Comm. Korean Math. Soc. 14 (1999), No. 1, pp. 5768

ON ¢-ANALOGUES OF STIRLING SERIES

JIN-Wo00 SoN AND DOUuK SO0 JANG

ABSTRACT. In this short note, we construct another form of Stirling’s
asymptotic series by new form of Carlitz’s g-Bernoulli numbers.

0. Introduction

We use the notation

2] = [;q] =

Note that limg,_,1[z;¢] = z, for any « € C.
Carlitz’s ¢g-Bernoulli numbers f; = (;(q) can be determined induc-
tively by

=1, al@B+1 —p={ T

0= A "Tlo it k>,
with the usual convention of replacing 3* by ;. Let u be a complex
number with |u| > 1, then the Carlitz’s ¢-Euler numbers Hy(u;q) is
defined inductively by

(1) Ho(u;q) =1, (qH +1)* — uHg(u;q) =0

for k > 1, with the usual convention of replacing H* by Hy(u,q). We
remark that Carlitz’s ¢-Euler numbers are reduced to the ordinary Euler
numbers Hy(u) when ¢ = 1.
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Let ¢q,u € C with |¢| < 1, |u| > 1. For s € C, the complex function
l4(s,u) is constructed by

—n
S.

(2) ly(s,u) =

u
]
For any positive integer k, it can be found in [2] that

1 if k=0,
3) @emwz{

- Hi(u,q), if k>1.

In [6], ¢g-Riemann (-function was defined by

2—35 = q" Y
1- .

L R

In this paper, we will give new relations on Carlitz’s ¢g-Bernoulli numbers
and new properties of the function G4(z) in [2].

Cqls) =

1. Relations on Carlitz’s g-Bernoulli numbers

The new form of Carlitz’s ¢g-Bernoulli numbers By = By (u; q) can be
determined inductively by

1, if k=1,

Bo(u;q) =1, u= (gB+1)¥ - By =
() =1, w B 0t -B={ T

with the usual convention of replacing B* by B;. The new form of Carlitz’s
g-Bernoulli numbers are reduced to the ordinary Carlitz’s g-Bernoulli
numbers ((q) when u~! = q. We shall explicitly determine the gener-
ating function F,,.4(t) of By :

Fuq(t) =) Br(usq) 7.
k=0 ’

This is the unique solution of the following (u;q)-difference equation

(4) Fuy(t) = U_letFu;q(qt) +l-ut -t
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Indeed, if the power series Y, akZ—k! satisfies (4), then

> k
_ t _
(5) :uletE qkakﬂ—kl—ul—t
k=0

k
kt

=ulag+1—ut + {u” (qa1+1)—1}t+2“ (ga +1) kD

k=2

where a’ means a;. By comparing the coefficients of both sides of (5), we
see that aj satisfies the recurrence formula of the new form of Carlitz’s
g-Bernoulli numbers.

LEMMA 1. For u,q,t € C with |u| > 1, |q| < 1,
(6) Fuq(t) =Y umelM(1—u™t —¢"t).
n=0

PROOF. It is easy to show that the right side of (6) satisfies (4). O

Note that the series on the right hand side of (6) is uniformly conver-
gent in a wider sense. For £ > 0, we have

By, (u; q)
dk
- ﬁqu(t)

(7)

(1—u~ Zu [n]* — kZu” [n]F1
1 —u Z’U, n]k 1 - q)k Zu_n[n]k —k Zu_n[n]k—l,

since we used the relation %n] = [—TIL] +q—1.
Hence we can define the similar form of g-analogue (-function as fol-
lows:
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DEFINITION 1. For s € C,

(8) Cqlusy s) = ls—_ul Z [::];: +(g—1) Z [::;: + Z 1{7:]:

Note that (;(u;s) is a meromorphic function on C with only one
simple pole at s = 1. The values of (,;(u;s) at non-positive integers are
obtained by the following theorem.

THEOREM 1. For any positive integer k, we have
124, (u;q), if k=1,

_ Bu(a) if k> 1.

Cq(u;l — k)= {

PROOF. It is clear by (7) and (8). O

If u = ¢! then we obtain the following:

COROLLARY 1. For any positive integer k, we have

- k)_{qﬁl(q% if k=1,
! S T PR

2. Results
The Stirling’s asymptotic series

I'(x) 1 2 (—1)kH1 1
log ——= ~ (v — =)logz — 2w+ Y ————Bip1—
o8 V2m (@ 2) T — k(k+1) L gk

is well known. Here, we treat similar form of g-analogue of the above

formula in [2].
We have the function from [2];

(9) Gusg(w) = Y u™"(x + [n]) log(z + [n]),

for v € C with |u| > 1, |¢| < 1. Then G, 4(x) is a locally analytic
function on C.
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LEMMA 2 [2].
(1) For x € C with |z| > m, we have

Guq(T)

2 (—1)k+L 1
10g33+1 +kz_:1 ki +1) Hk+1(“§‘])ﬁ -

(2) Let G'yiq(z) = L Gyyq(). Then

1 (
= — a:log:c+

1—u

GIU;Q('T) = 1— ’U,_l

From the Theorem 1, (3) and (8), for £ > 2 we have

_ Bi(u;9)
k
=(Cq(u; 1 — k)
- =L DTl (=) 3wl 3w

1—u 1 1 . .
— ’ +(1_q) 1_7u_lHk(’U,,Q)+ 1_7u_lHk—1(an)

1 1—¢q
=—| - Hy (u; H ;
</€+1—’U,_1> k(an)+1_ k l(an)
Hence we obtain the following:
LEMMA 3. For integer k > 2, we have
By (u; q) 1 1— 1
— = —| — H H;_ N .
i l<;+1—u k(UQ)+1_ — Hi—1(u;q)

Now we define the function G,(u;z) by
Gy(u;7) =(q2 — = 1)G"usg () + (2 — ¢ = u™ ) Gluyq(2)

l—qu=t 1—-ut

1—u

+ Hy(u;q)-



62 Jin-Woo Son and Douk Soo Jang

Then G,(u;z) is a locally analytic function on C. If u = ¢=' then
G,(q7', ) = G4(x) which is the function G,(z) in [2].

By Lemma 2, we have
(g7 — 2 = )G yiq(z) + (2 —q — U_I)GU;q(iU)

(L= 006 &) = Cro) + (1= Guso) + 1 =60

1 1 1)k +L 1
_—(1—Q)x{1_u—1(10g$+1 ——— = 12 HkUQ)_k}
1 1 o= (=1)k+t 1
—<l_u_1(loga:+1 l—u—1 Hkuq) >
+(1—q){1_ - <:cloga:+ (10ga7+1)

k+1
+Z kl)+ 1)Hk+1(u 1) % : )}
+(1—u—1){1_u_1 <;Ulogx+ui

— (—1)k+! 1
+Z mf[k%—l(lﬁ Q)g;_k)}

logx + 1
pl )

k=1
B 1—g¢q ) 1—gq 1 1
T 1t ng_l—u—lx_l—u_llogx_1—u_1
1-— 1—gq 1—gq 1
1 1
+1 I:UogaH—l_u_lu_qogx+1_u_1u_q
+ xlogx + logz +
J— u_
1—g o (=D 1
T a1 i Hk(U;Q)F
k=1
1 &K (—1)k+t 1
_ Ho(u:a)—
k=1
1—g X (-DH! L (DA
H, 1q)— H,
+1—u—1 s k(k+ 1) k-{—l(an)xk +Zk(k+1) k1 (U5 ) —
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1 1 1—gq 1 1 ) 1—g¢q
=xlogx — - - ogr — x
& l—-u ! 1—-wlu—q wu-—gq & 1—wu-t

_< 1__ 1-¢ 1 1 )_ 1—g¢ 2 (u0)

l—uwt! 1—-wlu—q wu-—q 1—u~
1—q (=)' k 1
“H il
L — k+1 k et q)xk
1 & (—1)k+ 1
7 —uT L Hiy,(u; Q)
1—q (—1)k+1 1 = (—1)kHt 1
H . - 7H . -
T 1 2 k(E+ 1) k+1(an)$k +; K+ 1) k+1(U,Q)$k
1—ut 1—gq 1—ut 1—¢q
=z ——1 — — — Hy (u;
vIoew 1 —qu—1 BT T T 1t l—qu=t 1—wut 1(u30)
1—gq o (=DFH 1
R Hp1(u; Q)x—k
k=1
oo oo
(_1)k;+1 1 k+1 1
Hioor (u: Hi(
+kz::1k(k+1) e+ (u Q) u‘lz wlui0) 5
1—ut 1—g¢q l—u_1 1—gq
— log z — _ _ H
v l—qu—1> O8T T T l—qu=t 1-wut 1(uq)
oo
(-0 1
H .
+ 2 Ry k1 (3 q)
k=1
1 . 1 .
+k—+1Hk+1(Ua Q) — T— Hy(uyq) ¢ —
By Lemma 3, we have
Gq(u; )
1—u?t 1—¢q 2 (—1)kH 1
— (- —" )logz — B “q) =
<$ l—qu_l) 08T l—u_1$+kz_:1k(k‘+l) e (1 q):vk

Hence we obtain the following:
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THEOREM 2. For x € C with |z > gz
Gq(u; z)

1—u?! 1—¢q 2, (—1)kH+t 1
—(z———— Jlogg — — 2~ ~ 7 B - q)—
If u = ¢~!, then we obtain the following:
COROLLARY 1 [2]. For z € C with |z| > =57

1)k+1

1 1
Gy(z) = <$ [2]> logz — :U+Zk_ k_+1)5k+1( q)—%

Now, we give another result.
We define the function G,.,(x) which is the g-analogue of x in (9):

Gusq(@ Zu "([#] + [n]) log([«] + [n]),

for z € C, with |u| > 1, Tq| < 1. Then G, 4(x) is a locally analytic
function on C.
For |[z]| > m, we have

Gusq(7)
= u " ([e] + [n]) log([z] + [n])
=Y u "([z] + [n]) log[z] + Zu "([x] + [n]) log ( + %) + [z] log[z]
= (Z _"> [z] log[x] + (Zu ) log[z]
0 0 JEtL [
+nz::1 ( —kz:](€ k+J; [[L]Z )—k[:v] log[x]
=L logle] + " Ha(usq) ogla] + " H (u;0)
0 (L{)E+L
Y s (i) o + o] ogla],

k=1
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Since Hy(u;q) = u—lq, we have
gwq(x)
[ loga] + ( (1-+logla))
u & s
— Z - Hk+1(u Q)ﬁ
il
u © ¢ 1y\k+1
= {[a:] log[x] + —— (1 + log] ])+Z ]E:(klli)HkH(u,q)
k=1
Let G'u.q(2) Gu;q(2), then we have
G usq(@)
:uﬁl{—lqquogqlog[m]jt(— ’ logq> [x]

= ()

q
E H klog q——
+u—1k < k(k+1) e+t Q)<1 q qu[m]k+1>

U x
=— q log q(log[z] + 1) —

u—11—gq u—11~—=

1 k;+1

— long e 0)

—_ Y : 1 — log q(log[z] + 1)

u —

Therefore we obtain the following:

k+1 1

1
— ong Ui )

65
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PROPOSITION 1.
(1) For z € C with |[z]| > m, we have

Gua(o) = 1= {eltogie] + L (ogla] + 1)
N 1
2 gy e )y ]k}
)
G'uiq(2)

=— a log g 4 (log[x] 4+ 1) i k+1Hkuq)L
l—ull—gq [2]"

Now we rewrite the function G,(u; ) by

T

q_ p logq(2—q— U_l)gwq($)

q* 1—ut 1—gq
— 1 Hiq(u; .
- 0gq<1_qu_1+1_u_1 1(u;q)

Gq(u; ) =(qlz] — [2] = 1)Gusq(x) —

Then G, (u; ) is a locally analytic function on C. By Theorem 2, we have

T

=(ale] =[] = 1)Guig() = 7 loga(2 — 4 = u™")Gusg ()

q” 1—ut 1—g¢q
_ 1 Hi(u:
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Hence we obtain the following:

THEOREM 3. For x € C with |[z]| > m we have

T —1

G, us) = - 1 toga{ (14 1=y ) togla] - 1=l

Note that if w = ¢~ ! and ¢ — 1, then we have

. —1
gl_)ﬂigq(q 7'1')

q—1

~lim { _ lq_mq logq< o] + é) log[z] — [s]

which is the well known Stirling asymptotic series.
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