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A ¢-UMBRAL APPROACH TO ¢-APPELL POLYNOMIALS

MARZIEH EINI KELESHTERI AND NAZIM I. MAHMUDOV

ABSTRACT. In this paper we aim to specify some characteristics of the so called family of g-Appell
Polynomials by using g-Umbral calculus. Next in our study, we focus on g-Genocchi numbers and
polynomials as a famous member of this family. To do this, firstly we show that any arbitrary
polynomial can be written based on a linear combination of g-Genocchi polynomials. Finally, we
approach to the point that similar properties can be found for the other members of the class of
g-Appell polynomials.

1. INTRODUCTION AND PRELIMINARIES

1.1. g-Calculus. Throughout this work we consider the notation N as the set of natural numbers,
Ny as the set of positive integers and C as the set of complex numbers. We refer the readers to [1]

for

all the following g-standard notations. The g¢-shifted factorial is defined as

n—1 00

(a§Q)0: 1, (GQQ)n: H(l_qja)7 n €N, (GQQ)OO = H(l_qja)7 |Q| <l,aeC.

=0 =0

The g-numbers and g-factorial are defined by

_1—-q

[a]q 1—¢ (¢#1); [0'=1; [n]g!=[1]g[2]g-.-[nlg, [2n]!! = [2n]q[2n—2],..[2],,

res

pectively. The g-polynomial coefficient is defined by

The g-analogue of the function (z + y)™ is defined by

(1)

n - n ~1) n—
(x+y); :—Z[ k] g/ gyl e N,
k=0 q

The ¢-binomial formula is known as

ne€NaeC,

n—1 n
" ; n _

(2) (1— a)q — H(l —¢la) = Z [ . ] q1/2k(l~c 1)(_1)kak_

j=0 k=0 a
In the standard approach to the g-calculus, one of the g-analogues of the exponential function is
defined as
(3) eq(z)zii:ﬁ;k, 0<|ql <1, |z|<;,z€(c.

ol o (= (1—q)¢"z) 11—
The g-derivative of a function f at point 0 # z € C, is defined as
flaz) = f(2)

4 D =~ 0 1.
(1) ()= BB o< <
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From this we easily see that
Dgeq (2) = eq(2).
Moreover, Jackson definite integral of an arbitrary function f(x) is defined as [2]

(5) | t@e == 0 Y il e, 0<q <.
n=0

Noting to the definitions of ¢-derivative and ¢-integral of a function f(z) in (4) and (5), it is clear
that

(©) o, [ g = f@), [ " f )y = / ' fla)dg / " f@)dge.

According to Carlitz’s extension of the classical Bernoulli and Euler polynomials, [3], [4], [5],
g-Bernoulli and g-Euler polynomials are defined by means of the following generating functions

t = 2"
e (t2) = 3 B g(a) s,
eq (t) _ 1eq( JI) ngo 7q(x) [n] |

q

(7)

2 > 2"
Weq (tz) = ;En,q(x)ma

q

(8)

respectively. In a similar way, according to Kim, g-Genocchi polynomials can be defined by means
of the following generating function, [6]

2t > 2"
9) meq (tz) = 1;) Gn,q(iﬂ)W~

¢
Forz =0, B,40)=DB,, FEn.0)=E,, andG,0)= G, are called the n-th ¢-Bernoulli,
g-Euler, and g-Genocchi numbers, respectively.

The research on the above mentioned polynomials is vast. The interested readers are referred to
[7]-[30] to see various extensions and relations regarding these numbers and polynomials.

The class of Appell polynomials for the first time attracted Appell’s note in 1880, [31]. In his
studies, Appell, characterized this family of polynomials completely. Later, the research done by
Throne [32], Sheffer [33], and Varma [34] from different points of views, developed the aforemen-
tioned class of polynomials. Sheffer, also, showed that how the properties of Appell polynomials
hold well for his generalization. In 1954, Sharma and Chak, for the first time, introduced a
g-analogue for the family of ¢-Appell polynomials and called this sequence of polynomials as g-
Harmonic, [35]. In the light of their works, Al-Salam, in 1967, reintroduced the family of ¢-Appell
polynomials {A4,, ,(x)}22,, and studied some of its properties, [36]. According to his definition, the
n-degree polynomials A, 4(x), are called g-Appell provided that any A, 4(z) holds the following
g-differential equation

(10) Dy (A g(2)) = [n]gAn—1,4(x), forn=0,1,2,...

This is equivalent to define this family of polynomials by means of the following generating function
A,(t), as follows

(11) Ay, ) = Ag(D)eq(tz) = i Apg@)—) 0<q<1,
n=0

],



where
(12) A, = 3" Angrs Aglt) #0,
n=0 [n]q

is an analytic function at ¢ = 0, and A, 4(z) := A, 4(0). The formal power series A,(t), in the
above definition, is called the determining function of the class of g-Appell polynomials {A,, ,(z)}.
In his researches, algebraically, Al-Salam showed that the class of all ¢-Appell polynomials is a
maximal commutative subgroup of the group of all polynomial sets. Later, in 1982, Srivastava’s
studies on the family of ¢-Appell polynomials led to more characterization and clarification of
these type of polynomials, [37]. During the past few decades, the class of g-Appell polynomials has
been studied from different aspects, [39], [40], and using different thechniques, [38]. Recently, the
g-difference equations as well as recurrence relations satisfied by sequence of ¢g-Appell polynomials
are derived by Mahmudov, [41].

1.2. ¢-Umbral Calculus. In 1978, Roman and Rota viewed the classical umbral calculus from a
new perspective and proposed an interesting approach based on a simple but innovative indication
for the effect of linear functionals on polynomials, which Roman later called it the modern classical
umbral calculus, [46], [47]. Using this new umbral calculus, they defined the sequence of Sheffer
polynomials whose their characteristics proved that this new proposed family of polynomials is
equivalent to the family of polynomials of type zero which was previously introduced by Sheffer,
[50]. Roman, also, proposed a similar umbral approach under the area of nonclassical umbral
calculus which is called g-umbral calculus, [47], [48], [49]. Inspired by his work, in the following,
we recast the results of g-umbral calculus for ¢g-Appell polynomials.

Let C be the field of complex numbers and F set of all formal power ¢-series in the variable t over
C. In other words, f(t) is an element of F if

(13) 5O =3 et

k=0

where ay, is in C.

Let P be the algebra of all polynomials in variable x over C. Let P* be the vector space of all linear
functionals on P. The action of a linear functional L on an arbitrary polynomial p(z) is denoted
by (L|p(x)). We remind that the vector space addition and scalar multiplication operations on P*
are defined by (L + M|p(x)) = (L|p(x)) + (M|p(z)), and {(cL|p(z)) = ¢(L|p(x)), for any constant
ceC.

The formal power g-series in (13) defines the following functional on P

(14) (f(@)]z") = an,

for all n > 0.

Particularly, according to (13) and (14) we have

(15) "2y = [n]y0nk 1,k >0,

where §,, ; is the Kronecker’s symbol.

Assume that f7(t) = f <L|xk>tk. Since (f7.(t)|z™) = (L|z*), so fr(t) = L. Hence, it is clear that

& !
the map L — fr(¢) is a Vectoqr space isomorphism from P* onto F. Therefore, F not only can be
considered as the algebra of all formal power g-series in variable ¢, but also it is the vector space of
all linear functionals on P. This follows the fact that each member of F can be assumed as both
a formal power gseries and a linear functional. F is called the g-umbral algebra and studying its
properties is called g-umbral calculus.
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Remark 1. For the g-exponential function e, (t), defined in (8), it can be easily observed that
(eq (yt) |2™) = y™ and consequently

(eq (1) Ip(z)) = p(y),

and
(eq (yt) £ Lp(2)) = p(y) + p(0).
Remark 2. For f(t) in F we have

and for all polynomials p(x) in P we have

(17) p(x)

. (t*|p(x
Z;<£ﬂ»x@
Proposition 3. For f(t) and g(t) € F we have

(f(O)g@)lp(x)) = (f)lg(t)p(x))-

Proposition 4. For f(t) and g(t) € F we have

o0

F0s") =3 | | GOt a0l

k=0
Proposition 5. For f1(t), fa(t),. .., fo(t) € F we have
(18) (f(t)rfa(t). - fr(t)]2"™) =

S | | ORI - Gol,

11+i2+...+ig=n
n [n]q!
where | . . . = e
[ 11,99, . .., 10k L li1]q![iz]q! - [ik]q!

We use the notation t* for the k-th g-derivative operator, D’;, on P as follows

nlq! n—
(19) pran = B k<,
0, k> n.

Consequently, using the notation above, each arbitrary function in the form of (13) can be consid-
ered as a linear operator on P defined by

(20) ft)z" = k; { Z L arz™ .

Now, consider an arbitrary polynomials p(z) € P. Then, according to the relation (17) for its k-th
g-derivative we have

= (tp(x)) . . , .
(21) Dipta) = pa) = Y- I ol — 1yl = et 1),
j=k T
As the result of the fact above we obtain
(22) t*p(z) = Dip(x) = p™(x),
and, also,

(23) pP(0) = (t*|p(2)) = (11p™ (2)).



The immediate conclusion of the relations (13), (14) and (20) is that each member of F plays
three roles in the g-umbral calculus; a formal power g-series, a linear functional and a linear
operator.

The order of a non-zero power g¢-series f(t) in (13) is denoted by O(f(t)) and is defined as the
smallest integer k for which the coefficient of t* is non-zero, that is ay # 0. A g-series f(t) with
O(f(t)) = 0 is called invertible and in case that O(f(¢)) =1 it is called a delta g-series.

Theorem 6. Let f(t) be a delta g-series and g(t) be an invertible series. Then there exists a
unique sequence Sy, 4(x) of g-polynomials satisfying the following conditions

<9(t)f(t)k|5n,q(x)> = [n]¢!0nk,
for alln, k> 0.

Definition 7. In Theorem (6), { Sy, q(2)}5° is called the q-Sheffer sequence for the pair (g(t), f(t)).
Moreover, the q-Sheffer sequences for (g(t),t) is the q-Appell sequence for g(t).

Theorem 8. Let A, 4(x) be g-Appell for g(t). Then

a) (The Expansion Theorem) for any h(t) in F

 (h()[Akq())
|

2R,

b) (The Polynomial Expansion Theorem) for any p(x) in P we have

— (g()t*|p(x))
D R

Theorem 9. The following facts are equivalent

h(t) = (1",

p(r) =

kg (2)-

a) A, q(x) is g-Appell for g(t).

b) tA, ¢(x) = [n]qAn—1,4(z), where tA, 4(x) = Dy(A, q(x)).

¢) ForallyeC Leq(m) =3 Ak (@) 4k

7D 2 T
00 n B .

D Al = | 1| 6 0
k=0 q

e) Apq(z) =g 1 (t)z".

Remark 10. Based on different selections for g(t) in part (¢) of Theorem (9), we obtain various
families of q-Appell polynomials. For instance, it is clear from relations (7), (8) and (9) that
taking g(t) as 8‘1(?71, e‘I(g)Jrl or e‘I(;iJrl

q-Genocchi polynomials, respectively.

, leads to construct the families of q-Bernoulli, q-Euler or

Theorem 11. (The Recurrence Formula for q-Appell Sequences) Suppose that A, 4(x) is q-Appell
for g(t). Then we have

Dq,tg(t)
g(qt)

An—i—l,q(qx) = [q:v -q" An,q(x)'
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Proof. We prove this theorem in the light of the technique which is applied in the proof of Theorem
2 in [41]. Since A, 4(z) is g-Appell for g(t) we can write

(24) qg(tqx) = ZA nq(qx) ——
9

Take g(%) = Ay(t). According to (12), Aq(t) is analytic. So, differentiating equation (24) and
multiplying both sides of the obtained equality by t, we get

o0 n

t D,A,(t)
2 A, = A,(qt)e,(tqr) |[t—2 -t
(25) D[l glam) ey = Agfat)e ) |14ty + e,
so it follows that
= D A, (t)
26 nl,Ap "A t—1—L 2 4 tqx|.
This means that
= t" = D A, (t) t"
27 n|qAn.q(qx) A L 4 qr A (T ,
( ) ;[ ]q »q ngl lq ) Aq(qt) Lq( ) [n]q!
which is equivalent to write
= D A( tn
(28) Z[n]qA n.q(qr)—— Z [ -1 )) +qx| An_14(x) l
n=0 =
Comparing both sides of ident1ty(28), we have
_1DA,(¥)
29 A q(qz) = [¢" V209 4 g | A q(@),
(29) J(a2) [ iy e
whence the result. O

2. ¢-UMBRAL PERSPECTIVE OF ¢-(GENOCCHI NUMBERS AND POLYNOMIALS, AN EXAMPLE OF
¢-APPELL SEQUENCES

Over the pas decades, many results have been derived using Umbral as well as g-Umbral methods
for different members of the family of Appell and ¢g-Appell polynomials. In this section, we look at
the characteristics and properties of ¢-Genocchi numbers and polynomials, as an example of the
family of ¢-Appell polynomials, from g-umbral point of view. Indeed, it is possible to derive similar
results to the obtained results here for the g-Bernoulli and g-Euler polynomials. The interested
readers may see, for instance [42]-[45].

2.1. Various results regarding ¢-Genocchi polynomials. According to relation(9), the se-

quence of g-Genocchi polynomials {Gy, 4(2)}5%, is g-Appell for g(t) = % Therefore, relation

(6) for the sequence of g-Genocchi polynomials, {G, 4(z)}, can be expressed as follows

t)+1
(30) <—eq(2)t+ t5Gog (@) = [0, 1k > 0.
Remark 12. As direct corollaries of Theorems (9) and (11) we have

a) tGq(z) = DgGn q(x) = [n]¢Gn-1,4(z),

00 n B
b) Gng(z) = 3. { A } <eq(fﬁ z" k>1?k,
q

k=0



¢) Gngq(z) = #ﬂa

d) Gryi,q(gr) = lq:z: — ¢! (W) Ghnq(z).

Proposition 13. For n € N we have

n

n+1
Go,q =1, Z |: k+1 ] Gnkg = —[n+1g(1+ Gny).
k=1 q

Proof. According to the relations (4), (15) and (30) we can write

() = g )

1 1/1 N
=0 == xdqzzr.
2n+1),  2Jo

Therefore, for an arbitrary polynomial p(x) € P we can conclude

(31) (9 pw)) = 5 ( [ st 50

Now, from one hand if we take p(z) = G, 4(x), then we have

%(/01 Ghg(z)dgr + Gn,q(O)) = <%(t2)7t+1‘G"”(x)>
(32) ) <1

From another hand, considering the fact that

eq(t) +1

o Gn,q(x)> - <t0|x”> = [n]¢!0n.0-

(33) Grg(z) =" { . L G kg2,

we can conclude that
1 n 1 n
n n—k,q(T)
(34) / Z{ ] nk’q/ Ikda:_Z[ } Enkg L)
0 k=0 q 0 k=0 k q [k +1q
Comparing identity (32) with (34), we obtain
1 n
n | Gnokg(x) 2—Goqe(0) n=0
35 G dox = —_ L = 4 ,
(35) /o o(@)dgz kzzo [ k L k+1], { —Goq(0) n#0
whence the result. [l

Remark 14. According to part(b) of Theorem (8), for an arbitrary polynomial p(x) € P we can
write

— i<eQ(t) + 1tk|p($)> Gk,q(fp)

p() 2o k]!

Il
N
Nk
P
[
=]
—
~
~ [~—
+
—
~
B
=3
—
&
N~—
Not
Q
F
»Q
I)—l

= 33 Gl ([ ey + ).
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Remark 15. We know that

{eq)t*|(z = 1)7) = [n]q!n k-
Therefore, according to part(b) of Theorem (8), for Gy q(z) as a polynomial chosen from P we can
obtain

n (x—l)g
Z (D)]t* G g )>W

k=0
n n N
— Z { . ] Grkg(1)(x— 1)
k=0 a
Proposition 16. For n € N we have
(z— 1)) =

(iiﬂ |1 kL%ﬁm@wm4wwﬁﬁ+i[ﬂf%@>

k=0 1=0 k=0

Proof. From the binomial relation(2), we obtain

n

(36) (2 =15 =Y (1) g
1=0
Now, taking k-th g-derivative from both sides of identity(36), we have
n __[n]g! n—k
q
According to part(b) of Theorem (8), we can write
n_ N~ 1 jeg(t)+1 n
(38) -1 =% k—]'<thk|(:zr — 1) )Gq(®)

(S5 [ £ 1] )

0 k=0
O

Theorem 17. Let P, = {p(x) € Pldeg(p(x)) < n}. Then for an arbitrary p(z) € P, and a
constant ¢y, q, We May assume thatp(x) =31 ¢i,qGiq(x). Then for any constant k, the coefficient

(Tt e (t)+1 |pt®) ( )), and it can be obtained from the following relation

s = g ([ #9@er +590)),

Ck,q 15 equal to ﬁq,

where p*) (z) = Dkp(x).

Proof. For any polynomial p(z) = Y. ¢; Giq(x) in Py, we may write

(39) E L)) = Y e D i ),
=0



So, according to the relation (30), we obtain

(40) = Zci,q[i]q!éi,k = [Klq'ck,q;
i=0
which means that
1 eq(t)+1
41 = (L ——tF :
According to the relation (22), this is equivalent to write
1 eq(t)+1 1 eq(t)+1
42 — (2T T Tk _ - &\ T (k) '
finally, using the relation (31), we obtain
1 1
= (k) (%)
(43) o = g ([ #V @ +200)

O

2.2. Some results regarding ¢g-Genocchi polynomials of higher order. Let ¢ € C,m € N

and 0 < |g] < 1. The ¢g-Genocchi polynomials Gm}] (x) in x, of order m, in a suitable neighborhood
of t = 0, are defined by means of the following generating function, [11]

2t m © " ke
(44) (m) eq(tx) = ;Gu(ﬂm-

In case that z = 0, Ggﬂ (0) = Ggﬂ is called the n-th ¢g-Genocchi number of order m.

From the above definition, it is clear that the class of ¢-Genocchi polynomials, {GLmq] (2)}22,, of

order m is ¢g-Appell for g(t) = (%) . Thus, according to the relation (6), for the sequence of

g-Genocchi polynomials, GL,",Z] (z), of order m, we can write

eq(t)—i-l)m k) ~lm] > |
e = ! > 0.
(45) ((“55—) Gk @) = Pltons nk =0
Lemma 18. For any n € Ny, the following identity holds for the n-th q-Genocchi number of order
m
m| __ n
Ggwg - Z { 01,92, ., im } GilyqGimq---Gim,q
i1 +i2+...+im=n q

Proof. From one hand, according to the relation (44), it is obvious that

m G by
(46) <(ﬁ) tk|x"> = kzzo E’;]q! (t*|a™) = GIml.

From another hand, according to the Proposition (5), we have

n 2t ; 2t ; 2t ;
(47) Gl = ] i) ji2) . (2l fyim),
4 i1+i2+;rim:n 50255 tm | eq(t) +1 eq(t) +1 eq(t) +1
Based on the relations (9) and (15) for each <eq(§ﬁ|x“), l1e{1,2,...,m} we can write
2t ; — G, :
48 B e — 21,9 tk iy Gz
(45 Gl = 2 el = G

whence the result. [l
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Theorem 19. For any n € Ny, the following identity holds for the n-th q-Genocchi polynomial of
order m

- “ [ n eq)+ 1, im 1 [ n -
Gl =30 ¢ | (PO, @) Gra(o) = g | | GG
k=0 q

q k=0

Proof. According to the relation (44), it is clear that

m . n m
(49) Gl (x) :Z[ . } G ot
k= q

0

Therefore, we may assume that Gm; (z) = Y r_o Ck,gGr,q(x) is a polynomial with degree n in P,.
Since GLT (; (x) is a ¢-Appell polynomial, according to part(b) of Theorem (9) for its k-th g-derivative
we can write

) DY) = bl — 1y = b 1,61 @) = G o)

Now, according to the relation (42), we may continue as

1 eqt)+1, 4
— (29T T kglm]
Ck,q [k]q'< 2t | n,q (I)>
1 e +1 ke im) _|n eq(t) +1 im
(51) - [k]q!< ot |Dan,q(I>> - k q< ot |Gn—k,q(‘r)>'
According to part(e) of Theorem (9), it is clear that the g-Appell polynomial Gg’ﬂk q(:E) is equal

m
to (% "%, As the result of this fact and noting to the relation (23), we obtain from the

last identity in (51)

_n o 2t reg)+INT g1 [n [m—1]
(52) Ck’q_[k]q<t|eq(t)+1( ) ) = | G

whence the result. O

Theorem 20. For any arbitrary polynomial p(x) € P, the following identity holds

n m [m]
o= B () e B

k=0

Proof. Assume that p(z) = >0 Ci*ngZ] (). Therefore, noting to the relation (45) for the g-

Appell polynomial GE’Z] (x), we may conclude that

63) (SO )y = 3 e (LI G @) = 3 il = ol
i=0 =0
Thus,

654) ora = g () " o)

Substituting cj 4 in the summation assumed in the beginning of the proof, leads to obtain the
desired result. 0
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Theorem 21. For any n € Ny and any m € N, the n-th g-Genocchi polynomial can be expressed
based on the following relation

w7,

Grale) = 2 [n—l—m—k] 8

k=0 2m[m]q! m—k

n+m—=k

{i{ﬂ:h Z Z [ll,lz,l...,liL[TH—ﬂ;_kLGner—k—z,q}Gm(x)

=0 li+l2+...+1;=l

],

m n—k+m
! n+m-—k (m]
{Z Z [ li,la, . 00 }q { l ]ank+ml,q}Gk7q(I)

=0 I=0 Ili+la+...+l;=l

Proof. In Theorem (20), take p(x) to be the n-th ¢-Genocchi polynomial G,, 4(x), that is

(55) () = crgGYa (@),
k=0
where
1 eq(t) +1\™
(56) e = [k]q!<(T) *[Gng(a)):

Then, for k < m, we have

g = — !<(eq(t)+1>’”|Gn7q(x)>

tm—k

= 2m[1k]q!'[n+m - k]qll T 1]q!<(eq(t) + ”m(%)m_k|tmka"+m*kﬁq(x)>
- 2m[k]£7!r[;]r3!— klg! [n+m —[nZ];' k]q'[n +1],! <(eq(t) + 1)m|G"+m7k’q(x)>
k m — k|g! [ m m

- [ Zm]q'[m]q![n—l—n[@k]]z]!q.'..[n—l—l]q!<;{ i L(eq(t)) |G"+m—’“’q(x)>

i e
] - L<Z[ L €O G ra@)

m—k

Applying relation (33) to Gpi+m—k q(x), we may continue as

b,

2mfim],! [ n+m—k L<,

m m n+m—=k n+m— k
g = ] o S [T G,
i=0 q 1=0 q
m—k



12 MARZIEH EINI KELESHTERI AND NAZIM I. MAHMUDOV

Using Proposition (5) and considering Remark (1), we obtain

G|
2m[m]q!{:+m ’f} i[ L"Ji"“ > {11,12,1...,11-]q[n+?_k]an+m_k_l,q.

Ck,q =

i=0 1=0  li+lat...+1;=l
m—k

Now, assume that & > m. Then starting from the relation (56), we have

oo = (LG 16 aa)
= Sl + DGy = (et + )G g2)

1 1
2kl In+m— k|, .. ] <( ®)
1 [n]g![k — m],!
2m[k]q!'[n—k—m]q![k—m]q!<( a(?)
{(eal

[n+ 1 q! 1 ’Gn k+m,q

+ )
- +1) ’Gn k+m7q >
=t [k ] Gl #0162

(2

Finally, we obtain

(59)

B
k—m m n—k+m ; .
+m—k
Ck,q - Z Z |: ll l2 l :| |: l :| Gn*kerfl,q-
2m (k]! { } =0 1=0 lLitl+..+lLi=l Ve lg q
m
q
Replacing identities (57) and (58) in the assumed sum in (55), completes the proof. O

Remark 22. According to the proof of Theorem (21), for any n € Ny and any m € N, the n-th
q-Appell polynomial, A, 4(x), can be expressed based on the following relation

e (%]

X
=0 2m[m),! [ n+m—k ]
q

m—k
m n+m—=k
{Z|: 7 :|q Z Z |: ll,lz,...,li :|q |: l :|qAn+mkl,q}Gk7q(fE)

=0 =0 li+lo+...+1; =1

n—

k+m

l n+m-—=k [m]
SN VRN PU N R el S 02T
1=0 q q

L+l 4=

%
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