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We consider Carlitz g-Bernoulli numbers and g-Stirling numbers of the first and the sec-
ond kinds. From the properties of g-Stirling numbers, we derive many interesting formu-
las associated with Carlitz g-Bernoulli numbers. Finally, we will prove ﬂn,q = Dm0 beml/
(1-g)m*s do oty > f;ofdisw(k, m)(=1)""((m +1)/[m +1],), where p,  are called Carlitz g-
Bernoulli numbers.

Copyright © 2008 Taekyun Kim. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q,, C, and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the complex

number field, and the completion of algebraic closure of Q,. For d a fixed positive integer with
(p,d) =1, let

X=Xg=limZ/dpNz, X1 =1,
N
X* = U a+dpZy,, (1.1)
O<a<dp
(ap)=1

a+dpNZ,={xeX|x=a(moddp")},

where a € Z lies in 0 < a < dp", see [1-21]. The p-adic absolute value in C, is normal-
ized so that |p[, = 1/p. When one talks about g-extension, g is variously considered as an
indeterminate, a complex number q € C, or a p-adic number g € C,. If g € C,, then we
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assume [q - 1|, < p /D, so that g = exp(xlogq) for |x|, < 1. We use the notation
[x]q =[x:q] =10-g%/(1-gq).For f € C(l)(Zp) =1{f | f' € C(Zp)}, let us start with the
expressions

> Af) = > fGmg(i+pN2y) (1.2)

[ ] q0<j<pN 0<j<pN

(see [6, 8]), representing g-analogue of Riemann sums for f. The p-adic g-integral of a function
f € CY(Z,) is defined by

p—l

[ reoduyx f £ )dtg(x) = Jim i [PN] 3 (13)
(see [8,22,23]). For f € CW(Z,), itis easy to see that
[ el <pis 14
Zy P

(see [6-14]), where || flli = sup{|f(0)],, sup,., |(f(x) = f(¥)/(x = YIp}. I fu — fin CO(Zp),
namely, || f, — fll1 — 0, then

j fn<x>dﬂq<x>~f £ ) dpg(x) (15)
ZP ZP

(see [6-10]). The g-analogue of binomial coefficient was known as [ﬁ]q = ([x] q[x -1] PR [x
-n+ 1]q)/ [n]q!, where [n]q! =TI, [i]q (see [1, 5, 6,10, 11]). From this definition, we derive

x+1 | x A% | X x
n -1 4 n -1 n-1 " n (1.6)
q q q q q

(cf. [6,10]). Thus, we have jZ [ ] dpug(x) = ((-1)"/[n+1] )qn+1 ( D) f f(x) = Zk>0akq[ ]

is the g-analogue of Mahler series of strictly differentiable functlon f, then we see that

q

J‘f@MijAZa M4ig (1.7)
k . .
Zp a 0 A k + 1
Carlitz g-Bernoulli numbers i 4(= fr(q)) can be determined inductively by
foa=l AP prg=q (18)
=1, + — q = .
v 7 7 o ks,

with the usual convention of replacing ' by f;, (see [2-4]). In this paper, we study the g-
Stirling numbers of the first and the second kinds. From these g-Stirling numbers, we derive
some interesting g-Stirling numbers identities associated with Carlitz g-Bernoulli numbers.
Finally, we will prove the following formula:

2 m+1

_ c Zf;oidi _q\n—m
- o= g=="%s1,4(k, m)(-1) , (1.9)
z:;ﬂ;n 1- ‘1) K e +denk ! [m+1],

where s1 4(k, m) is the g-Stirling number of the first kind.
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2. g-Stirling numbers and Carlitz g-Bernoulli numbers

For m € 7., we note that

boa = | D1y = [ 1yl . @)
7, X
From this formula, we derive
Bra=1,  q@peD-prg=q <" (2.2)
=4 + - aq = .
v 7 “T o ks,

with the usual convention of replacing ' by f3; ;. By the simple calculation of p-adic g-integral
on Z,, we see that

1 L 1+1

where ( :l ) =n!/il(n—i)! =n(n-1)--- (n—i+1)/il. Let F(t) be the generating function of Carlitz
g-Bernoulli numbers. Then we have

o i
t) = Zﬂn,qm
n=0 '

pP-1

= lim g el
T, 2
(2.4)
-3 1 S (" ﬂ(_l)k L
=1-q)" i \k [k + 1]11 n!
LD (D" k+1 £
=a- q)k [k+ 1]q k!
From (2.4) we note that
< (- 1) k ot/ - 1 £k
F(t) = /(-0 4 gt/(-) < ) (1-o) £
kz;(l AN kz{(l q) 1-gk1/ k! 25)

=_tiq2n [nq +(1 q an [n
n=0

Therefore, we obtain the following.

Lemma 2.1. Let F(t) = 3,77, fZ dyq(x)(t"/n') Then one has

F(t) = thZ"e It 4 (1- q)Zq eldt, (2.6)
n=0
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The g-Bernoulli polynomials in the variable x in C, with |x|, <1 are defined by
Puao) = [ Lxe i) = [ [+ 13 o) 27)
p

Thus we have

n B n n— X
[ESTETEEDY <k> SN O e

i k=0 i

1 2.8
=;< > n k kxﬁkq ( )
= [x] )

From (2.7) we derive

2 k
I [x +i’ d/lq(x) ﬁnq ajwz <Z> (_1)qux[k+—+11]q. (2.9)

p k=0

Let F(t, x) be the generating function of g-Bernoulli polynomials. By (2.9) we see that

Ft0) = Ypug0)
n=0 :

Ll (2.10)
= t
= et/(l 9 kx _1 k—+ T
Z(l q) 1) [k+1]qk!
From (2.10) we note that
F(t, x) — _tzq2n+xe[n+x]qt + (1 _ q)zqne[m—x]qt. (2'11)
n=0 n=0
By (2.7) and (2.11) we easily see that
X+i
m]* 1Zq[5kq ( - >=pk,,,(x), meN, k € Z,. (2.12)
If we take x = 0 in (2.12), then we have
< [m K i(k+1) [ sk
mlaPrg = 35 () Brar [y 20"V 11 (213)
k=0 j=0
Let us define new g-Bernoulli polynomials, f3; ,(x), as follows:
F*(t,x) = F(t,x) — (1 - q)zqne[mx]qt
n=0
— _tzq2n+xe[n+x]qt (2'14)
n=0
ﬂnq( %)

=2

n=0
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In the special case x = 0, we can also derive the definition of g-Bernoulli numbers as follows:

* * < * tn
F*(t) = F*(t,0) = mem.
n=0 :

From these generating functions, we note that

0 0 o0 n— = 1
_Zq21+ne[n+l]qt + ZqZIe[l]qt _ Z < Z > )
1=0 1=0 m=1 1=0

Note that - 3% g2 melmllet 4 %0 g2elllet = (1/4) (F*(t, n) — F*(t)). Thus, we have

[e'e] " . tm (oo} m t

m=0

By comparing the coefficients on both sides in (2.17), we see that

1
Bra (1) = By =m > g (117"

Therefore, we obtain the following.

Proposition 2.2. For m,n € N, one has
n-1 . n-1 1 1
(0= 24107 + a7 = — (Brug (1) = Brog)-
1=0 1=0

Now we consider the g-analogue of Jordan factor as follows:

[X]gq = [x]glx = 1], [x -k +1],
_(A-g90-g7h) - 1-g"")
(1-9)"

The g-binomial coefficient is defined by

[n] (g (A-q)(-g)--(1-g")
k], [Kln-kL A-q(-)-(1-4) '

where [n] 4= [n] q [n-1] PR [2] q [1] ¢- The g-binomial formulas are known as

k
(Z)anfkbk’

li[(a +bq") = gj}[:] q

q

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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The g-Stirling numbers of the first kind s; 4(n, k) and the second kind s, ;(7, k) are defined as

[x],,q = q_(;)isl,q(n/l) [x],, n=0,12,..., (2.23)

Zq qun,k) Xy n=0,1,2,... (2.24)

(see [2, 3, 6]). The values s1,4(n,1), n =1,2,3,...,and sy 4(n,2), n = 2,3,..., may be deduced
from the following recurrence relation:

s14(n, k) =s14(n-1,k-1) - [n—- 1]q51,q(11 -1,k) (2.25)

(see [2,3,6]),fork =1,2,...,n,n=1,2,..., with initial conditions s14(0,0) = 1, s14(n, k) = 0 if
k > n. For k =1, it follows that

s14(n,1) = =[n— 1]qsl,q(n -1,1), n=23,..., (2.26)
and since s14(1,1) = 1, we have s14(n,1) = (—1)"_1 [n— 1]q!, n = 1,2,3,.... The recurrence

relation for k = 2 reduces to s14(n,2) + [1n - 1]q51,q(n -1,2) = (-1)"?[n- 2],7!, n=23,4,...By
simple calculation, we easily see that

1)™'s14(n+1,2)  (=1)"s1,4(n,2) s14(n+1,2) = [n],514(n,2)

_ —(_ n+1
[n]q! [n—l]q! 1) [n]q!
_ (_1)n+1% (2.27)
g
= ﬁ, n=273,4
q

Thus we have

(- 1[) s14(n, 2) i 1 (228)
1

This is equivalent to s14(1,2) = (-1)"[n - 1]q!2231/ [k]q. It is easy to see that

Cme (O G T G Lklq
mZ:l( D™iq 2 [mﬂ]q;[k]q (D72 g (2.29)

From this, we derive

k+1 (k+1 1 n B n-1 _ L v+l (k+1)i n-k n-1
S ()£ ()

@ e q(ﬁ)[:] (2.30)
q
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k
Note that 37_, (-1)**! ( ) [ ] = —ZZ;O(—l)kq(Z) [Z]q +1 = 1. Thus, we have
n n-1
n k+1 [k] n-1 k+1 [ X ] n
Dk )2kl ko) 1.4 231
k:1( ) q [ ]q k:l( ) q [k]q [n]q ( )
Continuing this process, we see that
n k+1 [n] n k
(") Lkiq 4

(-DFlg 2 =N (2.32)

2 |,

The p-adic g-gamma function is defined as I', 4(n) = (—1)"]_[19-%(”0):1 [7] 7 Forall x € Zy,
we have 'y ;(x +1) = Ep ;(x)T, 4(x), where

—[x if |x], =1,
Epq(x) = eyl (2.33)
-1 if x|, < 1.
Thus, we easily see that
logTy4(x +1) =log Ep4(x) +log T, 4(x). (2.34)

From the differentiation on both sides in (2.34), we derive

F;g,q(x +1) ~ F;g,q(x) . E;rq(x)

= . 2.35
[pglx+1)  Tpu(x)  Epg(x) (2.35)
Continuing this process, we have
x =1 47\ ] I (1
Tpat) Zq—>—°gq Tpal). (2.36)
e =,/ a Tpq(D)

The classical Euler constant is known as y = I"(1) /T(1). In [15], Kim defined the p-adic g-Euler
constant as

P
=, 2.37
Yp,q rp,q(l) ( )
Therefore, we obtain the following.
Theorem 2.3. For x € Z;,, one has
x-1
BN 1 1)**g kzl)[ k ]q _g-1/T() (2.38)
[k, logg\Tpe(x) 1)’ '
k:l q 084 \1pqlX

From (2.9), (2.21), (2.23), and (2.24), we derive the following theorem.
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Theorem 2.4. For n,k € Z., one has
1 n
Bug = Z (1) Z<q ¥ 251 o (K, 1) B, (2.39)
(1 q) 1=0 qm =0
where s1,4(k, m) is the g-Stirling number of the first kind.

By simple calculation, we easily see that

q" = ([t (q-1) +1)"

- n m m m
mzo<m> (1" =) 1]
= (g~ [k] [t]k

9

pany (2.40)

=

=>-1) [] D siglk,m)[HY

k=0 gm= =0

=3 i(q—l)k M satk,m) )12
m=0 \k=m k q

ntdﬂ (t) = <Z(q 1) [ ] Slq(k/m)>ﬂm,q- (2.41)
m=0

Thus we note

I

From the definition of p-adic g-integral on Z,, we also derive

fz q"dpg(t) = Y’ <:1> (@=1)"Bmg- (2.42)

p m=0

P

By comparing the coefficients on both sides of (2.41) and (2.42), we see that

n m 1 PN
<m> (g-1) _k%(q 1) [k]qsl,q(k,m). (2.43)

Therefore, we obtain the following.

Theorem 2.5. Forn € N, m € Z,, one has

<:1> - Zn:(q— 1)k [Z] s1,9(k, m). (2.44)
k=m q

From Theorem 2.5, we can also derive the following interesting formula for g-Bernoulli
numbers.
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Theorem 2.6. For n € Z,, one has

1 -m+k
Pra= T gy Z<Z<q ) [k]qsl,q(k,nn)( D" o

m=0

From the definition of g-binomial coefficient, we easily derive

8 R AN

By (2.46), we see that

(D" wa-("h
fz [n]qdﬂq( x) = CERIN :

m+1

+1]'

From the definition of g-Stirling number of the first kind, we also note that

[ lugdiato) = !f H Aty (x)
z, nq q q z, n , q

n n

= Z 1q(nr k)ﬁk,q‘

k=0
By using (2.47) and (2.48), we see

n q[ﬂ]q' _ S
R

From (2.24) and (2.48), we derive

_ X o LKl
,Bn,q = q%SZ,q(nl k)(_l) [k T 1]q

Therefore, we obtain the following.

Theorem 2.7. For n € Z.., one has

Prg =Y. 52q(n, k) (-1)F
k=0

where s 4(n, k) is the q-Stirling number of the second kind.

[K,!
[k+11,

It is easy to see that

do+--+dx=n-k

By Theorem 2.4, we have the following.

Theorem 2.8. For n € Z,, one has
k g _
Z Z n+m-k Z qu:Oldxsqu(k’ m) (_1)" "
1120 ke=m (1 = ) o+ +de=n—k
where s1,4(k, m) is the q-Stirling number of the first kind.

m+1

[m+1],

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)
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