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Abstract

In this paper, we study some properties of Sheffer sequences for the
powers of Sheffer pairs under umbral composition. From our properties
we derive new and interesting identities of Sheffer sequences of special
polynomials for the powers of Sheffer pairs under umbral composition.
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1 Introduction and Preliminaries

For a € R, the Bernoulli polynomials of order v are defined by the generating
function to be

n

(et t_ 1) oot — ZBﬁla)(x)%, (see [1,3,5]). (1)

n=0

In the special case, z = 0, B (0) = B are called the n-th Bernoulli numbers
of order a.
The Stirling number of the first kind is defined by

(), = Z Si(n, k)x", (2)

where (2), =z(x —1)---(z —n+1).
From (2), we note that

W=zt 1) (mtn—1) = (1) (), = > _[Si(n,k)|2*. (3)

Let F be the set of all formal power series in the variable t over C with

(e 9]

F= {f(t) = %tk\ak e c} . (4)

k=0

Suppose that P is the algebra of polynomials in the variable x over C and P*
is the vector space of all linear functionals on IP. The action of the linear func-
tional L on a polynomial p(z) is denoted by (L|p(z)). For f(t) = > 7" %t" €
F, let us define a linear functional on P by setting

(fB)]2") = an, (n=0), (see [2,4]). ()
By (4) and (5), we easily get
{t*2™) = nl6pe  (n,k >0), (see [2,4]), (6)

where 9,, ; is the Kronecker’s symbol.
[o@) ﬁ?k n n
For fr(t) = S50y HELHF we have (fr(t)|z") = (L|z").
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Thus, we note that the map L —— f7(¢) is a vector space isomorphism from
P* onto F. Henceforth, F is thought of as both a formal power series and a
linear functional. We call F the umbral algebra. The umbral calculus is the
study of umbral algebra (see [4]).

The order O(f(t)) of the nonzero power series f(t) is the smallest integer k for
which the coefficient of t* does not vanish (see [2,4]).

If O(f(t)) = 0, then f(¢) is called an invertible series. If O(f(¢)) = 1, then
f(t) is called a delta series. For O(f(t)) = 1 and O(g(t)) = 0, there exists a
unique sequence s, (z) of polynomials such that (g(¢)f(¢)¥|s,(x)) = nld, for
n,k > 0.

The sequence s, (z) is called the Sheffer sequence for (g(t), f(¢)) which is de-
noted by s,(x) ~ (g(t), f(£)).
Let f(t) € F and p(x) € P. Then we see that

f(t) _ <f(t)|ZL' >tk, p(:L') _ Z <t |p<x)>xk7 (see [4]) (7>

k! k!
k=0 k=0
By (7), we easily see that
d"p(z)
k _ (K _
Foe) = p¥(a) = TED - (see [2,4). ©

Let sp(x) ~ (g(t), f(t)). Then the generating function of Sheffer sequence
sp(x) is given by

1 ; tk

——— e =N ()5, (see [2,4]), (9)
g(f(1)) kzo k!
where f(t) is the compositional inverse of f(t).
For p,(z) ~ (1, f(t)), ga(@) ~ (1, 9(t)), we note that

O\"
o) = (L) o0, oo 20, (10)
g(t)
The pair (g(t), f(t)) will be called a Sheffer pair where O(g(t)) = 0 and
O(f(t)) = 1 (see [2, 4]). Let m be nonnegative integer. The m-th power
of an invertible series is denoted by (g(t))™, while the compositional power
of a delta series f(t) is denoted by f™(t) = fo fo---o f(t). Let p,(z) and
—_—
m—times

gn(z) = > 4_y @n k" be sequences of polynomials. Then the umbral composi-
tion of g, (z) with p,(z) is defined by

(gnop) () =Y duipr(x), (see [2,4]). (11)
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Suppose that s, (z) ~ (g(t), f(t)) and r,(x) ~ (h(t),1(t))
Then we note that

(rn 0 8)(x) = ra(s(x)) ~ (g@O)R(f (), L(f(?)))- (12)

The identity under umbral composition is the sequence x™ and the inverse of
sequence s, (z) is the Sheffer sequence for (g(f(t))~", f(t)) (see [2, 4]).
By (12), we easily see that the m-th power under umbral composition of

sn(x) ~ (g(t), f(2)) is given by
s () ~ (H g(fl(t)),fm(t)> ,  where m € N. (13)

For n > 0, let us assume that

n o0

Sp(x) = Z Sppt” = Z smkxk, (14)

k=0 k=0

where we agree that s; ; = 0 if 7 < j.
If we define si™ (z) by

Z (kx —Z ;ﬂ;c)fk (15)

k=0
then, by (11),(14) and (15), we easily get
87(:’2) = Z Snl1Slle " Slm—2,lm—1Slm—1,k> (See [2]) (16)

b1, lm—1=0

From (9) and (13), we can derive the generating function of s{™ (z) as follows:

i Sgﬁm)(fﬁ)tk _ ( 1 ) RO (17)
e 15" g(fi(fm(1))

In this paper, we study some properties of Sheffer sequences for the powers of
Sheffer pairs under umbral composition. From our properties, we derive new
and interesting identities of Sheffer sequences of special polynomials for the
powers of Sheffer pairs under umbral composition.
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2 Some identities of special polynomials.

Let us take the sequence s, (z) of special polynomial as follows:

n

su(x) =2 =3 |Si(n k)|2" ~ (1, f(t) =1 —e). (18)
k=0
For m € N, let us assume that the m-th power under umbral composition of
sp(x) is given by
st (z) = Z sfﬁﬂ)xk. (19)
k=0
By (16), (18) and (19), we get

n

s = 3 1S WIS, )] 1S (T, K] (20)
I, Jlm—1=0

n

= Z ]Sl(n, 11)51(11,12)"'Sl(lmflakﬂ'

l1, lm—1=0

It is known that

"~ (1,1), sn(z) =2 ~ (1, ft) =1 —e"). (21)

By (10) and (21), we get
t\" n_ . b nl,n—l

w) == (1) = =+ 55) (22)
From (22), we note that

f)y™x s, (z) = f(O)™ (%) " = (% : ! (23)

t Tt s (DB
:(1—e—t) re :; TR

n—1—m (n—m)
—-1)'B
— ( ) l (n o 1) l,n—l—l—m ’

l!
1=0
wheren >1,0<m <n—1.
For n > 1, by (13), (18), we get

. ( ;2(3))nx_lsn(x) — 2 (%)nx_lsn(x) (24)

— Blgn) k k 1
>3 k—;!(—n 2f (820 s, (2).

ko=0

s (x)
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From (23) and (24), we can derive the following equation (25):

< By ndoke (_1)k plnhe)
) =a 2 JEEDT 2 g DR (29)
=0 . k1=0 :
n—1 n—1—kso -
— 1 —1)F1Thk2 -
B Z Z | u ) |Bl(cZ)Bl(c? k2) n—ki—ks
ko=0 k1=0 ki lky! n_kl ko — 1)!
_ 1 ~
- Z ( kn Lo 1 ) (_1)kl+kQB,gZ)Bli’1‘ k2) 141
k1+ko+l=n—1 1, Iv2,
J— 2 1
k=1 ki1+ko=n—k kl? k27 k 1

From s (z) ~ (1, f3(t)) and s@(z) ~ (1, f2(t)), we get

(@) = (jﬁﬁi) xls?(x):x(%)nxls?(x) 20

= B“‘ (f(t)
F2(t)

n—1 (n) n—ks
—a Z %“”’”’ (o) vt

k3=0

) (P o su()

From (48), (23) and (26), we have

n—1 n—1—k3 B(n)B(n k3)
(3) _ k +k3 ks Tka
LSS g B o
k3=0 ko=0
n,l,k3,k2 (_1)k1 B(’nfkgfkg)
k n—1—ki—ko—
X Z /ﬁ!l (0 = D)y by~ 2R
k1=0
-1 n n—Fk n—ks—ka)
_ -1 k1+ka+ks ( n ) B( )B( B)B( 3 K2 ZL‘l+1
Z ( ) kh k27 k37 l ks k2 k1

k1+ko+kz+l=n—1

= —1
_ _q)kitkaths n
Z{ Z ( ) k17k27k37k_]—

k=1 k1+kotks=n—k

% B(n)B(” kS)B(n k3— kQ)}$k.
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Continuing this process, we get

m . 14 n_l n
37(1 )(:1;):2{ Z (1)l +km(k1,~-~,km,/€—1)Bl(€m) (28)

k=1  k1+-tkm=n—k

1

Therefore, by (19), (20) and (28), we obtain the following theorem.

Theorem 1. For m,n > 1, we have

n

> 1S, )8l ) - - Si(lm, K|

I, lm—1=0

—1
_ 1)kt n
Z ( ) (kla"'akmak_l)

x B BO—hn) . plr—kn—knoa=eoha),

m km—l

Let us consider the following Sheffer sequence:

- t
(o) = Lufi) = L LR ~ (170 = 5 ) @)
k=0
where L(n, k) are the Lah numbers with
n—11Y\nl
= — < k<
L(n, k) (k‘—l)k‘!’ for 1 <k <n, (30)
L(n,k) =0, fork>n2>1,
L(n,0)=0, forn>1,
L,(0,0) = 1.
Forn>1,0<m<n-—1, we have
t n t n—m
fO)™x s, (x) = fF(O)™ (—) " = (—) gl 31
(@ sa) = 10" (775 o (31)

= (t — 1)n—mtmxn—1
1
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For n > 1, from 37(12)(@ ~ (1, f2(t)) and s,(x) ~ (1, f(t) = &), we get

s?(m) =x (]é((tt))> v s, (z) =2 (f(t) — )" 27 ts,(2) (32)

n—1

=z Z /:L ) (=) R f(t)r2a s, (2).

ko=0 2

From (31) and (32), we can derive the following equation:

) = xz( D [Tt S (il TRV e

k1=0

X (n - 1)k1+k2xn_1_k1_k2
n—1 n—1—ko |
S S
= = (n — ki — ko)!

n—1 n—ki—ko
8 ( oy kaom — 1 — oy — kg )””

! n—1
= — 1)\ keti+l n I+1
>, A+ \ ki kol )"

ki+ko+l=n—1

_ _1)(n—k2)+k " n k
2 { >, () M\ kkok—1 )7

k=1 \kit+ke=n—k

From s (z) ~ (1, f3(t)) and s (z) ~ (1, f2(t)), we get

w0 = (f1) x15;2><x>:x(£2§§)> ) (34)

e (P -1 @) =2 Y ( b ) (—1)" R (£2(8)"™ o s ()

) ( iy ) ey ( " ) (=) (F@) ().

k3=0 k2=0



Identities arising from Sheffer sequences 5295
From (31) and (34), we have

5513) (ZL’) _ Z (_1)(n7k3)+(nfk2*k3)+(l+1) n! ( n—1 ) Il—f—l

l
k1 +ka-thaHl=n—1 (I+ D!\ ki, kg, ks, 1

(35)
— 1) (ko) +(n—ka—ka) i 7 ( n ) "
k=1 {k1+k2+zkgn—k ( ) k! kla k27 k37 k—1

Continuing this process, we get

n |
(m)/.\ _ (=)t (n—em =k 1 ——ka)+k 1L
wo-3{ ¥ e d

k=1 \ k14 +hm=n—k

n—1 &
x(klak%"'akm:k_l)}x (36>

n
sgz)xk, where m > 1.

k=1

By (14), (15), (16), (29) and (36), we easily get

s f:;?

\E

Snl1Sl,le "7 Slyp—1,k (37)
llv"‘ 7lm71:0

(=1t Loy IVE(Iy, 1) - - - LTy, k).
1=0

=[]
|

[
Therefore, by (36) and (37), we obtain the following theorem.

Theorem 2. Form,n>1, 1<k <n, we have

n

> (my)rrEr et L0 L) L L) - - L(let, k)

l1,l2 Jlm—1=0
_ Z (_1)(nfkm)+(nfkmfkm_1)+---+(nfkmf---fk2)+k ”_' n—1
kly k??

k!
K1+ km=n—k

Let us take Abel sequence as follows:
g ~1
n = An : = - el = " - n—k gk 38
Sn() (x:a) =xz(x —an) ;(k_l)(an) x (38)

~ (1, f(t) =te™), where a#0.

o K ke —

)
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Thus by (38), we get

Sy = ( Z: i ) (—an)" ", (n,k>0) (39)

From (16) and (39), we note that

n

(m)
Spk = § SnlyStils " " Sty 1.k (40)

117... 7l7n71:0

N i (n—1>(l1—1)m(zm2—1)(zm1—1)
po= Ni=1) (k-1 b1 — 1 k—1

n—k TL*ll l1—12 lm72_lm71 lmfl_k
X (—a)" R T T L [

From s,(x) = A, (z : a) ~ (1, f(t) = te™) and 2" ~ (1,t), we note that

Fara s = 10 (165 ) @ = () e @

n = Digm n—1—l-m
= (—a(n —m))" (li')“rx .

For n > 1, from 37(12)(@ ~ (1, f3(t)) and s,(x) ~ (1, f(t) = te™), we get

s(z) = 2 ( J;’;((%)nx—lsn(x) — 2 (%)nx_lsn@) (42)

= e Wy ls (2) =2 i (zan) (F()2 2 s, (z).

|
= ko!

From (41) and (42), we can derive the following equation (43):

e =

= (L) e et =kt
kla k?al
k1+ko+l=n—1

n

B ( kh;:’_kl_ 1 ) (—an)** (=a(n — ky))" } 2.

k=1 k1+ko=n—k
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From s (z) ~ (1, f3(t)) and s (z) ~ (1, f2(t)), we get
s (z) ==z ;zgg) s (z) = xe"mfg(t)x’lsg) (x) (44)

n—1 _ ks

— Z ( Z:L') (fQ(t))ks x_lsgf)(x)
ks=0 ’

oS a) FONT L e

TR (Fig) 10
S 0™ k) gy

— Z T aln=ka) /() (£ ($))% 275, (2)
ks=0 %
X (—an)ks D (—aln — ky))k2

— ( - ') Z ( ( o~ 3)) (f(t))k2+k3 xilsn(x).
ks=0 3T kp=0 z

From (41) and (44), we can derive the following equation (45):

s = ) ( kl,n sz_ kl;g,z ) (—an)™ (—a(n — ks))" (—a(n — ks — ky))™ 2"

k1+ko+kz+l=n—1

-3 { 2. (kl,ka_g,lk—J(—an)kg (—a(n—ky))"

k=1 ki+ko+tks=n—k

(45)

X (—a(n —ky —ks))® }Ik

Continuing this process, we get

m - -1
551)(3”):2{ Z (khk%.?,kmk—l)

k=1 \ kit tkm=n—k

i=1
Therefore, by (40) and (46), we obtain the following theorem.
Theorem 3. Forn,m > 1, 1<k <n, we have

i n—1 ll -1 o lm72 -1 lmfl —1 (_an)n—ll
1 —1 Ih—1 lye1 — 1 k—1
I,y lm—1=0

X (—al)) 72 o (—alpg) 2"t (—aly g )R

> ( kl,k%.?—,klm,k —1 ) (ﬁ(—“(” ~hm ki+1>>ki> :

kit+kot+-+km=n—k i=1
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Remark. Let us consider the Mittag-Leffler sequences as follows:

@) = M) =3 (1) g e, (a7)

Z {ik ( ) ((7;_ 1;751(73 k;)} o

~ (1, % - f(t)) |

By the same method, we get, for m,n > 1,1 <k <n,

s s st
(n— 1)l — 1) '(lm 2= D1 =D ot
(re = D2 = D+ (rmy = 1) — 1)

X S1(r1,11)S1(r2,l2) - S1(rm—1, lm—1)S1(Tm, k)

n—1 (k1+++hai—n) p(n—ki——ks;)
= Z ( fey, - ) (H EQlerl BQ@+2 '

k
kit +kom=n—k o K

m—1
% (H 2n(k1+k2+---+k2i)> )

1=0

Here, for o € R, the Euler polynomials of order « are defined by the generating
function to be

(et+1>a i U ( —» (see [1,3,5]). (48)

=0

In the special case, x = 0, Eq(za)(O) = EY are called the n-th Euler numbers
of order a.
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