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-.-irt1y.4.fjr, -ì- flu)n(r, -+ 1)(2n2 -- t)|/,,?

-ì-{- Dlrr(rr i 1.)i2rr? --:}) + 1.)2ri2{n. + 1i(1.2 -i .1,rr. +-ll)

-'( Art -r l*' -r t'o)(tt -1- l)(2rrx -i l?r - I I lAl
l-{"-Dr(n -+- })('Jn2 -t-,1rr -- 1) -- Dtt,(rt.-l- 1)(2/?2 .- 3)

+(10 i- IJu"i- Ci:.t(rr,+ l.)(rr. - 2)Ì/r'r 
/\- (6)

4'{Dt(,, -f J)(u- 2) - D2$r -f l)l?n2 j"lrr * 1) + (;lu I fir}-f l,ìr)(?? -i" l)iÀ't
-t-\DJrr,1- 1,y ì-I)2(u + l)irr 2))L,tì

'rlt)z{t,-1- l}},LT

-'{-D,(tt'l- 1) + ifz(n -+' 1) -r i,{s -} 6o -F ('u)(n i i)}Àr
-'\D1lt * 1) -' 21lzírr + 1) jftj
- {D2(n + l)}ftr

(fi) nr"w bc'rr:nsitlcred iì;ì ir poìvnornlrrl in L of clegrlr'7. 'l'lrcrcîort, it suf.Ht;r,rs to treitt tlu:
p<'l.yu.u.l.ials in l bclorrging to tbc sanrt: llorvcl of i, b,t'strir,iehttofw;rrd crrnrpuh.rfiorn. This
ruarr lrt: sitnplìfirrrl if u't- pui in filr n sttliìt:icrttlv ttrauv ol tltt: nttnrbcrs t.). 1,2,. .. to clmli tlie
itlentitirs of tlìrj l)r)ll'nrnliirls in n. ' llonr:r: í5) is prrrvr:ri. Fìnall1'. \!? snnl up fxrrn À: --. t) to
rr iu f 5ì. \&lr ha,r't:

(br.- ,\",. r ',.'(.)) rrrrrl

f (I;,, r,,\,,,1, -- L,,.t,-1.\t,,r,-r) .,,. L,,.,,À,,^,,

ttriT
\-r \.-r
l--'\,, t'l " 1, n,' ì',( "'' /rr' l {t

l:..$ l,:-,-l)

p1()ef ?n,F l)'' -+. (l + l):J('{1,.+-l}u.t (.ir { 1)rrr,}- 1ì2rr2; ,'= 1.;

Ilrlc l,lre irlt:utilr'
ln-it.,.r.r. { 2- lh,p t)\''

,t"_ -- "' \ -;+l -J

ON ll.Ir:(lt-ilì.IìnN(:l!ì ti\)Ìì.iU{.iL4ìi F'Olì !1..I\1iì lN\i(rlt'tN(ì Fllilli\.1lAl, (l()ir-FI"iijlli:NTft

jsttsod.Tinla's1,.|ltt1'titttliti<'nti.|-y'

lf i,lrt' thc,r:rern is rornplctr'. n
[l has lx:trtr ;llrc;lrl.;' tn()]rt,ìorrc.l ì:r i,hc inl;r'r,r-lutr1:ion t]r;ll.

r,,,., r,- )- f :'ì"(rr r 
k'1t1''') 

ft\r,/ \ r' )
satisfir:safitlt-trlr.tttIl{jlll,tt]ì)ctÌlrrt,trru]irwiilritr|cgr:r:
sàrluì i,s 1,rrre fìrr llu: sunr

r,. r :,., r l,l")'i" ,' 
l1

r?, \t.i \ r /
rvitliinttlg3lr.1ro1.r.rxlrrtiir}srlf.t1t--grt;t:]0.SirrrilarJr'îrlt1ttr:tr-cttll:it[l|.l'tt.:rltrll
rnucL sinrirlu'line;rl irleut,il,r. ìn'olr.irrg br;tll su.rns. î:rr.rj ;ìrrd r.'n t:
TlrrNrrem S:

2n,2 1.:14',ln "f- liJS)u",--r.u -l- (,,[l2r;} 'r'itiJTrt2 -l !72n, 'l'i]l)r)?r.0--

., t7{n, + i)riu,,.+r.i,-r

+f){in{8ri i llir,,,,r.r -- (1.62n.2 -irJgt + l7)rr,,,1,'. 1;.

I'}rtlirrgttrlirlnlsirr1irrx,itrg|'lralrcsuìr.tlrr.:tlrt'sirnx:asitrllrt.l
of tfrt: poll'uontials crtu lrc tbuntl Ìlv ft Nfàplr.rpr',.rcerinrc atlilptr:tl i() ?rri.0 a)t{I t,r.l.

2. EXPLICIT'I'ORMI"ILAE FOII, TI{A LIMITS OF $OME
IiJ TJ TI IES WI:T H fJ ] N O]\,T I AI, CO F]Iî fTI C IIi T{TS

.[t is r-rf gu:at intorr,:st tìrat Apt:rv's prouf trf thc irrntiona,litr. of ((3] ìtratls to rur iufìuitr:

srilir,rs r:olsistinl4 of trnn;r ii.srlr:t,i;.rtcd witn ('?,i') 
r. 

r,r'hit.,h {:or1!"r-r'grrs lapitl}.v to ((l}):

.(3) ,=, : 5- i_"_lL_ I .'r 
- tli,.)! (7)

A siurilar irìi'r'rtit'"r.' lrtrì.tls for ((2) :

-,: 
\i j

it.2t. i; -3I-.;;;1;:;, (Í31). (8)
v *t rt'\"tt )

f:ìrrthotrutire. it is krxxr'n that

{r}l

it0)

(b.v ,\,,.-.- 1.,, = fl),
$o onn gJ:rts

/::\
1.4,, 1,,,....r.rr-l /11,1t,,,,i (i) ).*,\,,,,,, I 1 .41 1t1,..1 1 * /11 lt,,.q.'1.,,.,,\7,.,,

t\ l',.0 /

Lir lini.-qh {ltrr 1xurl r}f t.hrì i.her}reur it, sttlfires l:o slros'thal

(.11,\r.: t,rr t.l .,- 1,,,.,, ,\r,.,, ,

rvirich is titl.tivrrk,rnt, rvit,lt

:x. | .,_ ;i _i fr\- I ,.. :11) '-
î:', (',',) 27

ilt rr l
.rj t lli\- - l. ,.. liY:l
?, "l'',','l !Ì

(8), (9), anil i10) ca.u irc crbt:rinr,,d frorrr

2iirrcsi'r)''- È !1;'l;
r, l" I t,l



t.Ì,\ lt}llclrftl.ì-liN{-iÌi F01r,i\'ll.it,n11l If{)tt su\ls ll'iv{)l.,vtNi; l.rÌN(ir\.1ìÀ1. C(il,l!'Fl(-rì!:aNltj

}lvt'ottrpltiittgl;]rtlfil,sttì'ufls(xx}It{lrlcrivir1,ir'r.:a|ilx:prlilli,':,''..'](se.'li5l.i5])
iiI{tllrr|trls vi|l,l tirl. llrr' ;x,irrl : ',. '';) :

,,r,1! / ti r\
\- , ,t .. ., t,..:, l \..--Ì.. , 

1 (lll
?,';tl'i'l ) )

,\r,!r ,, ; / l. ,\5.!-f],.,.-*'-\l.:'i,,oli-+jl, (u)
ft "(',',') t"-\ 2 J'

s:( r)"" t -r\,î, /r/i+t\
à tl;'l - ;, ' .:.-,-lur,,l'.-, I {lr'})

(l;-ì) t:a.n Ì-rc futurd irr il{ti, tL wnr; t.,rrtjr,:ctulcil. b5, ,1.. rto.rt th:r'Foarilli tLai;

rf iì | , llf ll t'' ,1,., (r rì'' r \ }nl 17 L, rta('t,,,)

Ii'iuilll-v ltrir- r.lonjc{.:i;ruL, $"iì$ i}rúr.'c(l lrv A. l.a,n ilol lrrLor:tr:n hinrscif il'1i. lli)] arr<l lrv Il"
Ci.tht:n, 1,4,j. Ì.rr Lht: s?r.urpalltìl' i4] lI. Colt;n has gcn.r,;r';rÌ.ize<l tLx,, idr,ri.rs oL Il. ,\.pcr-r' lor ((Jr | 1)

a'ndi(:Jl')(,}ì'i'rvh'icìl]carìrllrr'rrIi,rr'trrrlatc[y)t'ortouewir:r,lli,jr:rraljtr.pllofs,bu1;
irÌctttitios. Fr rr ìnstirtrr;i':

- 'x .,t, /',

ilr) ,,. ir 5- 1-,-11-- l\t.''' ,:1"1. 1r,r).J I t,t1r,,,\ \,4, À, t,,,2 )

ii;r' sr-rnur rulat,erl irlculilit:s sr:c il.ll].
lrrr]rcfilllrlwin,qs.(ìsi,àt,fjll}rtlì':irrIiLs01]st.,nttr'illa,|l.rlsllrns;nììthegr:

},r-vrtsirrgtJrcrtla](t;rtrirn1llnx1..la1'ì.rroxpanrijr:rnrll.;lcr:llii'l,itifilrrction,<:rlr,vtir
cft,]rr':ktlrlrr'trraltttloIatlt't|,iriIritrt,egral.IirrrtnllLr:r.e'tttitlsweI.eft'111'u'
\i1\ ltllTn(r'R,Ul, 1rorlcr Sr:r"J,:s in j lt)].

ù t, ') ?r v';i
) -**----*?*-::: -L{'},,*lll"'t :j 'l,i

frr:rJ \ lÌ i

""1

)- l_ ,._ .-1J,,.u,:.jL-r,(Jtt t;'("') '!

r-n i' ît\ .-.-_--.-.._..-.._.--,_--_,._,../_ 1,s.,, .._ l; /;.,i I .

,r,.ll\"" tl\ 
" 

J

L, ,, rr;#fl,i,= f ,,,* (*.+;

\: {*lL.'--r- .. !$ ,,,, ll ::1i \ I
H,\t,rf1){:.:} 21 "\ ': ) i r*;)

, /I irt'rsjtLu' ,

' l, 
"t" 

'i't 
u"" (171

iillies,: identities ir,re plor.erl ìry il.itr irrlegrr,ll

S,i 1t.,;11r,,,".r. I
/ I "'---- | dl --------*-::'- ( rtr -' (ì\

.lt \. ? / 2(2rr - 11 {;]i')

(rct: i9,r,o1.2.i31li1-it0lì. ar,1 liv l0.voì. i.?;ll-1{ibi.

1:) l:!lì
\-' ,,.-.__-__.1,t-l-.-,-._,._'. .- n. - 2.L-i(tt:Iti2r+1)i"

.:r, l2il \

\- . !rL|,.-..- -:

4 I'ht i 1\,.1" 2
rt:-l)

i __ _f;i=__ _, * r,,x:
? (':r,-r'lt'1" I
/I::LI

'x: 12il \
\- r- 1i" . \'l .{ = 1.,;l( I ,t r.,2J/ '\ '' /r1,.+. 1ì-1,,

fierc 'wc ]x.wr ;lpplir.rri l;ire serics

*rcilir; == i ,..- !'jil, -'"" (irì .- l) ,

ffilt|t't I j4"

zrrr'|",1|.:.l,sli,rn'il,|'!Ltlltl:rn'lìll.1.lrt:1rt,tlt,lr;f(?;J1rrrr.lllijv11se

É,

\- - i- - .=. I ll1-ij r.)/ì
!,r't It('','\ ? ls

x.Ì
\- '., .l 1l"ll'1 . t:t.,)tu,,',i,,. 1) (]il - 

6

Ii.rrr.r.prt',r.-rfol'|2,"l)ilisl,isr:fr11.oirpplJt.llr:.Jiay|or(:]Xpdl}$i0ur;fj;lx:lìrt|it,:
i<lr.nl,if.v then firllr.rws lrrr tr:rrnFui;irrg thc lirnit on ilrt: tiglrt siilc oi'1h,." itltrrtit,t'

p.r;r- ltc,,;'=l"li,/t(;;;6 :) ''

''' ]i:1; i - ("r"t,sirr /. ) (r:ot rircsi" r) ]i.:j

4l)

(r1r)



( )l,J lt!ìCtlltft.tiN{-jl": F(.ìfl.jlllil,All tr(rIl. St-ilv{S lN\'{ll,\'lN(; UlN(r\'llAl, (l(iÈlF}l(jtl":N"l'S

'l'ho itk:utiL-r'in (241 firllow.q ensil)'applting (10). (2r;i,,tr,1 ;-;]-;11 .,= 
;;;L:1 - jt.

ll'iur sot'irs 5r a,rul $: fi'oli t'iur lì.ilbq,irrg tlrcrlreur irx'rdvirrg binonlial t'oclììr:ieut.s (]l')
dt.:1nttr.1tln'f1lit.la,lnottll.il,.r.ht:vsrrtisfya
Alrlrlir:;itious of thc itleul,ititx {'?:J rìurl (iii.) an: givr:u in'fhcort'tus li,6 bc[o*'autl llt'.]- lrrovitìt'
iì (rourn:(rtio].r bt:Nwer:n î,lrt,:nnrnl.rtr'$ 1'lir'r a,n.rì lllngp with p;== tt i J!ìli2
illrecrlerrt 4: llor r:.r,tt'!) inl:tgt:.r À: );' [) tlt li,a,rt:

I (-,..t 1t+u'ii\
=' i 'i ;' -. l:i, --il [ "' ' t''É t z' - /-' \ \ - /

(lut t2À I 3)!. 5.2(À -i 2j - 4,(:1lr | 1) ,S.r(&-F l)--i- ir

Itrl itrstarx:c. rvc gr.'1- lirr' À, ,.= 1,2' J:

s,(r),.. u, ?t,!-i ^ .5'(2),= ?r.,:i {: .,ir(,3) .= fj Ìl-rl:1
;t3fì7i,5

J-(t) ,. 1f i,l.g1l---{:1 1 ,s,(z) .. 2t}rr! i,,,,11-:U{11 9j

( ,.,r\ .-- 2u\ 
'; 

r. ,. , 1 - f-i, 19ltrr { .t i = - -:j '- l(,9 t -- ;-_ t :}:jit

Iul:lrcr:llacwlrtn/,'trpuLl.str.,zcr'(Jworlofirxrnsrrsrr,rlfrr,,{,.^)t,,.r}re0,rrrxl 1'3....(?À 1)

tobcl:

ii,.,--*1,-.-.",',. ,,' {;-:1. {zu)
f;lnhL r ri (i1') e

X,r';l;lle, - 
t;ll r'- (1r v:l) (27)

oN Ir.I::(:l.rrì.1.ìtìN(:11ì ir(ilì)\itiì,^i:t ti{}lì sti\'lii lN\/(rt.\:tNG }ttNrji\,tL\t, o()F}ìf;ttjt1lìn-Ttj

Proofì lllr.t: liuel,r t.lrrrt'-1.ertn lerìur:r'(ìlu:clì tor: 51 {À) anrJ ,5-;;(À) fruur 1,his thcorcur urir
}rrltrtt,gt'tt<l.ttts{)lì(ìs.\\t}a1lpl"rlZt:illrt'r'gtlr,sir1grll.ilhtrr1;rlLlllthstrrn.c..|''ht,tr
tflo!,;clrìùìts lit sl. urdrrt l o(Ìllîrorlcrrs:

')^ L.t .)À Ll
:ì,9,(l')'i (21 | ltsríÍ'r l) ,. I 

1ri i,rli 
. :r,5'z(tr) ttÀ J 1r,5:(r,'r- tt ,.,,t 

i:i: + iir (2s)

lt cirn. easily bt'o-et,rt tha.t tlre ter'Íls on the light o-idcs iu (i,) ant.) ('i'ti)"'atisf,f ills i:t'lrrcspolrdinS
ni{ìunol)fe itr (2"q). Wr (ìtnì(Jltsit;Ìatr: llrls kl ,S1 (A:). li"r thc sakc 1lf l;1g1:i[v ]ir[

ni ,== î . { iÌì1'.., (/, r r) .' ra'lk - )t, _ |

(.)rrr, c;lsil"r* vt:rifir,:s l.hn1.

4411 ::' *3tr;" -ì- ml.i
\\Ìr rlr:uott: l;ht'l,r,:r'rn orr l,hc ri5$rl sitìt'irL {i,) bl ,>-i(l). 'l'lrr:lr u'c lrirvs.

2À iì- --. .5i(f'''l) ='

r. l\: _ rr*, "i lirl -i.,11 /
/..- l ru \\".,, It ---.'-.'.'-- --------.'- l

?,,2k - b' --1. 
.J

5:(i:l ,- t), 2À-rl .t--'- ' ,\i(1,: lt'i îifÀ)ll " ' ' 3. (1 .3. |i .. . . (:ll': -l' 1))

:!iri!lÌ,..S t ,. lS i .. rr- t1...-2 /-^ 2(2'l r l) ii,:') 2 ?, t ,',,) !., iz,,, i r) (r')

(2e)

whir,ìr gives tire k:fì t('culfence llrmnùa in (2"s;. 'l.tr plur..e tlre iderrtiiy iu (rj it srrilir:cs to slxrn'
t,lraijthtl1dsft.lr.À;..'.[J.s|icobothsidtlsirr|l)saisÍ.ll
jirrnrtr].a,Srril,rt:I.n;rinsl,opltlrre(26).IÌlr1,}rispttt'p<tst'rr,t.lir1l1.v

li""

1.n,L
'r'--- :----'----' E --':-----------ì- (ri -1 {))2 2rr*1 2(2n.+i)

\tl(r 8t't

ivhirh givcs l?6). Bv simíln,r:

rnrtl (16).

/ --, i _*\

/2 rv;ll /? 2zrl3\ nr/;l

\r"ri I \i, z1 )=' n

nrgrulx:rrl-s orrr slrorvr thill, Lht.'ìrlr.uùil,y iri t'lil/ lrolds hv rrsing (1iì)



ìt can cllsily l)tr $o(fn lhat the ihrec-l;rilrn fccìrÌ.r'ctì(r(r in (íll fritkru's frorii tlrr: first urtlrrl
I'il(ìllrlrorcc itt (29). \\iiting tlolvrr this (xluàtion il srxìon{l tirnrr r.;itl.r Ji lt:platr-rd b1.À +. 1 rr,nri
therr rnultiplvilg bv (2li * l3). orre SetF an ìrltrutitl, ht*.iug thtr sanre rig;lit sir.le a_. al.';<.rr,e. Scr
;r lint':rr r.lrltratic,n tvith rrrspry:l t;ci "9i(i;), ,5i(1, + iì. nnrÌ SiiL, -l- l) rcsutts rvhich pr:oves tlx,r
idtrrrtil;v ù:our (ri'/ bv.5f (lr) ='5riÀ]. lflit: rcculr:olt,t in (ìr;i r:a.rr be pr.l't:rl iirL.alrgrinsì1-. T.hjs
firristres tltc lrru;l'uf tlur 1.hr:r:rcut. il

'L-lrt: ii-lorrtit,ics iu 11J nnd iii,i.) also frrlÌor\. fr:orìr i;lirr irrtirn.al

siri.lÀl . qg"t"''i11 111 ,.,
(2À "i. l)(2/,: +'3i . . . . . l2/': +- 2rt, .t.J)

.--jl:_4.!,)
(2i, 1-1)l2ri i Jr.. -.. r.t;;-til,;liti1-

t'lr<:rc: ;{À:) :',., 1 '1J 5.7 . ,. . (2À - t) {i } l). ;(0) 1,,.. I (sss i9,vol.2,i}iril-Zlr,l). \\1,. lr:;rvc {,lxr
tlr:tails tu tlre rliidcr.

"]ij.rrrllIr'wtlslx:lvtlv[lrtlpre<:r:tIitrgr.erirrhst]rrrttlrctlt<ltu;rr1,lt.t,ltlr9;tllllllll1fitlx.'anDunlcrcl closrr t'orrrrtrt:tiou r-rtrtu,er,n rrrq 1rrrubr:rs ,,4n 
",r,r 

,/it,r[1, $,it]r /):::: (r; ;.îtt2.l)rrtt irg

,.,,, .=. _L*1IJ2 (rri) r) .

(trtc r:|a,síilr cher:l<Osi ì-:V sh.aiglúfìrrx'i,r.r'd l,alilrlill;itius thnl;

,!'2(ri 1) = ill--.(:l--fll È; |i-i- (r0)(zrl - {J! ,k- lrr . j),,,

-li. lll_:_lll r,.(,, i r\
rj,r rJ: \ 'l:ll | :;:' 

tr')

holds for: lll lntcgrrs n ).' l. Ilcr:r,

l:'(t,lt;t';:r1,. r!', ( u b]r,)

t.k:rrol.os l;lx: orrìirrirr3. hl.lrrrrgtxlrnet.lìtr frrrrcl;ic,rr. A siruil:rl irleul.ity cutr Ìur lirurrtl ltrr 51, So r.vir
lttr.',.r proved rhe l,..rllor.i rrÍ{ r.osuli.

fflreorenr 5: t-t)( t:uerV positit,e,bttt:gr:r.n. tluyrr, ù.ft: Ìvti.otúls r1..r,s.1. surlt tltu,i

r" (r, r, ,, + j, - i) ,=. ",*, n '

ON ìi.Tl(.rl,rlitìrlN(lll lt()Rì\llll.A!l l.lJlì SLlllii INV(/ì.,\itNc l-ìtNltItL{t, (lOfìtrI,'I(:nrìNî.fi

h,ol.d,.

Brri Lu,o inrirc qr:rrertil itltrf.il,ies r:an bc provcd. Lrf,

',,=(, *i* *--Lr; *r,,an rra2).
()ru: has

s,, :-, 1 ..1- 1)(ri 't ) 1.rt -1 21 .

whor. ,1 rìr,ntrt.s l}rler'o tonsl:ant. Iu l.6l tlr* .rrtlr,r has sh'wrr th*t

I,-',''+r('ItrÀri 
t)ll') ''lir 11!\

k.., \ ,, )\l) 
r(+7 :: 1 + {/\ì,;i;;; 

/
Lohls firr all irl;r,rger-c n -} I ;rnrl r ): 'J. 'flrtr spr,r<:ific lìuuu' fi;rur iu sr. . . .. ò^r,.+_î u.if.h i1l;ijgcr
t.orltficicrtt;stf),nf0Ij]e5rutlrr:rapirllvtr)^1|hfìntlreìrir.sit$<-'rit'lii,5,,']]hcrrn,r1erlyir
scricnl'rim'sfr.rrtrrirtiringocsllitt:k'tlrrarrirlt:r'tt,it"
resuil, llxr aullx-rl ìras risr,rrl in id] il l;hc lirll-rrvirrg o:rc:

sr,,7 :,:: I i .--1:':t.'.-- (n ; (r)

'-' 
\tt 1 ; l"'

$'ith t'xplir:iti.c Sivt-.I lirtit:rnals r',r,. ,\.s can bc sr:el by (llt)). a sùnilal sr:rics tliursforutlfipl c4rr
br applictl I.o ,S'; larrtl to 51 , of cr:urse). Finallv. olìe lrt,Ls:

T}reor'tlrn6:I,c!.ttanl1ntrlr.llott':yltlsitiill:intequ,ssa,ti.sl.ui.lt,qtrl);2rt'
q.r,,s.t. stu'h l.lm.l

p'(,, ,, {- l: rri i I i ) = ,1r'ltn -t-,.\ 2J/
atttl

r'(,,.,,l. r:,rr i j i) .= ,il,p l
\ i t/

Itoltl.
It<it itlstancc, rr:tÌ lìit\ti li;1 71.,".5 ;r.1tl rn ,=., llJ:
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