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ABSTRACT

Transformations of the form A — &A%, are investigated that transform Toeplitz
and Toeplitz-plus-Hankel matrices into generalized Cauchy matrices. &, and %, are
matrices related to the discrete Fourier transformation or to various real trigonometric
transformations. Combining these results with pivoting techniques, in paper II algo-
rithms for Toeplitz and Toeplitz-plus-Hankel systems will be presented that are more
stable than classical algorithms. © Elsevier Science Inc., 1997

1. INTRODUCTION

Transformations of the form ®: A — #[A%, mapping one class of
matrices with displacement structure into another class with displacement
structure appear in quite a number of papers in different contexts. A classical
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example is the Frobenius-Fischer transformation (see [19, 16]) transforming
Hermitian Toeplitz into real Hankel matrices and so the trigonometric
moment problem into the algebraic one. The general form of such transfor-
mations is described in [16]. Another result concerning transformations of this
kind is Fiedler’s theorem [8], which claims that if &, and &, are any inverse
Vandermonde matrices then ® maps Hankel matrices into Lowner matrices.
Recall that a Lowner matrix is a matrix of the form [(a, — b, )/ (c, - d )] (see
[7D. As a particular case of this theorem one obtains Lander’s result (see
[16]), which claims that for a given Hankel matrix there exist inverse
Vandermonde matrices such that the transformed matrix is block diagonal.
This result is related to the one on Vandermode reduction of Bezoutians
(see [1D).
In this paper we study transformations mapping Toeplitz and Toeplitz-
plus-Hankel matrices into generalized Cauchy matrices. Recall that a matrix
= [a;;] is said to be a generalized Cauchy matrix if for certain n-tuples of
complex numbers ¢ = (¢;)] and d = (d;)} the matrix

V(c,d)C = [(Cz‘ - dj)aij];l

has a rank r which is “small” compared with the order of C. The integer r
will be called the Cauchy rank of C (with respect to ¢ and d). Cauchy
matrices in the classical sense are matrices for which (¢, — d;)a;; = 1. Since
we always consider generalized Cauchy matrices, we will omit this attribute.
Lowner matrices are matrices with Cauchy rank 2. We will also deal with
matrices of Cauchy rank 4. In our paper two cases of Cauchy matrices will
appear: (1) ¢; # d; for all i and j, and (2) ¢ =

There are qulte a few theoretical motwatlons to study transformations
between different classes of structured matrices, since the algebraic theory of
one class can be transferred to the other class. But the main motivation for
this paper was a more practical, numerical one. Let us explain this. The
classical algorithms of Levinson and Schur types usually work well if the
matrix is positive definite. However, if the matrix is indefinite they very often
suffer from instability even if the matrix is well conditioned. The reason is
that all these algorithms are based on recursions of the nested principal
submatrices, which may be ill conditioned.

The first proposal to overcome the problem of ill-conditioned principal
sections is to apply a lookahead strategy, i.e. to jump from one well-
conditioned section to the next one. This proposal was made first in [5] and
[6] and further developed by many authors (see [13] and references therein).
However, lookahead strategies have two disadvantages. First, there is the
problem of step-size estimation. A “good” step-size estimator will slow down
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the algorithm significantly. Secondly, even with a good step-size estimator the
algorithm may not be fast, i.e. of complexity lower than O(n®). As an example
we consider a Toeplitz matrix

_ 10 I
re[0 1]

where E is a Toeplitz matrix with a small norm and I denotes the identity
matrix. The matrix T is well conditioned, but there is no fast lookahead
Toeplitz algorithm for it.

For general unstructured matrices, pivoting is the main tool to avoid
instability. This cannot be applied to Toeplitz and related matrices, since
permutations of columns or rows destroys the structure of the matrix. In
contrast with Toeplitz-like matrices, Cauchy matrices do not have this disad-
vantage: Permutations of rows and columns do no destroy their structure. On
the other hand, for Cauchy matrices there exist fast algorithms for inversion
and factorization with essentially the same complexity as the classical algo-
rithms for Toeplitz and Hankel matrices. Concerning literature on this topic
we refer to [16, 10, 11, 14, 20, 12). We will discuss this topic in more detail in
the second paper of this pair.

Thus, it remains to find suitable transformations from Toeplitz-like into
Cauchy matrices. To our knowledge, it was first noticed in [14] that discrete
Fourier transformations do this job in an efficient and stable way. In [15] it
was remarked that the DFT is also convenient for transforming Toeplitz-
plus-Hankel into Cauchy matrices. This idea was further developed in [12]. In
the later paper also a mixed sine-I-cosine-III transformation was used to
transform real Toeplitz-plus-Hankel matrices into Cauchy matrices. Some
transformation results for symmetric Toeplitz matrices appear implicitly in
papers on optimal preconditioners (see [26] and [17] for DFT and [18] for the
sine-1 transformation).

The present paper continues the investigation in this direction. Our main
aim is to give a systematic account of transformations from Toeplitz and
Toeplitz-plus-Hankel matrices into generalized Cauchy matrices. Special at-
tention is paid to transformations that preserve certain properties like symme-
try and realness.

In Section 2 we consider transformations of Toeplitz matrices by DFT
into matrices with Cauchy rank 2, and in Section 3 transformations of
Toeplitz-plus-Hankel matrices by DFT into matrices with Cauchy rank 4.
Section 4 is dedicated to the transformation of real Toeplitz-plus-Hankel
matrices into real Cauchy matrices. It turns out that many common real
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trigonometric transformations, such as sine-I-IV, cosine-I-IV,! the Hartley,
and the real DFT, transform real Toeplitz-plus-Hankel matrices into matrices
with Cauchy rank 4. No special advantage can be gained in the case of a
nonsymmetric Toeplitz matrix. But in the case of a real symmetric Toeplitz
matrix the sine-I, sine-II, cosine-I, and cosine-1I transformations map them
into the direct sum of two matrices of about half the size with Cauchy
rank 2.

Since all transformations listed above are almost unitary, the condition of
the matrix remains essentially unchanged. Furthermore, for all of these
transformations fast and stable algorithms do exist (see [21, 23, 24, 25, 28)).

The method used in Section 2—4 is mainly straightforward computation.
An alternative approach via displacement structure is presented in Section 5.
The advantage of the displacement approach is that is can be generalized to
Toeplitz-like matrices, i.e. to matrices T for which T — STTS has a small
rank, where S denotes the operator of forward shift. For the classical Toeplitz
and Toeplitz-plus-Hankel matrices, however, we found the direct approach
simpler and more instructive.

In paper II we will present algorithms for the solution of the Cauchy
systems emerging from the transformation of Toeplitz and Toeplitz-plus-
Hankel systems. These will include the LU factorization of the corresponding
Cauchy matrices and their inverses together with partial pivoting techniques.

Let us finally note two other possible applications of the results concern-
ing transformations from Toeplitz into Cauchy matrices. The first one con-
cerns preconditioners for Toeplitz matrices (see also [27] and references
therein). Let U be a unitary matrix such that for a Toeplitz matrix T,
C =U'TU is a Cauchy matrix. Consider preconditioners of the form
U™'DU where D is diagonal. The optimal (in the Frobenius norm) diagonal
preconditioner of C is the diagonal of C, and hence the optimal precondi-
tioner for T is U™! diag(C) U. If one takes the DFT for U, then one obtains
in this way the T. Chan preconditioner. If U is the sine-I transformation, then
one obtains the preconditioners proposed in [2]. For the other trigonometric
transformations new types of preconditioners are obtained. The importance
of Cauchy matrices for iterative methods for Toeplitz methods are recognized
in [18].

The second application concerns representations of Toeplitz-like matrices
with the help of trigonometric transformations. These representations are
based on the representation of the corresponding Cauchy matrices. Related
results were obtained using other methods, for example, in [9], [18], and [3].

! The numbering of the sine and cosine transforms is not unique in the literature. We mainly
follow the standard source [22].

2 After writing this paper we observed that this can be achieved also for the other
transformations.
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The representations give rise to fast matrix-vector multiplication algorithms
which can be then used, for example, in iterative solvers. This will be
discussed in more detail elsewhere.

2. TRANSFORMATIONS OF TOEPLITZ MATRICES BY DFT

In this section we show how Toeplitz matrices can be transformed into
generalized Cauchy matrices with the help of complex DFT. In contrast with
the approach in [14, 12], we do not make explicit use of their displacement
structure but give direct proofs instead.

For A € C, let I(A) denote the column I(A) =[1 A --- A* 1] and S the
matrix of the forward shift operator,

0 0
1

S=
0 1 0

We use the fact that matrices S* and (S*)T (k = 0,...,n — 1) form a basis
in the space of all n X n Toeplitz matrices.

For two complex numbers A and p with Ap # 1 we have for k =
0,1,....n—1

A"}Ln_k - Ak An—kﬂn — I-"k
I(A)T sk = —— I(A)TS*T] = — (2.1
(NS m) =~ (WTSHI(p) = - (2)
Moreover,

WA)TSHI(A™Y) = A (n — k) and I(A)"SFTI(A™Y) = A K(n — k).
(2:2)
Let now T = [a;_;]} be a Toeplitz matrix. Then
n—1 n—1
T=Y' S+ Y a_S*. (2.3)
k=0 k=0
The prime on the sum sign is according to the following convention:

m
+Zak.

k=1

a

i 0
Y 4=~
k=0 2
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We introduce the functions
n—1 n—1

a, (t) =Y at*, a_(t) =Y a_t7%,  a(t) =a_(t) +a,(t).
k=0 k=0

Furthermore we fix two complex numbers £ and 9 with || = |n| = 1. Let ¢,

denote the nth roots of £, and d; the nth roots of 7. From (2.1) we get for
c, #d,
i 7Y

_ f(ci) _f(dj) d

_ j?
c; dj

I(e,) TI(d; ") (24)

where
f(t) =&n7la_(t) —a,(t),  f(t) =a_(t) — n 'a,(2).
Furthermore, (2.2) leads to
l(ci)TTl(Ci_l) = na(c;) - {a'+(ci) - al—(ci)}ci’ (2.5)

where the prime indicates the derivative. For a given n-tuple ¢ = (¢;)}, we
denote by V(c) the Vandermonde matrix

1 ¢ cpt
n—1
¢ ¢
2 2
V(c) = . .
1 ¢, cat

If ¢ is the n-tuple of the nth roots of ¢ (in a certain unspecified order), then
we set

F(&) = = V(o).

Note that #(1) is the DFT in the usual sense and

F(¢) =5 (1) diag(l,c,,...,cf7 ).
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As an immediate consequence of (2.4) and (2.5) we obtain the following.

THEOREM 1. Let £, m be two complex numbers with €| =Inl =1, ¢,
the nth roots of &€, and d, the nth roots of 7 (k = 1,...,n). Then for a
Toeplitz matrix T = [a,_ I} the matrix C =F(&)TF (‘n_l)T has Cauchy
rank <2. The entries c,; of the matrix C are given by

ﬁ f(ci) —f(d]) c. =)éd<

n ¢—d;, i
1 ,
a(c;) - ;{{a+(ci) - a_(C,-)}C,-, ¢; = dJ._

REMARK 2. For arbitrary Vandermonde matrices V(c¢) and vid™Y),
where d™! = (d;},...,d;"), the matrix C = V(c)TV(d™')" has Cauchy
rank <4 with respect to ¢ and d. This is also true for confluent Vander-
monde matrices.

REMARK 3. One gets a Cauchy matrix with Cauchy rank 2 if T is
multiplied by the inverses of Vandermonde matrices. This was first observed
by M. Fiedler [8]. Since this fact seems to be not relevant for the construction
of fast stable algorithms, we do not discuss it in detail.

We now consider some special cases.

2.1.  Nonsymmetric Standard Choice
In [14] it was proposed to choose { = 1 and 7 = —1. In this case we have
f(t) = —f(¢) = a(t). The entries of C = F(DTF(—1)" are given by

_ oo a( ;) + a(ow,)

if _ L4
n w;, — oW

where w, are the nth unit roots and o = exp(mi/n). Here and in the sequel
i is the imaginary unit v - 1.

2.2.  Hermitian Toeplitz Matrices

If the Toeplitz matrix T is Hermitian, i.e. a_; = a,, it is desirable to have
also a Hermitian matrix after the transformation. Thergfore, it is convenient
to choose ¢ = 7= 1. In this case we have f(t) =f(t) =a_(t) —a,(t).



200 GEORG HEINIG AND ADAM BOJANCZYK

Furthermore, since in the Hermitian case a_(t) = a_(t), we have f(¢) =
2iIm a,(¢). The relation (2.5) goes over into

(@) Ti(@) = —2Re(na, (@) + w,d,(w)}.
We arrive at the following.

THEOREM 4. Let T be a Hermitian Toeplitz matrix. Then C =
F (1)T5" (1)* is @ Hermitian matrix with Cauchy rank <2 (with respect to
c=d=w) givenby C = [c,]]l,

2 Ima,(w;) —Ima,(w)

ni 1 - w0

’ i¢j)

1
—2Rela. () + —wd (w)], i#j.
n

The following fact concerning the matrix C is still more important for our
construction of fast algorithms in paper II.

CoROLLARY 5. If T is a Hermitian Toeplitz matrix and D(w) =
diag(w))y, then C = (ni/2FWTF)*D is a complex symmetric matrix

satisfying
D(w)C — CD(w) = ZKZ",

where®

Z=col[1 Ima+(“’i)]:, and K=[—(1) (1)]

Hermitian Toeplitz matrices can be transformed even into real Cauchy
matrices. For this we use a linear fractional transformation mapping the unit
circle into the real line. We fix a complex number { with absolute value 1

s col(a;)] means the column vector with the components ;.
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different from the nth unit roots w;. We introduce numbers x; by

{+ o 2Im w;{
X, = i= 5.
! {—a)j |§—wj|
x; — 1
Clearly, the x; are real and o, = - {. Hence
x; +1

J

x; — 1 xj+1

l~wo=1- - -
xp+iox -1

—2i(x, + 1) N — ) (- 1)
This leads to the following.

THEOREM 6. Let T be a Hermitian Toeplitz matrix and D,
diag((x; + D)7')}, Then C = D,.FWTF()*D_ is a real symmetric Cauchy
matrix given by C = (¢, 1]1’

1 Ima,(w) — Ima,(w)

n X, =

, i #,

1
—9(x? +1)P\e(a+(w)+ wd ()], i=j.

If we have a real symmetric Toeplitz matrix, then Theorem 6 describes a
complex transformation into a real symmetric Cauchy matrix. In Section 4 we
show that such matrices can be transformed into two real symmetric Cauchy
matrices of about half the size with the help of real transformations.

2.3.  Symmetric Toeplitz Matrices

We discuss now a transformation that transforms complex symmetric
Toeplitz matrices into symrnetnc Cauchy matrices. In Theorem 1 let ¢; be
the roots of i and d; = ¢; . Then the d; run over all nth roots of —i, ‘and
f@) = —f(t) = a(t). If now T is symmetrlc then we have a(+') = a(t).
Thus Theorem 1 goes over into the following.
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THEOREM 7. Let T be a complex symmetric Toeplitz matrix. Then
C =FWIFG)" is a symmetric matrix with Cauchy rank <2 given by
C = [C{j]f>

a(c;) + a(c;)
A - ce;

where the c; are the nth roots of i.

In order to get the matrix C in a form which is more convenient for the
application of the algorithms described in paper II, we use the same linear
fractional substitution as in the previous subsection. Here, however, it is
possible to choose { = 1. That means we get

_ l+cj

l—cj

Then the x; are real and the entries of C can be represented in the form

a( c; +ac
Ct’jz(xi-*_l)%(—)xﬁ)—-(] )

Thus we get the following.

COROLLARY 8. If T is a complex symmetric Toeplitz matrix, D(x) =
diag(xj){', D, is as in Theorem 2.5, and C = 2D , FO)TF()'D_, then

D(x)C + CD(x) = ZKZT,

where

Z=col[1 a(cl)]:, K=[(l) (1)]
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3. TRANSFORMATION OF COMPLEX TOEPLITZ-PLUS-HANKEL
MATRICES BY DFT

In this section we show that complex Toeplitz-plus-Hankel matrices can
be transformed into matrices with Cauchy rank <4 with the help of DFT.
Suppose that A = e'? and p = e’ ($, ¥ € R). Then

AT (A = w)(Ap — 1) = 2(cos ¢ — cos ¥).
We apply this relation for A = ¢, = exp ¢;i and u = d; = exp y;i, where c;

are the nth roots of ¢ and d; the nth roots of m, 1€l =Inl = 1. Then we
obtain from (2.4), for a Toeplitz matrix T defined by (2.3),

2¢,d;(cos &; — cos (//j)l(ci)TTl(dj) = (¢, - dj){g(c,.) - g(dj'l)}, (3.1)
where

g(t) = éma_(t) —a,(t),  g(t) =a_(t) ~ fma. (1),

and a_(t) and a(¢) are defined as in Section 2.
We consider now Hankel matrices

n—1

H = [bi+j ;_l = Z, (bn—l-—k]Sk + bn~1+ksk])’ (3:2)

=0

o

where | denotes the counteridentity,

Then

(c; — d,)l(c;)" HI(d,) = h(c,) - h(d)),
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where
. n—1
h(t) = E (bn—l—ktn_k - nbn-mt"),
k=0
n—1
h(t) = Z, (bn-l—kt"_k - §bn—1+ktk)‘
k=0
Hence

2¢,d,(cos ¢, — cos lpj)l(c,,)THl(dj) = (¢,d; - l){fz(ci) - h(dj)}. (3.3)
For a Toeplitz-plus-Hankel matrix A = T + H we have now
2¢,d,(cos ¢; — cos (//j)l(ci)TAl(dj)
= {Cig(ci) - E(C:)} - {g(cz) - Ciﬁ(ci)}dj
—c{g(d) + dh(d)} + {d;g(d;*) + h(d,)}.
Thus we have proved the following.

THEOREM 9. Let £, 1 be two given complex numbers with |£| = |nl = 1;
¢;» d; the nth roots of £ and m, respectively; and cos ¢, = Re ¢;, cos ¢ =
Re d,. Then for a Toeplitz-plus-Hankel matrix A = T + H, the matrix C =
F(E)AF ()" has Cauchy rank <4 with respect to (cos ¢,)7 and (cos ¥)}.

If € # mand én # 1, then cos ¢; # cos ¥, and the entries c;; of C are given
by

o = p(c;) — 4(Ci)dj - Ciq(dj) + P(dj)
i 2nc;(cos &, — cos ¢;)d; ’

where

p(t) =13(t) — h(t), G(r) = () - th(z),

p(t) =tg(t7') + h(t), q(t) =g(t™") +th(z).
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REMARK 10.

1. The entries of C can also be described in the cases £ = n and
&n = 1 using the relations

n—1

() Hi(e) = € X (n ~ k) (Byor_gel K+ by ager ™)
k=0

and (2.5).

2. For a simple implementation it is desirable to have also cos ¢, #
cos ¢; for i # j. This can be guaranteed if £ and 71 are chosen normal. One
possibility is £ = —n = (1/V2X1 + ).

3. In the case of a Hermitian Toeplitz-plus-Hankel matrix the trans-
formed matrix will be Hermitian again if £=7%. We suggest choosing
&= —n =1 (rather than £ = n = 1). With this choice we have cos ¢, =
cos §; and cos ¢, # cos @, for i # j.

4. REAL TRIGONOMETRIC TRANSFORMATIONS

The disadvantages of the transformation with the help of DFT is that
complex arithmetic is required even if the matrices are real. In this section
we discuss some real trigonometric transformations. These transformations,
however, transform Toeplitz matrices into matrices with Cauchy rank <4
rather than 2. This value can also be achieved for Toeplitz-plus-Hankel
matrices. Therefore in this section we derive transformation formulas first for
Toeplitz-plus-Hankel matrices. Later in the section we show that these
formulas can be much simplified in the case of real symmetric Toeplitz
matrices.

4.1. Transformation with Chebyshev-Vandermonde Matrices

As the DFT is a special Vandermonde matrix, the real trigonometric
transformations are special Chebyshev-Vandermonde matrices, up to diagonal
factors.

Polynomials u,(A) (k = 0,1,...) satisfying the recursion

e r(A) = 2hu(A) —u, () (k=1,2....) (4.1)



206 GEORG HEINIG AND ADAM BOJANCZYK

will be called polynomials of Chebyshev type. The Chebyshev polynomials of
the first kind T,(A),

Ti(cos @) = cos k6,

have this property and satisfy the initial conditions u, = 1, u)(A) = A, and

the Chebyshev polynomials of the second kind Ui (2),

sin (k + 1)6

Uy(cos ) = ———
sin 6

also satisfy this recursion with the initial conditions u, = 1, u,(A) = 2A. If
uo(A) and u,(A) are fixed, then (4.1) defines u;(A) also for negative k. In
particular, U_; = 0 and T_,(A) = A.

For two sequences of polynomials u;(A) and @,(A) satisfying (4.1), we
introduce the vectors u(A) = (u, (A3~ and #(A) = (&, (A);~*. The fol-
lowing lemma is crucial for the further investigation.

LEMMA 11. If S denotes the matrix of the forward shift, then

-

2(A = w)a(A) SFu( p) = @i,y — gty + oyt = By, g,
2(A = w)a(A) S Tu( p) = @, g,y = doy_y + oy~ Gy 18,
2(A — w)a(A) JS*u( ) = d,_uy — dot,

FU_gU, T U gy,
2(A — w)@(A) SHu( ) = Gyuy — digu, + Gy oy~ o 0
Proof. We have

n—k-1

BN S u(p) = L d(Du(w).
i=0
According to the recursion (4.1) we get

2(A = w)a(A)" S*u( p)
n-k—1
= Z {(ai+k+l + au+k—1)ui — (U + ui—l)}'
i=0

Telescoping the latter sums, we obtain the first equality. Analogously, the
other relations are verified. n
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A matrix of the form

%(x) = [uj—l(xl‘)]:,j=l’ (42)

where x = (x,)] € R", is called a Chebyshev-Vandermonde matrix. The
following is an immediate consequence of Lemma 11.

PROPOSITION 12.  If #(%) and #(x) are Chebyshev-Vandermonde ma-
trices, then for any Toeplitz-plus-Hankel matrix A the matrix %(3) A% (x)"
has Cauchy rank <8.

We are looking now for special choices of u;(A) and x, for which the
transformed matrix has Cauchy rank <4. There are many p0551b111t1es We
restrict ourselves to those which lead to the classical sine and cosine transfor-
mations, because for them fast and stable algorithms are well known and
furthermore they have some additional symmetry properties that simplify the
computation In particular we will get matrices with a 2 X 2 block structure
[C,;Ji such that the C,; have Cauchy rank <2. In the case of a symmetric
Toephtz matrix we even have C 12 =Cy =0.

4.2.  Sine-I Transformation
Let us deal first with the case of Chebyshev polynomials of the second
kind, @(A) = u(A) = U(A) = (U (A);~ . We introduce

i i
and y, = sin
n+ n+1

X; = COS

The x, (i = 1,..., n) are just the roots of the polynomial U,(A). Furthermore
we denote

ijm

= T,(x;).

”‘y; —1(x), ¢y = sinn+1 j

The matrix #(x) is related to the sine-I transform, which is the matrix-vector

multiplication, by
/| 2
y I =
" n+1

Iy n
. ym
sin

n+1

i,j=1
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From Lemma 11 we get
T

which implies U(x)"U(x;)) = 0 for i # j, and 2U(x)7U(x,) =
Us(x)U, _ (x,). Taking into account that U, _(x;) = (=1)'*! and

y U (%) = (1) (n + 1),

we obtain the well-known fact that %! = (#/)~!.
It is important to observe the symmetry relations

i+1 i
s = (1) Sin—k+1> Ciy = (_1)'ci,n—k+l'

In particular, s,, = y,U,_ (x;) = (=1)'*'y,. Using these relations, we obtain
from Lemma 11

2(x, — ) y,5,U(x,) SKU(;) = sy — (=) sy,
2(x, = %) y,5,U(x) " S¥TU(x)) = (1) suy; — yis, 45
2(x, = x;) 4, y,U(x,) " JSKU(x)) = (1) sy, - (—l)f“y,-sjk,( |
2(x, = %) 9y U(x) " S4U(x)) = (=1 sy = (=1 sy
From the relations (4.3) we may conclude how Toeplitz-plus-Hankel matrices
are transformed by the sine transform except for the main diagonal. In order

to evaluate the main diagonal we differentiate the first relation in Lemma 11
with respect to u and obtain

2U(x,) S*U(x;) = U,_(x)U; _i(x,).

Since

Ui(A) = {AU(X) = (k + DT (M}

1 — A%
we conclude

.'/42Un’—k(xi) = (—1)Hltik»
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where

1
tik = XSk + (n - k + l)cik‘
Y,

Hence
2y2U(x,) S¥U(x,) =ty (4.4)

We get the same expression for 247 U(x,)"S* U(x,).
Differentiating the third relation in Lemma 11 with respect to A, we
obtain

297U(x) IS U(x) = ylUi(x) = () tw (45)
Due to symmetry or skew symmetry of the vectors U(x,), we get the same
expression for 2 42U(x,)"S*JU(x,).
We consider a Toeplitz-plus-Hankel matrix A = [q,_; + b, 7~ 1. This
matrix can be represented in the form

m-—1
A=Y (S +a_ S+ b, JS* +b,_1.:S).  (46)
k=0

We introduce the numbers

1 n—1 1 n—1
= s, t= "s.b .., (47
fl n+1 Eoslkaj:k’ gi n+1 Eosik n~1+tk ( )
1 n-1
h,= T3 Y tu(a +ay),
BT k=0 (4.8)
1 n—1
l, = 1 E(’) tia(Buoy—k + bo_14k)s

and f, = fi+ f;, g, = g + gi'. We arrive at the following.

THEOREM 13.  Let A be given by (4.6). Then the matrix A% = [y,
has Cauchy rank <4 with respect to (x,)} and the entries are given by
Py, ~ 3, B0
Vi = XX
ho+ (-1, =

i#7j,
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where
@ = i+ (=) I+ (1) g+ (<) g
B = (=) () g (D) g
Let II denote the even-odd shuffle matrix, II(x)} = (xy, x,, ..., %,

x3,...). From Theorem 9 we get now the following.

COROLLARY 14.  If A is a Toeplitz-plus-Hankel matrix, then 1I'#'AZ! 11
has a 2 X 2 block structure [C; I} where C,; have Cauchy rank <2.

In particular, for a real symmetric Toeplitz matrix
n nl T
T=[ayl} = L' afs* +(sH)") (49)
k=0
we get the following.

THEOREM 15. Let T be given by (4.9). Then

HTZITZIH = Ceven 0 ,
0 Codd

where C,,,, = ;7" " and C,4q = [c;‘f,d]{"i, with m; = [(n + 1)/2], m, =
[(n/2], are given by

f2p y2q B y2pf2q
2
ceven = x2p — x2q

P9
h2p’ p =q’

f2p—-ly2q—l - y2p—1f2q—l
odd __ , P#Q,

coy = Xop—1 ~ Xoq-1

Pq
h’2p+l’ P=q.
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4.3. Cosine-1 Transformation
We assume now that in Lemma 11 4,(A) = u,(A) = T;(A). We introduce
the vector polynomials

T(A) = (Tu(A)y ' and T(A) = (&Tu(N))y

where

Furthermore we introduce

jm

y; = sin

and

€y 7= cOs

g
= Ti(x)). Sy = sy =y U (%))
Let us point out that the quantities x;, y;, ¢
the previous subsection.

The vectors T(x j) are related to the cosine-1 transformation, which is the
matrix-vector multiplication, by

2 i nol 2 . ne1
1_ = 1/
¢ = n—1 [ej cos = 1]i,j=0 “Va-o1 [I}(xi)]i,]’:O'

In contrast with the sine-1 transformation, %} is not symmetric and not
unitary. But, as for the sine-I transform, the relation (#))™' = &, holds.

i and s, j are different to those in
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We have the following symmetry relations for the c;; and s;;:
i i+
e = (=1)¢ 14 s =(=1)" s pors
In particular,
T, (x) = ¢y = (1), T.(x) = cip = (1) x;.

In order to study the action of the cosine-I transformation on Toeplitz and
Toeplitz-plus-Hankel matrices, we study their action on the powers of the
shift S*. We have to distinguish the cases (a) k # 0, n ~ 1, (b)) k =n — 1,
and (c) k = 0.

Case (a): k # 0, n — 1. Applying Lemma 11 we get,
2(A = w)T(A)"S*T(p)
= TN s #) = Ti(MpT_(A) = T, ()T, (w). (4.10)
This implies
2(A = w)T(A)"S*T( )
= T(N)T, - #) = AT(A) + Try(A) = T M)T, 3 () (4.11)

fork=1,...,n - 2.
From (4.11) we obtain now

2(x; — xj)fT(xd)SkT:(xj)
= (—1)i+j{ijk(xj) - Tk—l(xj)} —x, T (%) + Ti_y(x,).
In view of
Tioa(x) =2 Te(x;) = 41 — %0k = YiSur
we conclude
2(x, — ) T(%) S (%)) = yisu = (~1)' Vg5 (412)

fork=1,...,n — 2.
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Analogously, for k # 0, n — 1,

2(x; — xj)f( xi)TSka( xj) (—l)iﬂycsik ~ YiSks

( L. 1Y e
(1) yisi — (1) y;85,

Y
A X, xj)

{ AY
(%))

i 11

~~

T 30k
xi) JD 1

2( x; — xj)f( x;)TSk]f(xj) = ("l)jyisik - (—1)iyjsjk'

In order to compute the diagonal of the cosine transformed matrices, we
differentiate (4.11) with respect to u and obtain

2T'(x‘)Tskf(xi) = ~T,_(x)T,_-1(x;) — T (x)T,_-1(x:)
+ T, (%) T, i %) (4.13)

for k=1,...,n — 1. Since T{(A) =kU,_(A), we conclude, as long as
y, # 0,

- = Sin—k- Sin-
oT(x,)"S*T(x,) = —cq + (n =k — l)x,.—'—-k—1 - (n—-k)— £,
Y Yi

Due to s; ;_, = x;8;z — Y;C;;, this implies

- - x;;
ti = 2T(x) S} (x,) = (n — k = Doy — —.

i

For i =0 or i =n — 1 we have y; = 0. In this case #;; can be calculated
directly from (4.13), giving

o p= 2(n —k-1) for i=0,
() () = |
(-1)(n—-k—-1) for i=n-1.
Furthermore,

T(x,)"SFT(x,) = (-1)'T(x,)" JS¥T(x,)

= (_1)‘f(xt)TSk]f( ) = ty/2.
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Case (b): k =n — 1. In this case we obtain via direct calculation the
relations

f(xi)rsn_lf(xj) = (_l)i/‘i’ 7:(’Ci)TST("nl)f( x/) = (_1)1/4’
T(x,)" S""YT(x,) =5, T(x,)" JS"~'T(x;) = (-1)""/4/.

Case (c): k = 0. For this case we use the fact that (%,/)* = I,. From this
we obtain for i # 0, n — 1

- . n—1 .
T(x,) T(x;) = —5— %~ Hr+ (-n™). (4.14)

Furthermore,

2n — 3
2

f(xo)TT(xo) = 7~1(9"711—1)TT~(’Cn—1) =

and

n even

f( xo)TT~(xn—l) = f(xn—l)’r’f(x()) = {(3—’%, n odd.

The last relation shows that (4.14) is valid for all i # j.

In order to calculate T(x,)"JT(x;) one has only to multiply the previous
expressions by (—1)/.

Now we have a complete collection of transformation formulas and a
theorem can be formulated which is completely analogous to Theorem 3.1.
As a consequence we obtain the following.

COROLLARY 16. If A is a Toeplitz-plus-Hankel matrix, then the matrix
"%, A(%,)T1 has a 2 X 2 block structure [C,;]} such that the C,; have
Cauchy rank <2. If A is a symmetric Toeplitz matrix, then moreover
C,y = Cy; = 0, i.e., the transformed matrix is the direct sum of two matrices
with Cauchy rank <2.

4.4. Cosine-1II and Sine-III Transformations

We study now the transformation of Toeplitz-plus-Hankel matrices with
the cosine-III transformation. Due to the weaker symmetry properties of this
transformation, we will not get an essential simplification for the case of a
symmetric Toeplitz matrix.
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With the Chebyshev polynomials of first kind T,(A) we form the vector

(N5 = (mT(A))o

where

o= 35, k=0,
L, k=1,....n-1,
and consider T(A) at the Chebyshev nodes

2j+ 1)w
xj=cos(—12—n—)— (j=0,..., n—1),

which are the roots of T,(A). Furthermore we define

_(2j+ Dm
y; = sin -
and
i(2j+ )7 Ci(2j+ Dm
¢;; = Ti(x;) = cos o T y;U(x;) = sin — .

Note again again the quantities x;, y;, ¢;;, and s,; are different to those in
the previous two subsections.

The vectors T( xj) are related to the cosine-III transformation, which is
defined as the matrix-vector multiplication by

Fl < \/%'[”f cos 1(2’2+ 1)’”] \/’[T(" )]U o

The inverse of & is the matrix of the cosine-II transformation

2 i(27 + D!
g"n=‘/__[cos’(_f_)7f] ,
n 2n )

i,j=0
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This follows from the equality

2(A = p)T(N)'T(n) = T(NT, (1) = T, (NT(#),
which is a consequence of (4.10). From (4.10) we obtain also the equalities
2(X = w)T(A)" ST ( )
= T(MT,—-1(#) + Tioi(A) = A(A) — T f(MT, () (4.15)
fork=1,...,n— 1, and

2(A — w)T (W) T(p) = T(NT,_ (1) ~ T, (NT,(n) = 3(A - ).
(4.16)

We have the symmetry relation

e = ( "1)i5'i, n—k*

In particular, ¢; ,_, = (=1)'y,. With these relations and ¢, , _, = x;¢c; +
y;8,;x we conclude from (4.15)

2(x, — 1) T(x) " (x) = yisu = (-1)"Is}  (417)
fork=1,....,n—1, and
2T (x,)" T () = —4. (4.18)

Analogously we obtain the following relations, using the equality s, ; ., =
XSyt YiCy

2(x; — xj)f(xi)Tska(xj) = {( —l)HjSik - Sjk}yj’ (4.19)
2(x, — 2)T(x) JS*T () = (~1)"ygicu — (=1 yscp. (4.20)
2(x; — xj)f( xi)TSk]f(xj) = (—1)j0;,k_1yj - (—]‘)iyicj,k-l' (4.21)

The relations (4.19) and (4.21) hold for k = 1,...,n — 1, whereas (4.20)
holds for k =0,...,n — 1.
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Differentiating (4.15) with respect to u and putting A = p =x; we
obtain

oT (x,)" $¥T(x,) = oT( ) ST (x) = (n —k)cy.  (4:22)
Furthermore, after some elementary calculations one gets

2 (x,)" JS*T(x,) = (-1)i((n —k)si ko1 Cy—k - Sik)’ (4.23)

i

o () SH(x,) = (—1)‘(1'—cyf—" (k- 1)) (4.24)

1

Now with the help of (4.17)-(4.24) one can show how Toeplitz-plus-Hankel
matrices transform with the cosine-III transformation. In particular, we
obtain the following,

COROLLARY 17. If A is a Toeplitz-plus-Hankel matrix, then the matrix
N7EMAE™) I has a 2 X 2 block structure [C,;}} such that the C,; have
Cauchy rank <2.

Note that similar formulas hold for the sine-III transformation which is

defined by
3 i(2i — )"
U =/ — [1‘& sin ](————l—] .
n 2n i =1

4.5. Cosine-1I and Sine-11 Transformations

We show now that also the cosine-II and sine-II transformations are also
suitable for the transformation of Toeplitz and Toeplitz-plus-Hankel matrices
into Cauchy matrices. Because of their symmetry properties they are conve-
nient for symmetric Toeplitz matrices. For this we consider the polynomials

V(A of Chebyshev type defined by

ViE(A) = U(A) = {20 (D)} (4.25)
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Then V. £(A) = £1, V(X)) = 1. Furthermore, it is easily checked that

2k +1 2k +1
cos 2 sin 2 ]
Vi (cos 6) = ] and V, (cos 8) = 5
cos -2- sin E
We define
im im o
x; = cos —, ¢ = cos o {; = sin on
and
i(2k + V) . 2k + )7 ~
Gt = €08 ————— = &V, (%), sy = sin o, TV (%)

In particular, ¢; ;) =¢;p = § and s; _), = ~s,i = —{;. We have the follow-
ing symmetry relations:

; i+1
Cin-k-17 (—1)lcik7 Sin—k-17 (_l)l Sik-

From Lemma 11 we obtain now the following relations for V(A) =

Ve~
2(x, — x,) £V (x,) SV (1))
= (cih-1 ) g — (FD)E(e; 10 — 60),
2(x, — x;) £ £V (x,) STV (x,)
= (~D"(eii1 — e 1) g~ Ecun — ),
2(x, = %) &4V (x,) JS'V* (%))
= (-D)'(ciir = e )& = (“1) &ley o1 = 60,
2(x, — %) &4V (%) SV (=)
= (-1 (eiir — e g — (“1)'&e, i~ ¢50)
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and

2(x, — 1) &GV (x,) S5V (1))
= (sih-1 +s) G = (FD)™ 80+ sp),

2(x, — 1) &4V (x,) SV (1))
= (=)™ (si 51+ sa) G = G851+ 5p).

2(x, — x) LGV () ISV (x)
= (=1 '(si 18§ = (F1 48y n + 50,

2(x, — %)L GV () SV (x)
= (1 (s pmr + 508 = (1685000 + 50

This leads to the following.

COROLLARY 18. If A is a Toeplitz-plus-Hankel matrix, then the matrices
' ZIAEN) 11 and MZZMACST)TTT have a 2 X 2 block structure [C, 1
such that the C,; have Cauchy rank <2. If A is a symmetric Toeplitz matrix,
then moreover C,, = Cy = 0, i.e., the transformed matrix is the direct sum
of two matrices with Cauchy rank <2.

4.6. Mixed Transformations

Of course, it is possible to combine different transformations. We show
this for the combination of the sine-I and cosine-I transformation. The
advantage of this combination is that a symmetric Toeplitz matrix will be
transformed into the direct sum of two matrices with Cauchy rank 2.
However these two matrices are clearly not symmetric. A potential advantage
of this kind of transformation is that in the case of even order the nodes of
the corresponding Cauchy matrices are pairwise different. This leads to
simpler recursions in Cauchy solvers discussed in paper II.
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Let T(A) be defined as in Section 4.3, and U(A) as in 4.2. According to
Lemma 11 and (4.11) we have

2(A — W)UN)SMT( 1)
= U(MT, -1 ( ) = AU(A) + Uiy (X)) — U, (VT (p). (4.26)
Let x;, y;, ¢;j 8y (i,j = 1,...,n) be defined as in Section 4.2, and let

ijm

¢, = cos

’ xj = ¢y (i,j=0,....,n—1).

n—1"
Then we get from (4.26)
' T Qkpf At itj g
2(x; — xj)U(xz‘) skT( xj) = X8 g1 TSy + (1) e Cik—1+
Taking into account that s; = x5, ;.1 — ¥;C, x4, Wwe conclude that
2(x; — x})U(xi)Tskf(x}) = —Cik+1 T (—I)HJ } k-1 (427)

fori=1...,nand j=0,....,n — L
Analogously,

2(x; — x;)U( x,.)TSka(x]'.) = —( —l)Hjci,k+l + ¢ k-1 (4.28)

2(x, = x)U(x,) JS*T(x)) = (=1)'¢; o1 = (=1)€} 41, (4:29)

2(x, — x))U(x,) SHT(%)) = ~(=1)e, gar + (=1)'¢) 4y (4.30)
fori=1,...,nand j=0,....,n — L

Let us assume that the order n is even. Then x, # ] for all i and j. For

a given Toeplitz-plus-Hankel matrix A defined by (4.6), we introduce the
numbers

1 n—1 1 n—1
l Z Cik+1%+k> ‘/—— Z cjk 183 k>
n?—1 -0
SIS P A
& = Cik+1 1+k» g 1+k-
“Vn® -1 koo " 7 n? —1 k=0 a-

From (4.27)-(4.30) we get the following.
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THEOREM 19. Let A be given by (4.6). Then the matrix /A%, = [y, I}

has Cauchy rank <4, and the entries are given by

_ ai(j)yj — Y Bj(i)
Y= T o

x; = x;

where

a? = = ()" (1) g - (-1 el

Bj(‘) _ _( _1)i+j J'+—f;—+(_1)jg _( 1)1 1+

THEOREM 20. Let T be given by (2.3). Then

nzire = Coen 0
i 0 Coa
where C,,, =[5y I and Coqq = [ 041y, with m) =
[n/2), are given i)y
f2p Yoq — y2pf2q p#gq
C;qu" = Xop ~ Xoq
haps P=9
fzp—lyzq-l - y2p—1f2q—1
c;‘;d = Xop-1 7 Xoq-1 ’
h2p+l’

[(n + 1D/2), m, =

p#*q,

p=gq.

4.7, Real Modifications of DFT and the Hartley Transformation
There are some real modifications of the complex DFT which can also be
used to transform Toeplitz-plus-Hankel into Cauchy matrices. Among them is

the Hartley transformations.

Let ¢, (i = 1,..., n) denote the nth roots of 1 or —1 ordered in such a
way that ¢y = Zy_; [0 <k <(n —1)/2], and let o, € C be given such
that @y @y _; is nonreal for all k. We introduce vectors u, = (u;)/ ' by

u,; = a;c] + @,cf and the matrix #, by

gn = [ui,j—l]:'
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The matrix %, is obtained from the DFT Z(1) or #,(—1) after multiplica-
tion from the left by a permutation matrix and a block diagonal matrix with

blocks

Clearly %, is nonsingular if @, ay;_, is nonreal.
We consider two special cases. First we choose a,;_, = 3 and ay;, = i/2.
Then we obtain the real DFT # R, with entries cos(2ijm/n) and sin(2éjw/n).
Secondly, we choose a = (1 — i)/2. In this case we obtain a row permu-
tation of the discrete Hartley transformation, which is, by definition, the
matrix-vector multiplication by

2ijr 2ijmw]"

# = |cos + sin

n

n o f

As can be checked, both the real DFT and the Hartley transformation
transform Toeplitz-plus-Hankel matrices into matrices with Cauchy rank
< 4. Due to the lack of symmetry properties, these transformations do not
appear to offer any advantage for transforming symmetric Toeplitz matrices.
Therefore we refrain from presenting the explicit formulas.

4.8.  More Transformations

There are more Chebyshev Vandermonde transformations transforming
Toeplitz-plus-Hankel matrices into matrices with Cauchy rank <4 which we
did not include in this paper. However most of them do not have the nice
symmetry properties of the sine-I and cosine-I transformations.

For example, the cosine-IV and sine-IV transformations

[ (2i+1)(2i+D7]"!
g = 1 2 [oos BT DC )]
n | 4n o
and
o[ @i+ DEji+nDw]*!
SV = —sin( )(2j )]
n | 4n

0

have similar properties to the cosine-III and sine-III transformations. To get
the corresponding formulas one has to take, as in Section 4.5, the polynomials
Vit (M) = U (M) — {£U,_ (M)} and to consider them at the points x, =
{(2i + Dm}/2n.
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Furthermore, one can consider the vectors U(A) at the roots of U(A) — 7
for n = +1, which are cos(2im/n) and cos{(2j + D)m/n + 2} for n = 1, and
cos{2im/(n + 2)} and cos{(2i — 1)m/n} for n = —1. For general Toeplitz-
plus-Hankel matrices it is recommended to combine the cases 7 = 1 and
1 = —1. Similarly one can consider the vector U(A) at the roots of U,(A) +
U,_(A). In all cases one gets transformations transforming Toeplitz-plus-
Hankel matrices into Cauchy rank < 4.

5. DISPLACEMENT APPROACH

We discuss now a different approach to obtaining the transformation
results in the previous sections. This approach is based on a quite general but
very simple idea. This idea was used in [14] and also in [12]. The approach
utilizes the concept of displacement structure.

Let U,V be two fixed matrices. The UV displacement rank of a matrix A
is by definition the rank r of V(A) := AU — VA. If r is small compared with
the order of A, then A is said to possess a UV displacement structure.
Assume that U and V admit diagonalizations

U=0Q:D(c)Qr", V =0,D(d)Q;",
D(c) = diag(c))}, D(d) = diag(d,);. Then the following is obvious.

PROPOSITION 21.  If A has UV displacement rank r, then C = Q;'AQ,
has Cauchy rank r.

We present now a survey of the displacement operators corresponding to
the transformations discussed in Sections 2—4. In Section 2 we considered the
complex DFT transformation Z,( ¢). The displacement operator correspond-
ing to this transformation is the &cyclic shift operator

0 3

v =" . ,

for which

F(&E)D(c)F (&) = U(¢£),

where ¢ is the n-tuple of the nth roots of &, and ¢ is chosen in one of the
several ways described in Section 2.
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In Sections 3 and 4 we considered real trigonometric transformations.
The displacement operator U for these transformations has the eigenvectors
which are the columns of the transpose of the matrix of trigonometric
transformations. The corresponding displacement operators are listed below.

All rows with the possible exception of the first and last two are of the
form [0 - 01010 --- O] The entries with differ from the displace-
ment operator for the sine-I transformation are written in boldface:

sin-I cos-I
0 1 0 1
1 0 1 2 0 1
1 01 1 0 2
1 0 1 0
sin-11 cos-11
-1 1 1 1
1 0 1 1 0 1
1 0 1 1 0 1
1 -1 1 1
sin-I1I - _ cos-111
0 1 0 1
1 0 1 2 0 1
2 0 1 1 01
1 0] | 1 0
sin-IV _ ~ cos-1V
-1 1 1 1
1 0 1 1 0 1
1 01 1 0 1
1 1] | 1 -1
Hartley and Real DFT
0 1 1
1 0 1
U= ’

O
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In the last case the transformation is not uniquely determined by the

displacement operator U, since U has double eigenvalues.
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