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Among the partition polynomials, the partial Bell polynomials, introduced by Bell [3], play
an important role in different application frameworks.
are given, see [5, 7, 9, 10]. Another partition polynomials, called Touchard polynomials,
introduced by Touchard [11], present an extension of the partial Bell polynomials. Some
algebraic, combinatorial and probabilistic properties of these polynomials are studied by
Touchard [11], Chrysaphinou [6], Charalambides [5], Kuzmin and Leonova [8]. In this paper,
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Abstract

Touchard generalized the Bell polynomials in order to give some combinatorial
interpretation on permutations. Chrysaphinou introduced and studied a class of poly-
nomials related to Touchard’s generalization. In the present paper, we establish some
relations between Touchard polynomials, Bell polynomials and the polynomials of bi-
nomial type. Several identities and relations with Stirling numbers are obtained.

Introduction
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Several properties and identities



we give some relations between Touchard polynomials and partial Bell polynomials. We
exploit these relations and the polynomials of binomial type to derive some identities for
these polynomials.

In this context, let (x;;¢ > 1) and (y;;¢ > 1) be two sequences of real numbers. The
Touchard polynomials

Tope(iy5) = Toge(r, o Tpi 1o Yn)y n 2k >0,
are defined by their bivariate generating function

ZZTnk x])yj = €Xp (’LLZZL'Z T + Zyz '>

n>0 k=0 i>1 ’ i>1

The vertical generating function of Touchard polynomials, for fixed k, is given by
ti
S Tos(asian) s = (zxz !) oo S0 ) k0
n>k i>1 i>1
The partial Bell polynomials are given by
By i(z;) = Bpg(xr, ..., xn) = T, ..., 2,50,...,0), n >k >0.
The polynomials of binomial type (f,(x)) are defined by
u” u” :
@) = (S h WS ) with fo(x) =1 and fi(z) £0 for 2 £0.
2l = (205

For a real number a we consider in the following the sequence (f,(x;a)) defined by

fulz;a) = fn(an + ).

an +x
The sequence (f,(z;a)) is also of binomial type, see [9], and for more details on sequences
of binomial type see [1].
We use the following notation and hypothesis:
k

D=, D*= i, Di_y = jixle=so-

For n <0, we set f,(z) =0, T, x(x;; y;) = 0 and B, x(x;) = 0.

For x € R, where R is the set of real numbers, we set

1) (r—k+1
(i) = wz—1) k'(x i )fork:1,2,..., (g) =1 and (i) = 0 otherwise.

Also, for all nnnegative integers n, m we put

1, if m divides n; 1, if n > m;
1(m‘n) = and 1(n2m) =

0, otherwise; 0, otherwise.




2 The main results

In this section, we establish some relations between the Touchard polynomials, partial Bell
polynomials and polynomials of binomial type. Furthermore, we use these relations to de-
velop several identities for Touchard polynomials. We start with the following theorem:

Theorem 1. Let n,k,m be integers such that n > k > 1,m > 1; a be a real number and
(x,) be a sequence of real numbers. Then

Proof. Let y, = —m(n — 1)1a™™1 ().
For a = 0 the theorem is trivial, otherwise, for || < |a

t pmi
exp (Z%ﬁ) = exp (— a37> =exp(In(1l — at™)) =1 — at™.
' j=1

|=1/™ we have

i>1
Then
1 i\ t
> Tunlaiyy) = = (Z%J> exp (Z%;)
n>k ) T \i>1 ’ i>1
1 A\
~ (Z%) (1—at”)
i>1
n! t"
= <Bn,k(l’j> — a(n — m)‘Bnm’k($j)> ﬁ
n>k
Hence the theorem is proved. O

If we set z,, = nf,—1(2;b) in Theorem 1 and use Proposition 1 of [9], we obtain:

Corollary 2. Let (f,.(z)) be a sequence of binomial type of polynomials. We have

T (jfj1(:v; b); —m(j — 1>!aa'/m1(m|j>> = Z—f(f""“(kx; d f"—m—'f(’“x;b)).

-k “(n—m—k)

Example 3. For f,(z) = 2™ in Corollary 2 we get

Tk <J’x(b(j D 4z)% —m(j - 1)!aj/m1(m|j>>

B n! (b(n — k) + kx)" k-1 (b(n —m —k) + kx)"*m*k*11
“ k1) (n— k)l (n—m—k) (nzm+h) |



and for f,(r) = n'(z) in Corollary 2 we get
b(j.—l)-‘rx)
T | 2l —m(j — D)a?™ 1y
,k<xj EETS m(j — Dl L))

G\ b — k)t ke “bln—m— k) + ke Lz |-

=T

As above, for particular cases of Touchard polynomials, the following proposition gives
another expression in term of polynomials of binomial type.

Proposition 4. Let b, be two real numbers and (f,(z)) be a sequence of binomial type of
polynomials. We have

Tk (jfj—l(if); Oéij(O)) = (Z) Jow(kz + a),

or more generally

- ( [ (b = 1) + ) fg(bj)>

b(j—1)+= ’ bj

_(n fok(b(n — k) + kx + «)
—<k)(k:x+oz) b(n—k)+kxr+a 670,

Proof. Let
R WACEEE )
n>1 i>1

be the exponential generating function of the sequence (f,(z)) and x, = nf,_1(x).
Necessarily vy, = Df,(0). We have

ZTn,k (xj; Odyj) g = % (sz '> exp <azyz ‘)
n>k ; i>1

Then, we obtain
Tk (jfjl<x)§ Oéij(O)) = (Z) frok(kz + ).

To finish the proof, replace f,(z) by f.(x;b) in the last identity. O
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Example 5. For f,(z) = 2™ in Proposition 4 we get
Tk (xj(b(j —1) +2)72% afj - 1)(bj)j—2> — (Z) (kz + o) (b(n — k) + kz + o)1,

and for f,(z) = n!(?) in Proposition 4 we get

n(i s (2T e G- )

j—1)+uz j—1
_nl kr + « nin—k)+kxr+ «
Ck'n(n—k)+ kr +a n—k ‘

Hence we may state the following:

Corollary 6. Let r,s,p be a nonnegative integers, v > 1, and (x,) be a sequence of real
numbers with x1 = 1. We have

k( Js Birin-n+s rG-0+s(Ti) - p By, v (%‘))
n ;o r+1)(j—1)+s ’ : r+1)7
(r(G—=1) +s) (T rj (U9
o (n) ks +Dp B(’/‘—l—l)(n—k)-&-ks—&—p7 r(n—k)-{—ks—&-p(xi)
_ (r+1)(n—k)+ks+ ’
k r(n k) +hs+ p ( r(n—k)+ks+p p)

Proof. For x9 # 0, let {f,(z)} be a sequence of binomial type such that f,(1) = f:ﬁ:ll
From the known identity B, x(jf;—1(1)) = (:) fr—k(k) we get

1
fulk) = (”Z’“) Brownl(s), n>0.k> 1.

Take b =r, x = s and a = p in Proposition 4 to get

- fimalr(G =1 +s)  fi(ri)\ _ (n . fok(r(n — k) + ks + p)
Tn’k(js ri—1+s rj )(k)<k +r) rin—k)+ks+p

. . . -1 .
Therefore, it suffices to use the identity f,(k) = ("zk) Byiii(x;) to express in the last

identity f;_1(r(i — 1)+ s) and f,_x(r(n — k) + ks + p) by the partial Bell polynomials.
For the case x5 = 0 the corollary remains true by continuity. O]

Example 7. By Corollary 6 and the identity B, x(1!,2!,...,(¢+ 1)},0,...) = Z—f(nﬁk)q, see

2], we get | | | ,
w0 = 0),)

_nl ks +p rin—k)+ks+p
Cklr(n—k)+ks+p n—k .

k
where ( > is the coefficients defined by (1 4+ z + 2%+ -+ +29)F = 3 (k)q:v”.
n
q

n>0
Also, for z, = 1, z, = (=1)" *(n —1)!, &, = (n — 1)! or z,, = n! we get identities related
Touchard polynomials to Stirling numbers of the first and second kind.
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The following two propositions give relations between Touchard polynomials and the
successive derivatives of polynomials of binomial type.

Proposition 8. Let b be a real number, b # 0, and (f.(z)) be a sequence of binomial type
of polynomials. We have

0 (DEO) D5 0)) = D)

or more generally

fitbg) — fibi)\ _ 1
ka( bj ;T bj >_k|Dk<

o fa(bn + x))

Proof. Let (f,(x)) be a sequence of binomial type defined as in the proof of Proposition 4
and z,, = nf,_1(z). We have y,, = D f,,(0) and

n

Z kf” t_| = (Zyz ') eXp(mZyig> = k!ZTn,k(yj; xyj)%.

n>k i>1 n>k
Then
i (1 205 ) = Tos (D15 eD1(0)) = 1D 10
After that, replace f,(x) by f.(z;b) in the last identity. O

Example 9. For f,(z) = 2™ in Proposition 8 we get
4 , !
T (<bj>“; x(bj)“) = Gl " e — 1) + ),
and for f,(z) = n!(?) in Proposition 8 we get

n ) A -2 ()

Proposition 10. Let b, o, 3 be real numbers, v be a positive integer and ( f,(x)) be a sequence
of binomial type of polynomials. We have

Tox (jD;()(eﬂij_l(m o) anj<o>)

_ (kr)!

k! nkr<ﬁ1(j 1) ‘l‘]ij 1( ) (5>2)3 (k:x%—a)Dj}( ))

or more generally,

Tn,k (]DZ:O(

_ (kr)!
R

)
bj—1)+x+=z ’ bj
fi-1(b(G — 1)) fj(bj)>
b )’

b(j—l) 1]>2)7 (k + )

nkr(ﬁl(j 1) +J



Proof. Let (f.(x)) be a sequence of binomial type defined as in the proof of Proposition 4
and ,, = nD"_y(e% f,_1(z + 2)). We have y,, = Df,(z)(0) and

l(th—lyc—(ZzDr (6 “f (x—i—z))tl)
R\ - 0 -l il

F( )M (Dl (e F(1)%))"

£ k
- RO o)
= LDy ()
ti kr tz
=5 (ﬁt + ;@yi_l 5) exp <kx;yzﬁ> :

Then

St (s ) 1y = (o) w00 )

n>k i>1 ’ i>1

_ %(Bt +> iy 1—) exp ((m’ + O‘>Zyi§)

1>2 i>1
( t
= n|

nkr<ﬁ1(g 1 T Iyi—11G>2); (k::c—l—a)y)

n>k

Then, we obtain

ﬂch;dJﬁ}ﬂm+d%&Db®0

kr
(k:') Tk <51(g 1+ 3Yi-11Gz2); (kr+a)Df;(0 )>
To finish the proof, replace f,(x) by f,(z;b) in the last identity. ]

Example 11. For f,(z) = 2™ in Proposition 10 we get

ﬂch;d®+%MM%—U+x+@32&)(m) )

(k;) nkr<ﬁ1(g 1y A+ 500G — 1) 1gse; (kx + a)(bj) 1).

Proposition 12. Let (x,) and (y,) be two sequences of real numbers and r be a positive
integer. We have
kr
r (%)
Bn,kz (Wnﬁ-r—l,r(fm;yi)> = anJr(rl)k,kr(l'i; kyz)
r—1 (r—1)k



Proof. Starting with the vertical generating function of Touchard polynomials to get

(Srtrenty) = e (S oo (k50)

n>r i>1 i>1
(kr)! t
(r!)kgr (i by )n!
Then
(rh)*k!
Tn,kr<$i; kyz) = WBn’k 0, e ,O, Tr,r(xi; yz); Tr+1,r(xi; yl), o),

r—1

and from [5, p. 450] we have

n! i!ai+r71
Boil0,.0,a0 apir,... ) = By rpyen [ 2=l
k( @ Gr1 ) (n—(r—1)k)! ( 1)k’k((2+r—1)!)

Then

(r!)*nlk! j!
Ty ker i) ky;) = Bn— r— T 1y i Yi) |-
w53 Kys) (kr)l(n — (r — 1)k)! (r=Dkk (r—1+7)! e (23 93)

Change n by n + (r — 1)k to finish the proof.

Example 13. Let 7, s, p, g be nonnegative integers with ¢ > 1.
Use Application 7 in Proposition 12 to obtain

B (?“(j j—'(f)s e (T(j _ ;)—TS ) p>)
ol k(rs+p) (T(n — k) +k(rs +p)) ‘

T klr(n— k) + k(rs + p) n—k

From the identity T, . (i!; (i — 1)!s) = ’T‘—,'(::j) given in [5, p. 453] we obtain

B ((iFr+s—=2\\ _nl/nt+k(r+s—1)—1
A\ s k! k(r+s)—1 '
From Theorems 15 and 16 given in [4] we have

n—+s n-+s
) — " ) — ' —= N - = .
Tor((t = 1) (20— 1)ls) [T+SL and T, .(1; s1(=1)) {T+S}S

These identities and Proposition 12 give

s [0 ]) - iy

r—1 (r—1)k
B ( r {j—l—r—irs—l}): 9 {n—l—('r—l—s—l)k}
U s L) TR ek S
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