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Abstract

In this paper, we are going to study some additional relations between the Stirling matrix S, and the Pascal matrix Py. Also the
representation for the matrix 7, and T,,_1 in terms of s, and S, will be considered. Consequently, this will give an answer to an
open problem proposed by EI-Mikkawy [On a connection between the Pascal, Vandermonde and Stirling matrices—II, Appl. Math.
Comput. 146 (2003) 759-769].
© 2007 Published by Elsevier B.V.
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1. Introduction

The lower triangular Pascal matrix P, and the symmetric Pascal matrix Q, which derived naturally from the Pascal
triangle were studied by many authors [1-5] in recent years. The Stirling matrix of the first kind s, and the Stirling
matrix of the second kind S, obtained from the Stirling numbers of the first kind s (i, j) and of the second kind S(i, j),
respectively, are also introduced [6—8]. In [9], the author investigated a connection between the Pascal, Vandermonde
and Stirling matrices, and showed by using MAPLE that a stochastic matrix 7}, links together these matrices. In [10], the
author raised that to generate the elements of the matrix 7;, for any arbitray » using only one or two recurrence relations
is an open question. In this paper, we obtain some relations between the Stirling matrix S, and the Pascal matrix P,
and give a representation for the matrices 7,, and Tn’1 by the using the Stirling matrices S, and s,, the recurrence
relations of the elements of the matrices 7;, and Tn’l are also obtained, hence we answer the open problem proposed
by EI-Mikkawy [10]. As a consequence we obtain some combinatorial identities related to the Stirling numbers.

2. Preliminary results

Let n, k be nonnegative integers and n >k, the Stirling numbers of the first kind s(n, k) and of the second kind
S(n, k) can be defined as the coefficients in the following expansion of a variable x : (x), = Z::O s(n, k)x*, and
x":ZZZO S(n, k)(x), where (x)=x(x—1)(x—2) - - - (x—k+1) forany integer k > 0,and (x)g=1.s(k, k)=S(k, k)=1
for k>0, and s(n, 0) = S(n, 0) =0 for n > 0.
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It is known that the Stirling numbers have the following recurrence relations (see [11]):
sn,ky)=s(n—1,k—1)—(m—1sn —1,k), (D
S, k)=S(n—1,k—1)+kS(n — 1,k). )

The n x n Pascal matrix P, is defined by (see [4,5]) P, = [(;j )]1<‘ ‘< , where (;) =0,ifi < j. Itis known
<i,j<n

that P, = [(—l)i +i ( ;:11 )] R The Stirling matrix of the first kind s,, and the Stirling matrix of the second kind
<ij<n
Sy are defined, respectively, by s, = [s(/, )1 <i,j<n> Sn =[S, DI <i,j<nr Where s(i, j) =0, 8@, j) =0if i <.
For example,

1 0 0 0 1 000
|-t 1 00 o_|1 100
Y12 =3 1 o) 7|1 310

6 11 -6 1 1 7 6 1

It is easy to see that S,s, = I,, S, L=yg,.

Lemma 1 (Cheon and Kim [6]). S, = P,([1]1 ® Sp—1); s, = ([1]1 & sn_l)Pn’l.

Lemma 2 (Cheon and Kim [6]). Define V,, be the n x n Vandermonde matrix by V, (i, j) = jiil, 1<i, j<n. Then
V= S, D, PT, where D, = diag(0!, 11,2, ..., (n — 1)!).

Lemma 3 (EI-Mikkawy [9]). Let Q, = [(ZJ]”_ 712>]1<. '< be the n x n symmetric Pascal matrix, then the matrix
LJjxn

T, links Qnand the Vandermonde matrix V, by Q, = T,,V,,, where T, = P, D;lsn =P, D;l (1] & Sn—l)P,f], and
T, '=8,D,P ' = P,([11® Sy—1) D, P, .

Example 1.
1 000 1 00 0y, /1 000
1 100 1 100)[0 1 00
S =113 1071 210 (0110P4([1]®S3)
1 7 6 1 1 33 1/ \0 3 3 1
1 1 1 1 1 000y ,/1 000\ /1 111
1 2 3 4 1 1 00)fo 10 o0)[0 1 2 3| -
Visly 2 32 42) 1310)0020 0 0 1 3|=%PPs
1 23 33 43 1 7 6 1/ \0 0 0 6 00 0 1
11 1 1 1 00 0,1 00 0
Q_1234_1100 01 0 0
Tl 3 6 10 1 210]loo 1o
1 4 10 20 1331/ N0 00 }
1 0 0 O\ /1 1 1 1
-1 1 0 of)f1r 2 3 4}
12 23 1 o1 22 32 g2 [T D saVa
-6 11 -6 1/ \1 23 33 43

3. The main results

Lemma 4 (Cheon and Kim [7]). V,, = ([1] & Sn,1)DnAnPnT, where A, is the n x n lower triangular matrix whose
(i, j)-entry is (iij> ifi > j and otherwise 0.
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Lemma 5. 4,P;'=(11® P ') =(11& P,_1)"".

Proof. (4, PG, )= An(ii — )P\ G — 1, )+ Ap (G, )P (G j)=1-(—1)i7I~ 1( )+1 (—1)i- ’(}Ill)=
() - (13) =0 (13) =ane pya ). O
Lemma 6. 7,' = (11 ® S,-) D, (11 P,")).

Proof. By Lemmas 3-5, we have 7, "' =V, 0! = (11 ® S,—1) Dp 4, PH(PH ' Py = (11 Sy 1) Dy 4, P =
((11® Si—)Du (11 ® P, ).

Lemma 7. Foreachi,j=1,2,3,...,n, i >j, we have
: k-1
Loy i—k s —
S(u;);!—;(—l) S(z,k>k!(j_1>. (3)
=J

Proof. For a fixed positive integer j, we prove the statement by induction on i. For i = j, the statement holds
since the right hand of (3) equals (—1)/~/S(j, j)j! ( ) = S(Jj, j)j!, it is exactly the left hand of (3). Suppose

it holds for <i, and we want to prove it for i 4+ 1. Using the recurrence relation (2) and the induction hypothesis
we obtain

SG+ 1, j)jt=JjiSG j=1)+jSG. )

i—k -1 i—k —1
T 1yt k)k'( >+—Z< Diksa, k)kv( 1)

=j!

(1—1)',”1 y
=J Z( s, k)k'< ) Z( DS, k)k'< i)
k=j—1 k=j

thatis SG + 1, j)j1 = j ¥4, (—1) XSG, k)k'( )+JZk (=D k)k‘( )
On the other hand,

i+1
Z(-l)"“—"S(z‘ +1, k)k! (k. - 1)
j—1
k=j
i+1 . k—1
=Y (=D ES G k) + SGL k — D)k! ( _ )
k=) J-1
i+1 i+1
=3 xcv s on (4 1)+Z< vt kst (C )
k=j
-1\ k-1
—Z( Dit=ks(, k)k'k( >+Zx( DItk s, k—l)k‘( )
—1 j—1
k=j k=j
__Z( DI7KSG, k)kk (k )+ Z (—1)i’S(i,z)t!(t+1)<ji1>
k=j t—/' 1

. k— —1
=jZ(—1)’_kS(i,k)k!<j ) Z(—l)l ks, k)k'(k—i—])( 1)

k=j
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+ (=) s, J—1)1'+Z( 1), k)k'(k+1)< g 1)

k=j
= Z( DS G, k)k'< _1>+<—1)"—f+15(i,j—1>j!
k=j
i—k R k—1
+Z( DIRS G, kok! (k4 1) a2
k=j
: i—k s k — i—j+1 i—k k=1
=j Z(—l) S(i, kk! i) TED J S(l]—l)j'-i-Z( DK@, kk!j i 2
k=j k=j
. i i—k s k — i—k k—1
=j ) (=DI7rSG, bk! +J Z( DS RS ).
k=j '] k=j—1
i+1
therefore, S(i + 1, j)j!= > x(— DIHkSG + 1, k)k‘(k l) this completes the proof. [
k=j

Using Lemma 7 and considering the matrix equality, we obtain the following results immediately:

Theorem 1. S, =J, S, J, P, ,and S, Pn_1 = Jn Sy Jn, where S, =S, diag(1, 2!, -- -, n!).

Theorem 2. The matrix Tn_l has the following decomposition and properties:

@ T = L (1@ Suei) s
(b) T, ' j)=(=)"TSG =1, j — DG — D
© T, "G, H=IT,"G=1,j—-D =T, =1, HIG = 1.

Proof. (a) Using Lemma 6 and Theorem 1, we have T, ' = ([116 S,—1) D, ([11® P, 1)—([1]695); D[P, l)—
(1@ (Sum1 P ) = 111® (Juo1 Sn1Jn—1) = (11 © Su—1)Jn.

(b) From (a), we have 7, (i, j) = (J, (11 @ Su-1)Ju) (i, j) = (=)' 7SG —1,j — D(j — DL. o

(c) From (b) and recurrence relation (2), we obtain [T, (i — 1, j = ) = T,/ ' — 1, )1 — D) =[(-=1)' /S -2,
J=20 -2 = (—1)'_]_15(? -2,j-DG-DING - D =EDTG =DUSE -2, —2) + SG -2,
J=DG-DIG-D=ED"G-DISG—1,j - D)=T,'G j). O

EI-Mikkawy [10] point out that to generate the elements of the matrix 7, for any arbitray »n using only one or two
recurrence relations is an open question. We are now in a position to give a answer to this problem.

Theorem 3. The matrix T,, has the following decomposition and properties:

@ T =Dy (1] @ sp—1) s

) TG, =) si@—1,j=1)/G =D}

(c) T, is a stochastic matrix;

d TG H=0/G-)Li-1,j-D+06-2)/0 - DTG —-1,)).

Proof. (a) From Theorem 2 (a), Tn_l=Jn([1]@§n71)Jn,henceTn=(Jn([1]69§n71)Jn)_l=(Jn([1]€BSn71)Dan)_1=
Dn_l([l] D sp—1)Jn. Lo
(b) By (a), we have T, (i, j) = (Ju D, (11 @ s,-1) ) (i, j) = (=1)' T — 1, j — 1)/ — DL
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(c) From (b), it is clear that the elements of the matrix 7, are all nonnegatlve Since Zk 1 (= l)ks(z k) =(— 1)’1'
wehaveZ/ 1 TG, j)—Z/ 1 (= Di7s@i—1, j—=D/G—D)=(-1) /(z —1)‘)2/ 1 (= s —1, j—1=
(=D'/G@ - 1Y Z 1 ( DG =1, k) = (=) /(i — DN(=1)'(i — 1)! = 1, therefore, T}, is a stochastic matrix.

(d) From (b) and recurrence relation (1), we have (1/G@ — 1)T,G —1,j — 1)+ (G —2)/G — DT, — 1, j)) =
(/G = =D s =2, =21/ =2+ G = 2D(=D" s =2, j = DI/ =20 =1/i — 1(=D)"/(1/
-2 —2,j—2)— (@@ —2)s(i —2,j — D] = (=i s — L,j—D1/G—D' =T, j). O

Example 2.
1 0 0 0 O 1 0 0 O o\ /1 0 O O O
01 0 0 O 0O —1 0 0 0 0O 1 0 0 O
=10 % L 0o ofl=lo o 1 o ofl0o 0 L 0 o0
o1 1 1o 0 0 0 -1 o0fJ]lOOO L 0
o b AL &) oo o0 o000
1 0 0 0 0y/1L 0 0 0 0
01 0 0 o|lfo -1 0 0 0
x0 -1 1 0 0]]l0 0 1 0 0=JDs"([11Ds4)s.
0 2 -3 1 oflo o 0 -1 0
0 -6 11 -6 1/\0 0 0 0 1
1 0 0 0 0 1 0 0 0 0y /1 0000
01 0 0 0 0 -1 0 0 ofJfo 1000
s'=10 -1 2 0 o]=lo o 1 0o offo 1 100
01 -6 6 0 0 0 0 -1 0fl0o 13 10
0 -1 14 -36 24 00 0 0 1/\0 17 61
1000 0y /1l 0 0 0 0
0100 0|f0 -10 0 0
x[00020 0f[fo o 1 0 0]=JU111®S)DsJs.
0006 0]Jl0o 0 0 -1 0
00002/ \0 0 0 0 1

4. Some combinatorial identities

Applying the two different representations: T[l =S8.D, P, I and T,fl =J,(11 & En_l)ln, the following results
hold:

Jn([11® Su—1)Jn = Sy Du Pt Dy = Ju (111 ® Sn—1)Jn P, 4)
T DN @ sy-1)dn = PuDy sy, Dy lsy =P 0D @ s0-1) s )
0n = DN @ su-1)In Vi, Po=Ju Dy (11 @ 5p—1) Sy Dy (©6)

Considering the matrix equality (4), we have the following identities for the Stirling numbers of the second kind:

; —1
S —1, J—l)(J—l)'—kEI( DEs G, k)(k—l)'( 1) )
S, j)(j— D= E (—DrSG — 1,k - 1)(k—1)'(k_1) ®)
1

k=j
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Using (5) yields the following identities for the Stirling numbers of the first kind:

s 1, — 1 — 1Y s,
(—1)1—1% Z(/lc 1) sk( {;' 2<i and 2<<i — 1,
L — . — — !

.. i . .
: i1\ stk—1,j—1
%=Z(—l)’ f(,’( 1)% 2<i and 2<j<i— 1.
1 — . — — !

k=j

From (6) we obtain the following identities:

(’3”2) — Z( Di~ksi — 1k — 14,

j—1
i1y _G=D Z( DiksG — 1, k — DSk, j).
i-1) " G- 1)' !
In particular for j = 1, 2, the identity (3) gives

D =DESG ok =1,
1

k=

Z (=D *SG, kki(k — 1) =2 — 2.

k=2

In particular for j = 1, 2, the identity (8) gives

Z (=D)*SG -1, k- Dk — 1! =1,

k=1

SIS - Lk = Dk - DIk — D) =271~ 1.

k=2
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