hence u " " u
p p*  _ p p 3
r_ —~ P (mod p?).
I d-pd q (medp)

Thus, whether p = 2 or not, by Lemma 3.1 we always have
F(d—1)+F(d)+F(d+1) = F(p*—d—1)+F(p®—d)+F(p*—d+1) (mod p?)

whenever d € {1,... ,p* —1}.
Set D(i) = F(i) — F(p* —i) for i =0,1,...,p* If 0 <i < p* — 3 then

D)+ D(i+1)+D(i+2)=0=D(i+1)+D(i+2)+ D(i+3) (mod p?)

and hence D(i + 3) = D(i) (mod p3). If p = 3 then —D(0) = D(p®) =
D(0) (mod p?) and hence D(0) = 0 (mod p?). If p* =1 (mod 3) then

|
S
=

I
S
3
=

1

D(1) (mod p?).

If p* =2 (mod 3) then

I
S
=)
—
I
>
—
i)
Q
~—
Il
>
—~~
=
Il

—D(0) — D(1) (mod p?).

As D(0) + 2D(1) = 0 (mod p3), we always have D(i) = 0 (mod p?) for
i = 0, 1. Therefore

D(i) =0 (mod p®) foralli=0,1,2,...,p%
So (1.4) is valid and we are done. [
4. PROOFS OF THEOREM 1.2 AND COROLLARY 1.2
Proof of Theorem 1.2. In the case m =n =0, (1.11) reduces to (1.6).

Below we assume m > 0. By the Chu-Vandermonde convolution iden-
tity (cf. [GKP, (5.22)]),

(p“m—l—Qk)_Z(p“m)( 2k )
pen+k+d _jeZ pin—j3)\k+j+d
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for any k € N. Thus we have

paz_:l p*m + 2k B p*m paz_:l 2k
pn+k+d pin k+d

k=0 k=0
()T () 2 () S ()
iso P I ktij+d S0 \P I/ T k—j+d
P o R o A D )
S\ g) i \ktitd) o\t ) T\t —d
“m r ! 2k
i (p“fwrp“) kZ:O <k+p“—d) *fha

R — pim p 2k
= 2 (p“nﬂ)z(kﬂ—d)

p*<j<p*+d k=0
=2 () S (s )
0<j<d pr(n+1)+j o \FHi+p—d

Note that Rq =0 if d € {0,1}.
By Lemma 2.1, there are p-adic integers v and v such that

prn n

and

(paf;ff 1)) = (nTZ 1) (1+[p=2p(n+1)(m—n—1) +p*(n+1)v)

= (m> (m_n +[p=2lp(m —n)(m—n-1) +p2(m—n)v) :

n n+1

Let j € {1,...,p® — 1}. When n # m, we have

( pm ) _ (p*m)! H0<¢<j (p*m —pn —1)
pon + j (pn)!(p*m — p%n)! (pPn+1)---(p*n+j)
:(pam>pa(m—”) 11 p(m—n)—i

pn + j pin + 1

0<i<y
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and hence
(p]‘z;n;j) (1;‘27;;) p” H p* —1 (pa> ( d 2)
= C— — =" mod p
(m—n)(:;’) (1::) JooZic; ! J

since " " u “

P __ P P PR _((modp?

J pin + J p'‘n+
and

plm—n)—i _ p*—i _p*—i
pn+i  pin+4+i

(mod p) for 0< i< p“.

Similarly, if n # 0 then

(pg;n—l]) . (p“(TIrDLa—T"L)—Fj) pa 2
n(Z) " m—(m—n)(,",) ( | ) mod 77

Also,
a pm .
n: 1 ( ) P 7711 ) —(m —n) (p“(n:r—Ll)—f—j)
(n) p (TL+ )+‘7 (n—|—1)

a

=(om =) = 1) (")) (mod et

Combining the above, we find that

—1p*—1 -1

(O E (i) s E (2

k=0

(4.1)
and

n+l_ P Am 2k 2
Ty s 5 (7) 3 (i s ) (i
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. _01 (,ffd) = (pa?’_ d) _plp=3] <g) + 25, (mod )

“—d
3

M
o L
/\w
o
+
=N
SR
|
QL
N——
Il
VR
w| .
N——
|
=
=
[
)
VRN
=

) + 2p®Spa_gq (mod p?).

(4.3)
Clearly p®Sy is congruent to

> (5 L5) (57) = 2,00 (%)

o<k<d 0<j<k

modulo p?. Observe that both p®Sya_g4 and

Pl p* pel 2k
> ()2 ()

are congruent to

> 0 =)= 2 (05

0<j<pe—d

modulo p2. Also,
WICORAWRICS I RWICS
:(1+<—1)P“ ~3[3 ypa]) (_d;pa> + Y @) (?)

with the help of Lemma 2.3. Thus,

rl p® Pl 2k
P = ) (;) 2 (k:+j+d)

j=1 k=0

(4.4)

=plp=2&31d+ (—1)"]+plp = 3] (g) +p*Sq (mod p?).

Note that
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is congruent to

S 2 ()

d<j<p®

-3 ) - () 5 0 (45)

a-sb=3) () (5) s v —ape (5F)

0<j<d

modulo p? in light of (1.6) and Lemma 2.3. Therefore

pjz::: (pj“) p,;)l <k +2f— d> (4.5)
=S +plp =2 & 314 (17 —plp =3 (§) (mod )
As
oqz;d (]?;) p,;)l <k +J ikp“ - d>
Y[~
(4.2) yields that
%Rd = (m — n)(m —n — 1)p®Sy (mod p?). (4.6)

Combining (4.1) with (4.3)—(4.6), we finally obtain (1.11). Note that
(1.12) follows from (1.11) in the case m = 2n. This ends the proof. [

Proof of Corollary 1.2. By (1.12) in the case d € {0, 1}, we have

15, kzipaz‘l(c(panm)_(2<pan+k>>)
Ch — pent Cn — pin + k pin+k+1

—(n+1) (%) - (n+(n—|—1) (pag_l) - [p:3]p(n+1))

—1—3(n+1) (pa; 1) (mod p?).
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This proves (1.13). On the other hand, (1.12) in the case d = 0 yields

] A a
& L Otk )G = (041 (5] (mod )

Cn
k=0
So we have
1 r p? pin+1 rl
C, Z kCpenyr =(n+1) (E) T o, Z Cpontk
k=0 k=0
=(n+1) (%) — (p*n+1) (1 —3(n+1) (p 3_ 1>)
=3p'n+1)(n+1) (p 3_ 1) —p'n—1
+(n+1) (2 <p 3_1) + (%)) (mod p?).
Since

2(“;1)+(§):1—pm=m,

(1.14) follows at once. We are done. [J
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