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1. Recent interest in some lacunary sums of binomial coefficients (see for example [2 ] , [3]) suggests that it 

may be of interest to consider some simple sums of multinomial coefficients. 

Put 

(i j k) = <i+J + k)! 

so that 

(1.1) (x + y+z)n = £ dLk)xiyhk . 
i+j+k=n 

Le te^e , , e3 =±1 and define 

Sooo = SoJn) = £ (Ilk), 

i,j,k even 

Sioo = 5 i o o ^ = J l (i>lk>> e t c " 

/ odd 

j,k even 

where in each case the summation is overall non-negative/^/, k such that /' + j'+ k = n. Since 

c = c = c c = c = c 
^100 ^010 ° 0 0 1 '

 p
0 1 1 ^101

 J
1 1 0 ' 

it is evident from (1.1) that 

(1.2) S0Q0 + Sl0Q(ex +€2+€j + S0ll(e2ei+e3el + exe2) + Sllxexe2e* = (ex + e2 + ejn . 

Specializing the e, we get 

(I I V:SW0+3Sl00+3Sll0+Snl = 3n 

(—7, i, 1) = SQ00 + $iQ0 — Sll0 — Snl = 1 

(l-l-V:S0<)0-S100-Suo+Snl = (-1)" 

(-l-1,-1):S00o-3Sl00+3Sii0-Sln = (-3)\ 

Solving for the S,^, we get 

8Som = 3n+3 + 3(-1)n + (-3)n 

8Sl00 = 3n+1-(-1)n-(-3)n 

(1.3) 1 8SU0 = 3n- 1-(-V" + (-3)n 

8Sin = 3n-3 + 3(-1)n-(-3)n . 

Tabulating even and odd values of n separately, (1.3) reduces to 
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(1.4) 

S0j2n) = %(3™+3) 

S100(2n) = 0 

SuJ2nj = %{3m- 1) 

SnJ2n) = 0 

S00J2n+7) = 0 

SlO0(2n+i) = %(3™+l+1) 

SuJ2n + 1) = 0 

Sul(2n+ 1) = %(3m+1 -3). 

It follows from (1.4) and (1.5) that 

(1.6) SmJ2n) = Sll0(2n)+ 1, Sl00(2n +1) = Ssn(2n + D+1. 

We also have the generating functions 

(1.5) 

r 
n=0 

/ - 7x2 

n=0 

(1 -x2)(1 -9x2) 

1 — 3x2 

(T^PTd - 9x2l 

(1.7) < 

n=0 

2x2 

(1 -x2)(1 -9x2) 

6x3 

(1 -X2)(1 - 9 x 2 ) 

_ n=0 

2. Let/77 > 1 and define 

(2.1) Sijk = SJ^(n)= £ {r,s,t). 
r+s+t=n 

where the summation is restricted to non-negative r, s, t such that 

r = i, s = I t = k (mod m). 

We may also assume that 

0 < / < m, 0 < j < m, 0 < k < m. 

Clearly S/jk is symmetric in the three indices i, j, k. Also it is evident from the definition that 

(2.2) SJ^fn) = 0 (n £i+j + k (modm)). 

Hence in what follows it will suffice to assume that n =i+j + k (modm). 

Let f denote a fixed primitive/77f/? root of 1. Then it is clear from (1.1) and (2.1), that for arbitrary integers, 

a, b, c, 

m-1 

(2.3) KaHbHC)= L lra+sb+tc(r,s,t)= £ ^+ib+kcs(m) (n) 

r+s+t=n i,j,k=0 

Since 
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E y-ra = i m (r = 0) 
s \ 0 (0 <r <m) , 

a=0 
it follows from (2.3) that 

m-l 

(2.4) m 3S$>(n) = £ (? + f * + ^f^ai-bi-ck 

afb,c=0 

While this theoretically evaluates S-™ (n), it is not really satisfactory. Form = 3 more explicit results are ob-

tainable without a great deal of computation. 

By (2.4) we have 

2 

27S(
0%(n) = £ (G>a + o>b + a>c)3. 

a,b,c=0 

where GO2 + GO + 1 = 0. This reduces to 

27S000 ("> = 3" + 3(co + 2)n + 3(co2 + 2)n + 3(2GJ + l)n + 3(2GJ2 + l)n 

+ 3(2GJ2 + oj)n + 3(2co + GJ2)n + 6(G? + oo + 1)n + (3oj)n + (3u2f . 

By (2.2), 
3ooo(n) = 0 (n 4 0 (mod3)). 

For n a multiple of 3 we get, replacing n by 3nf 

27S(
0

3J0(3n) = 33n+1+9(2cj + 1)3n + 9(2oo2+ 1)3n (n > 0). 

This reduces to 

( S(
0

3J0(6n) = 36n-2 + 2(-1)n33n~1 (n > 0) 

( Z 5 ) \S$0(6n+3) = 36n+1 (n > 0). 

Check. 

s00()(6j = Wotoi + 31310! = 3 + 3'60 = 63 = 3 -2>3 , SQ00(3) = jfofoT" 3' 

s(o3>> = w w w + www+ www =
 5-6-7-8 + 7-8-9+3 = 3-729 = 3?-

Similarly we have 

2 

27S(3
1

)
1(n) = Y. (ua + 0Jb + uc)nGJ-a-b-c = 3n+3(GJ+2)nGJ-1+3(a>2+2)naJ-2 

a,b,c=0 

+ 3(2oo + 1)nGj"2 + 3(2to2 + 1)"GJ- 1 + 3(2 J2 + Gj)noj>'2 + 3(2GJ + co2)u~1 

+ 6(GJ2 + GJ + Vn + (3oj)n + (3co2)n . 

As in the previous case, 

S%M = 0 (n 4 0 (mod3)), 

while 

27S(
1
3
1
)
1(3n) = 3<33n+3(2oo2+ 1)3noj'1 + 3(2GO + 1 )3n GJ>~2 + 3(2 GJ+ 1)3nGj'2 + 3(2GJ3 + 1)3noj'1 

+ 3(2GJ+ V3nGJ~2 + 3(2co2+ V3noj'1 +6(GJ2 + CO+ 1)3n 

= 33n+1 +g(^3)3n^-2 + g(_^}3nu-1 +6(GJ2 + GJ+1)3n . 

It follows that 

( S^fSn) = 36n-2-(-l)n33n'1 (n > 0) 

( m I s\3j1(6n+3) = 36n+1 + (-l)n33n+1 (n > 0). 
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Check. 

?(3) 3€f Q4 ^02 *<3) 31 
siii>6> = wfrn - 3** - 90 = 3 +3 > siii(3) - JTiTTT - * = 3 + 3< 

?(3) ,ai - 3-9! _,_ 3-91 sliJii(9> = TTTTJT + jfirn = 3'^+3'^70 = 3<26 = 37-34. 

We find also that 

(2.7) 

Check. 

f Sjjjb (6n) 

\ S&}
2(6n + 

= 36n-2_(_vn33n-1 (n > Q) 

3)^36n+1_(_vn33n+1 fe>ffl< 

S%2<e> = J 7 W - SO - 34 + 32, S<2%(9) 3-9! = 3
4.28 = 37+34. 

512/2/ 

S^fSn) = S(
2
3J2(6n) 

Note that it follows from (2.6) and (2.7) that 

(2.8) 

and from (2.5), (2.6), (2.7), 

(2.9) Sp/ ; (6n +3) + S(
2

3
2

}
2(6n + 3) = 2S^%(6n + 3). 

3. Since 

lrt s, t) = (r- I s, t) + (r,s- 1, t) + (r, s, t - 1), 

it follows from (2.1) that 

(3.1) s}$(n) = S^jfk(n-1) + Sl™\k(n- V + s!$_,(n-V. 

where 
?(«>), 

when 
i = /' / == / ' k s k' (mod ml 

In particular 

(3-2) S)2lM = 3S]'Vil1(n-1). 

For example, when m = 2, we have 

S(2j0(2n) = 3S<2
(j0(2n-1) 

Sffj(2n + 1) = 3S%(2n) 

S($0(2n+1) = s{)
2
0
)
0(2n) + 2S(

1
2

1
,
0{2n) 

S(,%(2n) = S%(2n- 1) + 2S<
1%(2n - 1) 

in agreement with previous results. 

The case m = 3 is more interesting as well as more involved. We have, to begin with, 

SoQo(3n) = 3S%(3n - 1) 

sffjQn) = 3S?]0(3n-1) 

S(
2
3
2'2(3n) = 3S(

2
3

2
>

1(3n- 1). 

It therefore follows from (2.5), (2.6), and (2.7) that 

J- S(
2
3(j0(6n+5)=36n+3-2{-1)n33n+1 

1 sSL(6n + 2) = 36n 
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Slfi0(6n + 5) = 36n+3+(-1in33n+1 

S%(6n+2) = 36n + (-1)n33 
( 3 " 4 ) i HI Rn n In ^ > 0) 

f 4 f / (Bn + 5) = 36n+3 + (- 1)n33n+1 

(3.5) "S /•?! e o (n > 0). 
\ S(

2%<6n+2) = 36n-(-l)n33n 

Check. 

4*W = srh-, + jj^j - 1+20 - 2/ - 3
5

- ^ , 

s(3j / „ , = a/ 2-g/ 2-8! 8! 
200'°' 81010! 5!3!0! 2! 6! 0! 2! 3! 3! 

= 1 + 112 + 56 + 560 = 729 = 36 ; 

s%(s> - jrfhr + 4TWbl = 20+ w = 30 = 33 + 3' 

S'3> = 7fwoT+4lWbl + iMll + Wfhr = 16 + 70+560 + 56 - 702 - 36- 33 

432i(5) = 2r2TJT=30 = 33 + 3' 

s(
2

32> = snnr + 2rihr =
2 ™ =3°+33-

In the next place, it follows from 

S(2i0(3n) = S(3/0(3n - V + S(
2

3J0(3n - U + S^On - 1) 
that 

S(2i0(6n) = Sffotin- 1) + S(
2

3
0
}
0(6n - 1) + S%(6n - 1) 

= (3Sn-3 _ .(_ 1)n33n-2i + (36n-3 + 2(_ jjnjSn^j + (j6n-3 _ (_ 1)n33n-2) = 36n-2 (p 

s<210 (6n +31 = S {3]0 (6n + 2) + S(2o0 (6n +2) + S% (6n + 2) 

= (3R" + (- 1)n33nj + 36n + (36n _ (_ -jjn^rij = .fn+1 (p > Q) 

that is, 

(3.6) 

Check. 

f S(
2

3)
0(6n) = 36n~2 (n > 0) 

\ S(^0(6n+3) = 36n+1 (n > 0). 

S2t}o(B) - 27jfjl +5TW0! +wlro!=60 + 6+15 = 34> 

S21o(3> = JfjtoT = 3f 

^3) /«, = 91 91 + 91 91 91 91 
°210{Z" 2!1!6! 5!1!3! 214131 811101 514101 217101 

= 94.7+ 9.8-7+ 9-7-20+9+ 9-7-2 + 9-4 = 9-243 = 37. 

Next it follows in like manner from 

S%l3n + 1) = S(
1
3
1
)
1(3nJ + 2S(

2
3
1

)
0(3n) 

S(220(3n +1) = S^2
)
2(3n) + 2S(23)

0(3n) 

S%}
0(3n + 1) * S(

0
3

0
)
0(3n) + 2S(

2
3

1
)
0(3n) 



432 SOME SUMS OF MULTINOMIAL COEFFICIENTS [DEC. 

that 

f sfL(6n + 1) = 36n-1 - (- 1)n33n-1 

(3.7) < 211 (n > 0) 
[ S(

2
3

1>1(6n + 4) = 36n+2 + (-1)n3n+1 

(3.8) J *220<bn + D = 36"'1 - (-Dn33"-1
 (n > 0) 

f S(
2
3J0(6n + 

1 S%(6n + 4) = 36n+2_(_nn33n+1 

(3.9) J Sl300(6n + V = 36"-1
 +2(-1)n33"-1

 (f} > Q) 

\ S<3j0(6n+4) = 36n+2 

Check. 

S<211<7) =
 577777

 + WWJT = 42 + 2W = 252 r35 + 32, S3
211(4) = -%-- = 12 = 32

 + 3, 

?(3) lin\ = W! + 2 ' w ! + 10! + 2'wl 

^>21V'U' 8!1!1! 5!4!1! 2!4141 2!7!1! 

= 9-10+ 9-280+ 9-350+ 9-80 = 34-80 = 3S - 34 ; 

^>-2flh-6-32-3' 
<t(3) fin) = 10! + 2'10! + 10! + 2'10! - Q2 R? - ?8+ ?4 

*220"Q> 2! 2! 6! + sHTTi + sfsTW + sTJTdT ~ 9 -82 - 3 + 3 . 

si3do(y> - jiwm + ifwoi +mhr + iMi= 1+70+ uo + u =j2'25 =35-2-32, 
^ id\ - 4! + 2'4!

 - I + R - r2 

two*4' - JToTo! JTJFoJ ' 1 8
 ~

 3 ' 

o(3) (W) = 10! 2-10! 10! • 2-10! 2-10! 2-10! 

1001' W!0!0! 7!3!0! 4! 3! 3! 4! 6! 0! 1!9!0! 1!6!3! 

=» 1+240 + 4200 + 420 + 20+ 1680 = 38. 

This completes the evaluation of the ten functions sfjk'(n). 

vith 

24S(
0
2J00(2n) = (1+1+1+ 1)2n +4(1 +1+1- 1)2n + 6(1+1-1- 1)2n 

(2) 

4. The five functions3)-kSi(n) can be evaluated without much computation. To begin with, we have 

+ 4(1- 1 -1-1)2n + (-1-1-1- 1)2n
, 

which reduces to 

(4.1) sL2Jn(2n) = 24n-3 + 22n'1 (n > 0). 

Since 

JOOOl 

S(
0

2(j00(2n) = 4S(2j00(2n-1), 

we get 

(4.2) S%0l2n + 1) = 2
4n~1 +22n'1 (n > 0). 

Next, since 
' WOO1 

sfyoVn+V = Si2^00(2n) + 3S{2
1
}
00(2n)/ 

it follows that 

(4.3) Sff00(2n) = 24n-3 (n > 0). 
Similarly, from 

S(2)
00(2n) = 2S%0(2n - 1) +2S(2

1
}
10(2n - 1) 

we get 
(4.4) Sfiiottn + 1) = 24n~1

 - 2 2 " - 1 (n > 0). 
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Finally, it follows from 

S(fi10(2n + 1) = S(
1

2
1

)
11(2n) + 3S(

1
2}

00(2n) 

that 

(4.5) S(2
1

l
l1(2n) = 24n~3-22n~1 (n > 1). 

For example 

S?1'11(6) = m±^rfT = 480 = 29-2s. 

Note that it follows from the above results that 

(4.6) SJftooGn) + S % 1 (2n) = 2S %0(2n) 

and 

(4.7) S(
1

2J00(2n + V + ${fi10(2n + 1) = 8S(fi00(2n). 

5. The results of §4 suggest that it would be of interest to evaluate 

(5.1) fhk(n) = S(2i10...0(n), 

T'T' 
where/, k are arbitrary non-negative integers and the right-hand side of (5.1) has the obvious meaning. Clearly 

(5.2) fjfk(n) = 0 (n 4j (mod 2) I 

To begin with, we have 

2kf0,k(n) = (1+1 + -+!)"+[) )(1 + -+1- 1)n 

+ ( * )(1 + ...+ 1- 1- 1)n + -+ (k
k ) / - / - 7 1)n 

= kn + (k )(k-2)n +(k
2\(k-4)n + -.+ (k

k)(-k)n . 

Thus V V ' K j 

k 

(5-3) fO,k(n) = 2~k Y, (i )(k-2j)n. 

Since 

(5.4) f0,k(n) = kf1fk^(n- 1), 

it follows at once that 5 / ^ - y can be evaluated explicitly by means of (5.3). Next, since 

fl,k-i(n- 1) = f0fk(n-2) + (k- 1)f2,k-2(n-2), 

we get 

(5.5) k(k - 1)f2,k-2(n - 2) = f0,k (n) = kf0,k (n - 2). 

Similarly it follows from 

f2,k-2(n - 2) = 2fhk- 1(n-3) + (k- 2)f3fk.3(n - 3) 

that 

(5.6) k(k - V(k - 2)f3,k-3(n - 3) = f0,kM - (3k - 2)f0fk (n - 2). 

We also find that 

(5.7) kik- 1)(k-2)(k-3)f4,k-4(n-4) = f0.kW- 2(3k- 4)f0fk(n - 2) + 3k(k- 2)f0/k(n - 4), 

(5.8) klk- 1)(k - 2)(k - 4)f5fk.5(n - 5) = f0mk(n) - 2(5k - 10)f0,k(n - 2) 

+ (15k2 - 50k + 24)f0fk (n - 4). 

These results suggest the following general formula: 

(5.9) jj^jjr fLH(n-j) = £ (-1)sPLs(k)f0fk(n-2s) (0 < / < k), 

2s<J 

where PjfS(k) denotes a polynomial in k of degree s. Since 
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it follows that 
ff,k-f (n - j) = jfj- i,k-j+ i<n-j- 1) + (k- j)fj+ 1fk.h i(n-j- 1), 

^ 7 ^ £ I- 1>SpJ.s(k)fo,k(n - 2s) = j {^\^M- £ hlfPhi,s<k)f0,k(n -2s-2) 

2s<j 

+ (k-j) 

2s<j 

(k-j- 1)1 
k! 

£ (-1)sPj+1fS(k)f0fk(n-2s). 

Hence we take 

(5.10) 

2s<j+1 

Pj+i,s(k) = PjfS(k)+j(k-j+ VPj-1fS-i(k). 

S. ' s 

0 

1 

2 

3 

4 

! 5 

6 

7 

0 

1 

1 

k 

3k-2 

6k-8 

10k - 20 

15k-40 

21k-70 

Pj,s(k) 

2 

3k(k-2) 

15k2-50k+ 24 

45k2-210k+184 

105k2-630k+ 784 

3 

15k(k-2)(k-4) 

105k3 - 840k2 + 1764k - 720 

It is evident that 

(5.11) PLo(k) = 1 (j > 0) . 

Also it follows easily from (5.10) that 

(5.12) 

Since 

we get 

P2j,/(k) = 1-3-5- ». (2j - 1)k(k - 2)(k - 4) -. (k - 2j + 2) (j > 0). 

Pj+l,l(k) = Pj,i(k)+j(k-j+ 1) (j > 11 

This gives 

(5.13) 

Similarly, since 

pj+1,l<k> = £ t(k-t+1). 

t=1 

Pj,l(k) = 1jj(j- Dk-1-i(i- 1)0-2) (j > 0). 

Pj+l,2(k) = Pjt2(k)+j(k-j+ DPj- t1(k) = PL2(k)+1/2J(j- 1)(j-2)k2- | | / 7 / - 1)(j-2)(j 

+/(/- 1H/-2) \ k+1-j(j- D(j-2)(j-3)(j-4) +j(j- 1)(j-2)(j-3), 

-3) 
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we find that 

(5.14) W*>~3(,
4)*

2-[20(>)+6(i)]k+[40(l)+24ll)\ 

For example 

- | Hi - DO - 2)(j - 3)k2 - ± j(j - i)(j - 2)0 - 3)(2j - 5)k2 

+ £ Hi - DO - 2)0 - 3)0 - 4)(5] - 7). 

P6.2M = 3- 15k2 - (20-6 + 6- 15)k + (40 + 24-6) = 45k2 -210k+ 184. 

We also find that 

(5.15) Ph3(k) = 15(^)k3-\210^'7)+90( >) 

+ \ 1120^y924h7) + 120^jjk-

;2 

2240^^2688^^720^ > )J 
For example 

P7,3(k) = 15-7k3- (210 + 90-7)kz + (924 + 120-7) - 720 = 105k** - 840kz'+ 1764k- 720. 

We have noted above that PjfS(k) is a polynomial in k of degrees. In addition we can assertthatPjfS(k) i 

polynomial in/ of degree 3s. More precisely, if we put 

s 

(5.16) PLs(k) = X (-Vscs,t(i)k*~t, 

t=Q 

then cSft(j) is a polynomial in/ of degree 2s + t. If we substitute from (4.7) in (4.1) we get 

. s 5—7 

E (-1^1^(1+ D - Cs.tfWk8-* = j(k-j+ 1) E (-rfcs-uO- 1>kS'f'1 -
t=0 t=0 

This gives 

(5.17) cs.tti
+ U-cs,tO) = ics-i,tti- U+j(j- Dcs-i,t-iti- V. 

The table of values of PjfS(k) suggests that 

/ 

E (~ 1)Hp2j,s(k) = 1-3-5- (2j - 1)(k - 1)(k - 3) - (k - 2j + 1) 

(5.18) 
s=0 

E (-VJ~SP2j+l,s(k) = 1-3.5 -~(2j- 1)(2j+ 1)-(k- 1)(k-3)-(k-2j + 1) 

s=0 

These formulas are easily proved by means of (5.10). 

The explicit results (5.13), (5.14), (5.15) also suggest that 

(5.19) PJfS(k) = 0 (j = 0,1,-,2s-1). 

This can be proved inductively using (5.10) in the form 

(5.20) PjtS(k) = Pj+1fS(k)~j(k-j+ 1)PHrS^(k). 

Thus, to begin with, 

P2s-l,s(k) = P2s,s(k)-(2s- 1)(k-2s + 2)P2s-2,s-l(k) = 0, 

by (5.12). In the next place, taking j = 2s-2, we get 

P2s-2,s (k) = P2s- 1,S (k) - (2s - 2)(k -2s + 3)P2s-s^ 1 (k) = 0. 

Continuing in this way, we get 

Pj,s(k) = 0 (1 < j < 2s- 1). 
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Finally, taking/ = / and replacing s by s + 7 in (5.10), we have 

P2.s+ l(k) = P 1,S+ 7 Ik) + kP0Jk), 

which gives PQ.SM = 0. 

6. We now put 

(6.1) Pj(k,x) = Y (-1)sPjfS(k)xh2s, P0 = h Pi = x, 

2s<J 

and 

(6.2) F(z) = F(k,x,z) = Y Pj(Wj -

1=0 

By (5.10), 

Pj+1(k,x)= Y (-VsPLs(k)xj-2s+1+j(k-j+1) Y (-VSPH,s-l(k)xh2s+1, 

2s-<j+1 2s<j+1 

so that 

(6.3) Pj+, (k,x) = xPj(k,x) - j(k - j + 1)Ph 1 (k,x). 

It follows from (6.2) and (6.3) that 

OO OO OO 

F'(z) = Y pi+l(Mjf= x Y Pi(k<x) JT-Z Y* (k-DPjfk,*) jf 
p=0 ' j=o ' j=0 

Hence 

xF(z)-kzF(z)+z2Ff(z). 

F'(z) _ x-kz 

which gives 

(6.4) F(k, x, z) = (1+z)1/2(x+k)(1 - zr
1/2(x-k). 

It follows from the recurrence (6.3) that the polynomials 

(6.5) Pn(k,x) (n = 0, 1,2,-) 

constitute a set of orthogonal polynomials in x. The polynomials have been discussed in [1 , § 9 ] ; in that paper 

the relationship with Euler numbers of higher order is stressed. If we put 

(1+z)*x(1-z)"*x - Y *n(x)£, 

tr=0 

so \\\<&An(x) = Pn(0,x), then, by (6.4), 

(6.6) Pn(k,x) = Y T - 1 - ^ ( T ) An„2s(x). 

2s<n 

Returning to (5.9) and using (5.3), we have 

'(j)fj,k-/M = £ (-1)SPj,s(kh2-k Y, ( t )(k-2t)"-2s 

\ 2s<j t=0 V ' 

= 2~k £ ( t )<k-2t)n £ <-1)sPi,s(k)(k-2tS>-



1976] SOME SUMS OF MULTINOMIAL COEFFICIENTS 437 

so that 

<6-7' P ( j ) fj,k-j<n> = 2~k E ( f ) <k ~ 2t>npj<kr k - 2t) (0 < / < kl 

^ t=0 ^ 

We shall show that (6.7) holds for all j, that is, the right-hand side vanishes indentically for/ > k. To prove 

this, consider the sum 

1=0 n=0 t=0 V t=0 V /7=0 /=0 

= 2'k E ( * yk'2t)y(1+2)^(1-2)' = 2~ke-ky((l+z)e2y + 1-z)k 

t=0 ^ 

= 2~k((1+z)ey+ (1-z)e~y)k = fcosh y +z sinh > / . 

Since this is a polynomial of degree k in z, it follows that the right-hand side of (6.7) does indeed vanish for 

j > k and all n. For example, for k= 1, we get 

Pj(1,1) + (-1)nPj(1,-1) = 0 (j > 1). 

Since this holds for all n, we have 

(6.8) PjfU) = Pj(1,-1) = 0 (j > 11 

Indeed, by (6.4), 

E Pj(V)jr= 1+z, i^Pj(i,-u£ = l-z, 
j=0 j=0 

in agreement with (6.8). 

For k = 2 we get 

2nPl(2,2)+4hnt0Pj(2fQ) + (-2)nPj(2, -2) = 0 (j > 2). 

This implies 

Pj(2, 2) = Pj(2, 0) = Pj(2, -2) = 0 (j > 2). 

Indeed, by (6.4), 

E PjtZ 2)jj- = (1+z)2, £ Pj(2, -2) jf= (1- z)2, X pA °>]T = 1~z2' 
1=0 ' j=0 ' j=0 

Since the determinant 

|( * )(k-2t)n\ t o (t,n = 0, 1,-,k), 

the identical vanishing of the right-hand side of (6.7) implies 

(6.9) Pj(k,k-2t) = 0 (j > k; 0 < t < kl 

This is indeed implied by (6.4), since 

F(k,k-2t,z) = n+zt^n-z)*. 

It follows from (6.9) and (6.1) that 

(6.10) X (-DsPj,s(k)(k-2t)h2s = 0 (j > k; 0 < t < k); 
2s<J 

it evidently suffices to take t < k/2. In particular, iorj=k+ 1, (6.10) becomes 
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(6.11) Yl (- 1)SpLs 0 ~ W ~2r~ 1>h2$ = 0 <2t < ') 
2s<j 

For/even we consider 

/ 

£ (-DSp2j,s(2j- 1)(2j-2t- D2h2s = 0 (0 <t <j). 

s=0 

Since Pho(k) = 1 this may be written in the form 

/ 

(6.12) £ (-1>S~1p2Ls(2J- D(2r- 1)2h2s = (2r- V2J (1 < r < j). 

s=1 

By Cramer's rule the system (6.12) has the solution 

(6.13) P2j,s(2i- V = ~ <1 < * < / A 

where 

D = det f(2r- V2s~2) (r, s = 1,2, -fj) 

and Ns is obtained from D bv replacing the sf column by (2r - 1) . Making use of a familiar theorem on the 

quotient of two alternants [4, Ch. 11 ] , we get 

(6.14) Pq,st2i- V = cs(1
2,32,52, - , (2j- 1)2) (1 < s < j), 

where cs(xi,x2, --rXj) denotes the s elementary symmetric function of thex,. 

For odd/ in (6.11) we consider 

/ 

YJ (-DsP2j+i,s(2J)(2i-2t)2h2s+1 = o (o < t < j). 

s=0 

This may be written in the form 

/ 

(6.15) Yl (-^S'7p2Mfs(m2r)2J'2s+1 = (2r)2J+1 (1 < r < j). 

s=1 

Exactly as in the case of (6.12), the solution of the system (6.16) is qiven by 

(6.16) P2j+l,s(2i> = cs(2
2,42, 62, - , (2j)2) (1 < s <j). 

where again cs denotes the sth symmetric function of the indicated arguments. 
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