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Abstract Here presented is a unified approach to generalized Stirling functions by using
generalized factorial functions, k-Gamma functions, generalized divided difference, and the
unified expression of Stirling numbers defined in [16]. Previous well-known Stirling functions
introduced by Butzer and Hauss [4], Butzer, Kilbas, and Trujilloet [6] and others are included
as particular cases of our generalization. Some basic properties related to our general pattern
such as their recursive relations, generating functions, and asymptotic properties are discussed,
which extend the corresponding results about the Stirling numbers shown in [21] to the defined
Stirling functions.
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1. Introduction

The classical Stirling numbers of the first kind and the second kind, denoted by s(n, k) and

S(n, k), respectively, can be defined via a pair of inverse relations

ZS(n,k)[z]k, (1.1)

[2]n = Z s(n, k)zF, 2"
k=0 k=0
with the convention s(n,0) = S(n,0) = d,0, the Kronecker symbol, where z € C, n € Ny =
N U {0}, and the falling factorial polynomials [z],, = z(z —1)--- (2 — n + 1). |s(n, k)| presents
the number of permutations of n elements with k disjoint cycles while S(n, k) gives the number
of ways to partition n elements into k& nonempty subsets. The simplest way to compute s(n, k)
is finding the coefficients of the expansion of [z],.
Another way of introducing classical Stirling numbers is via their exponential generating
functions oa(1 . B oy .
wzzs(n,m%, %:Zsm,mi—!, (1.2)
n>k n>k
where |z| < 1 and k € Ng. In [23], Jordan said that, “Stirling’s numbers are of the greatest
utility. This however has not been fully recognized.” He also thinks that, “Stirling’s numbers

are as important or even more so than Bernoulli’s numbers.”
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Besides the above two expressions, the Stirling numbers of the second kind has the following
third definition [11,23], which is equivalent to the above two definitions but makes a more

important rule in computation and generalization.

= %ij(—w‘ (’“) (k= )" (1.3)

Expressions (1.1)—(1.3) are starting points in [16] to extend the classical Stirling number pairs
and the Stirling numbers to the our generalized Stirling numbers.

Denote (2)p,a :=2(z4+a) - (z4+ (n—1)a) for n =1,2,..., and ()9, = 1, where (), o is
called the generalized factorial of z with increment a. Thus, (z),,,—1 = [2], is the classical falling
factorial with [z]p = 1, and (z),,0 = 2". More properties of (z),  are shown in [16]. For the
sake of convenience, we give a brief survey in the following.

With a closed observation, Stirling numbers of two kinds defined in (1.1) can be written as
a unified Newton form: .

(Zn—a =D S(nk,a,8)(2)n,—p, (1.4)
k=0
with S(n, k,1,0) = s(n, k), the Stirling numbers of the first kind and S(n, k,0,1) = S(n, k). the
Stirling numbers of the second kind. Inspired by (1.4) and many extensions of classical Stirling
numbers or Stirling number pairs introduced by [3,7-10, 15, 20, 22,27, 28, 30, 32, 33], in particu-
lar, [16,21] define a unified generalized Stirling numbers S(n, k, «, 8, r) as follows.

Definition 1.1 Let n € N and a,0,r € R. A generalized Stirling number denoted by
S(n,k,a, 8,r) is defined by

Yni—a = Z (n,k,a, B,7){(z = r)p,—g- (1.5)

k=0
In particular, if (o, 8,7) = (1,0,0), S(n,k,1,0,0) is reduced to the unified form of Classical
Stirling numbers defined by (1.4).

From [2], each (2),, _o does have exactly one such expansion (1.5) for any given z. Since
deg (z — r)r,_p = k for all k, which generates a graded basis for II C F — F, the linear spaces
of polynomials in one real (when F = R) or complex (when F = C), in the sense that, for each
n, {{z —1)n,—a} is a basis for II,, C II, the subspace of all polynomials of degree < n. In other
words, the column map

W, :FY —T:s— Z S(n, k,a, B,7)(2)k,—3,
k>0
from the space F{ of scalar sequences with finitely many nonzero entries to the space I1 is one-to-
one and onto, hence invertible. In particular, for each n € N, the coefficient ¢(n) in the Newton
form (1.5) for (z),,—o depends linearly on (z), _q, i.e., (2)n,—a — s(n) = (W {2)n —a)(n), the

set of S(n, k,a, 3,r), is a well-defined linear functional on II, and vanishes on I, _1.
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Similarly to (1.1), from Definition 1.1 a Stirling-type pair {S*, S?} = {S*(n, k), S?(n, k)} =
{S(n, k; a, B,7), S(n, k; B,c,—r)} (see also in [21]) can be defined by the inverse relations

(2)n,—a = Z=T)k,—p
(Z)n,—p = 247k —as (1.6)

> S (n, k)
k=0

> 8% (n, k)
k=0

where n € N and the parameter triple (a, 8,7) # (0,0,0) is in R or C?. Hence, we may call S!
and S? an (o, 8,7) and a (3, a, —7)— pair. Obviously,

S(n, k;0,0,1) = (Z)

because 2" = Y./, (7)(z —1)*. In addition, the classical Stirling number pair {s(n, k), S(n, k)}
is the (1,0,0)— pair {S!, S?}, namely,

s(n, k) = S'(n,k;1,0,0), S(n,k) = S*(n,k;1,0,0).

For brevity, we will use S(n, k) to denote S(n, k, a, 3,r) if there is no need to indicate a, 3, and

r explicitly. From (1.5), one may find
S5(0,0) =1, S(n,n)=1, S(1,0) =r, and S(n,0) = (r)n,—qa- (1.7)

Evidently, substituting n = k = 0 into (1.5) yields the first formula of (1.7). Comparing the
coefficients of the highest power terms on the both sides of (1.5), we obtain the second formula of
(1.7). Let n = 1in (1.5) and noting S(1,1) = 1, we have the third formula. Finally, substituting
z = r in (1.5), one can establish the last formula of (1.7). The numbers o(n, k) discussed by
Doubilet et al. in [13] and by Wagner in [34] is k!S(n, k;0,1,0). More special cases of the
generalized Stirling numbers and Stirling-type pairs defined by (1.5) or (1.6) are surveyed in
Table 1 of [16].

The classical falling factorial polynomials [z], = z(z — 1) --- (2 —n + 1) and classical rising
factorial polynomials [z]" = z(z +1)--- (2 +n —1), z € C and n € N, can be unified to the

expression

(Zypa1:=2(z£1)--- (2 £ (n—1)),
using the generalized factorial polynomial expression
(2 i=z(z+k)- - (z+(n=1k)=(¢4+(n—1)k)n—r (€ C,neN). (1.8)
Thus (z)n,1 = [2]" and (2)5,—1 = [2]n. In addition, we immediately have the relationship between
[2]™ and (2)n as
(Z)ne =k [z/k]" (z € C,n e N,k >0). (1.9)
Similarly, we obtain

(Zyn,—k=2(z—k)--- (2= (n—1)k) =k"[2/k], (€ C,n e N,k > 0). (1.10)
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The history as well as some important basic results of the generalized factorials can be found in
Chapter 1T of [23], and an application of the generalized factorials in the Lagrange interpolation
is shown on Page 31 of [14].

It is known that the falling factorial polynomials and rising factorial polynomials can be
presented in terms of Gamma functions: [z], =T'(2+1)/T'(z —n+1) and [2]” = T'(z +n)/T'(z),

and the gamma function I'(z) can be defined in terms of factorial functions by (see, for example,

[25])

nln?~1

I'(z) = lim

ntoo [

(2€C—kZ_). (1.11)

As an analogy, the k-gamma function I'y, a one parameter deformation of the classical gamma

function, is defined by (see, for example [12])

k™ (nk) s 1
Tn(z) = lim % (k>0,2€C—kZ_). (1.12)
n—oo Z)n.k
[z]™ and (2}, (k > 0) are also called the Pochhammer symbol and k-Pochhammer symbol,
respectively. Even the parameter k is replaced by other parameters, we still call the corresponding
Pochhammer symbol the k-Pochhammer.

For k > 0, from (1.9), (1.11) and (1.12) (see also [24]) we have
Th(z) = k<z/’€>*1r(%). (1.13)

Since [z]" =T'(z+n)/T'(2), [4] extends the classical raising and falling factorial polynomials
to generalized raising and falling functions associated with real number v by setting
I(z+7) I'(z+1)
= DD gy o _TERD
I'(z) Iz—v+1)
respectively. We now extend (z),, , defined by (1.8) to a generalized form associated with v € C

(1.14)

using the relationship (1.9), namely,
(2)y ks = K7[2/k]Y, (2)y,—k =KV [2/K]y (2,7 € C,k > 0), (1.15)

which are called the generalized raising and falling factorial functions associated with complex

number ~, respectively. Using (1.13)—(1.15), we establish the following result.

Theorem 1.2 Ifk > 0 and (z), i is defined by (1.15), then

Tr(z+vk) Th(z + k)
TG T : 1.16
(2)7.k Ty () (2)y,—k To(z — (7 = DF) (1.16)
Proof For k>0 -
z stk g,
PRSI £ W el E21]
1 k (%) kiIT(2)
which implies (1.16) because of (1.13). Similarly, for k& > 0,
Z z4+k 4 5
(2)y,—k = k’y[f]’y ol FZ(E +1) _ ZJZ 3 F(E +1)
k T(Z—7+1) kTG -_~11)

. I‘k(z—i—k)
TG -DR
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There hold the following recurrence relations of the generalized raising and falling factorial

functions.
Proposition 1.3 Ifk > 0 and (z),,; is defined by (1.15), then there hold

)k = 4+ (v = DR) 21k, 2y = (2 = (v = DF){(2)y-1.—- (1.17)
Proof It is easy to show that I'y(z + k) = 2T'k(2) from (1.13), which is an extension of the
classical formula I'(z 4+ 1) = 2I'(z). More precisely,
z+k
k

Ti(z + k) = K(GHR/RH-1p 2T Ty kz/kr(% +1)

- kz/k%r(f) - zk<z/k>*1r(%) = 2T3(2).
Hence, from Theorem 1.2 we have

. Fk(z + ")/k)

B Tr(z+ (v — Dk)
(w=—p =+ -1k i

= (4 (v = DE)(2)y—1k-

I‘k(z)
Similarly, we have
_ Du(z+k) Ti(z + k)
R N P o 5 B L) Py o § 3 o oy s 7%
S I 1 1) R Oy VRV VS S

Li(z = (v = 2)k)
which completes the proof. [J

In next section, we use the k-Pochhammer symbol and k-Gamma functions to extend the
generalized Stirling numbers of integer orders to the complex number orders, which are called
the generalized Stirling functions. The convergence and the recurrence relation of the general-
ized Stirling functions as well as their generating functions will also be presented. Finally, in
Section 3 we will give more properties of generalized Stirling numbers and functions using the
generating functions of generalized Stirling function sequences shown in Section 2, which include

the asymptotic expansions of generalized Stirling functions.

2. Generalized Stirling functions

In [16], the author gives an equivalent form of the generalized Stirling numbers S(n, k)
defined by (1.5) by using the generalized difference operator in terms of 8 (8 # 0) defined by

AbF = As(ASTUF) (k22) and Apf(t) := f(t + ) — F(0). (2.1)

It can be seen that A§<z>j7,5|z:0 = B%k!0, ;, where 8 ; is the Kronecker delta symbol; i.e.,
0k, = 1 when k = j and 0 otherwise. Evidently, from (1.10) there holds

AK(2);—slem0 = Aéﬁj%mzzo = FAMt]]emo = BRI . (2.2)

Denote the divided difference of f(¢t) at ¢t + 1, ¢ = 0,1,...,k, by f[t,t +1,...,t + k], or
[t,t+1,...,t+ k|f(t). Using the well-known forward difference formula, it is easy to check that

%Akf(t):f[t,t+1,...,t+k]:[t,t+1,...,t+k]f(t)
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and
1

Bk k!
[16] gives the following definition of the generalized divided differences.

ALF(t) = flt,t+ Bt +28,... t+ kB =[t,t+B,... .t + kBIf(t).

Definition 2.1 We define ég f(t) by

—B HEDFf(t) if3=0
where Agf(t) is shown in (2.1), flt,t +5,...,t + kB =[t,t + B,...,t + kB|f is the kth divided
difference of f in terms of {t,t + 3,...,t + kB}, and D¥ f(t) is the kth derivative of f(t).

From the well-known formula

®

(2.3)

Dk
Fltt+B,t+28,...t+kB] = %
where ¢ is between t and ¢ + kg3, it is clear that
1
k o &
DRf(®) = lim 5 Asf(2), (2.4)

which shows the generalized divided difference is well defined.
[16] gives a unified expression of the generalized Stirling numbers in terms of the the gener-

alized divided differences.

Theorem 2.2 ([16]) Let n,k € Ny and the parameter triple (c, 3,7) # (0,0,0) be in R® or C3.
For the generalized Stirling numbers defined by (1.5), there holds

S(?’L, kv Q, 67 T) = ég <Z>’n«7*0¢|Z:T

T -aler = [+ B+ KOs i £ 0
= (2.5)
EDIC<Z>7L,—O¢|Z:T7 Ifﬁ =0.

In particular, for the generalized Stirling number pair defined by (1.6), we have the expressions

Sl(nvk) = Sl(na kvavﬁv T) = ég<z>n7*0¢|Z:T

1 .

WAZ<Z>%—O¢|Z:T =[rr+06,....,r+kB{2)n—a, ifB#0;

= (2.6)
EDk<Z>n,—a|z:ra if =0.

S2(”7 k) = Sz(na kv 67 «, _T) = é2<z>n,*ﬁ|z:77"

ﬁA’;(@n’_ﬂz:_T =[-r—r4+a...,—r+kaj(z)n_p, ifa#0;

= o (2.7)
EDk<Z>n,—ﬁ|z:—r= ifa=0.

Furthermore, if (v, 8,7) = (1,0,0), then (2.5) is reduced to the classical Stirling numbers of the
first kind defined by (1.1) with the expression

1
S(nvk) = S(nvka 17050) = EDk[Z]n|z:O-
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If (o, B,7) = (0,1,0), then (2.5) is reduced to the classical Stirling numbers of the second kind

shown in (1.3) with the following divided difference expression form:
S(n, k) = S(n, k,0,1,0) = [0,1,2, ..., k]z"|.—o. (2.8)

The following corollary is obvious due to the expansion formula of the divided differences

generated from their definition.

Corollary 2.3 ([16]) Let n,k € Ny and the parameter triple (o, 3,7) # (0,0,0) be in R? or C3.
If B # 0, for the generalized Stirling numbers defined by (1.5), there holds

S(0.k) = Sk ) = 2 S (M) 0k k= aa w20, (29)
2

and S(0,k) = dox.

[16] gives four algorithms for calculating the Stirling numbers and their generalizations based
on their unified expression, which include two comprehensive algorithms using the characteriza-
tion of Riordan arrays shown in [17] and [18].

We now extend the Stirling numbers S(n, k)) expressed by (2.5) to a wider generation form
using the idea of [6]. First, in order to cover as large a function class as possible, we recall the
generalized fractional difference operator AZ’E with an exponential factor, which is introduced in
[6]. More precisely, for n € C, 8 € Ry, € > 0, the generalized fractional difference operator AZ’E
is defined for “sufficient good” functions f by

8316 = S0 (1) e - 0)9) (=€), (2.10)
j=0
where (?) are the general binomial coefficients given by
J J! J! ’

with [B]o = 1. Noting the generalized Stirling numbers S(n, k) can be represented by (2.6), or
equivalently,

L
S(TL, k) = W ;ll)l}, AZ<Z>n,7on

which has an extension shown in (2.9), we now extend (2.9) to a more generalized form shown

in the following definition.

Definition 2.4 The generalized Stirling functions S(v,n, «, 8, r;€) for any complex numbers ~y

and n are given by

S(%U;G) = S(’%naaaﬁaT;e) = m zhi)ri Ag7€(<z>%—o¢) (6 > 0)7 (212)

provided the limit exists; or equivalently, by
S(v.me) = S(v,m a, B,r3€)

= m > (=1 (Z) e+ (= §)B)y—a (v #0), (2.13)
>0
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provided the series converges absolutely; and
(e~ 1)

S T

(2.14)

From (2.13), we immediately have
S(7,0;€) = (r)y,—a (v #0). (2.15)
Now, an explicit expression of S(v,;¢) can be given by the following result.

Theorem 2.5 If v € C and either of the conditionsn € C (n ¢ Z), e >0, orn € C (n ¢ Z,
Re(n) > Re(v)), € = 0 hold, then the generalized Stirling functions S(vy,n;€) can be represented
in the form (2.13) and S(0,n;€) = 6, 0. In particular, if y =n € No, n =k € N, and € > 0, then

the corresponding generalized Stirling functions S(n, k; €) has the representation (2.13).

Proof First, from equation (1.51) in [31] we have the estimation

n A
)] = s @10

for any n € C, n # —1,—2,..., and sufficiently large j € N, where A > 0 is a constant. If
n = —m, m € N, then from (2.11), (777) = [n];/4!, and equation (1.66) in [31] we have

<n> _ml _ Em)Em 1) (m -+ 1)

i =

J! J!
_ D m+j-D(m+j—2)--(m+1)m
= i
_ (=1YT(m+j) (=1
S m=-DITG+1)  (m—1)ljt-m
as j — oo, which implies (2.16) for 5 = —m, m € N. Secondly, from the second formula of (1.16)

and expression (1.13), we obtain
: Lo(r+ =48+
T+ n—1> 6 —a — A
=8 La(r+(n=5)8-0—-1a)
a((TJr(nfj)ﬁJra)/a)*lp(T+(n7aj)ﬁ+a)

[ ey
. Y a
l(r+(n=9)8=(y=1)h)/W)=1p(B=i=(=Day “ r(cto=D8=(r=lay

[e3%

From [5] or [31], we obtain

[(r+ (1 = §)B)ry,—al < BjR

with a certain constant B. Thus,

(1P () e Dl + (= B -a| < O
j e = U TR

where C' = ABeRe¢(®)¢. Hence, the series on the right-hand side of (2.13) is absolutely convergent
if either € > 0 or € = 0 with Re(8) > Re(v). Similarly, when n € Ng, n = k € N, and ¢ > 0,
the corresponding generalized Stirling functions S(n, k;€) has the representation (2.13), which

completes the proof of the theorem. [J
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We now present the recurrence relation of the generalized Stirling functions defined by (2.13)
by using the recurrence relations of the generalized raising and falling factorial functions shown

in Proposition 1.3.

Theorem 2.6 There hold the following three results.
(a) Forye C,n e C(n¢Z),and e > 0, the generalized Stirling functions S(v, n; €) defined
by (2.13) satisty

Styyme) = (r+nb = (y=1)a)S(y = Linje) + S(v = L,n = Lie). (2.17)

(b) Let v € C,ne C (n¢Z), and Re(n) > Re(y)). The generalized Stirling functions
S(v:m) = S(v,m;0) satisty

Sty,m) = +n8—(y-1D)S(y—=1,n)+Sr-1,n-1). (2.18)

(c) Forvy e C, k€N, and € > 0, the generalized Stirling functions S(, k; €; h) defined by
(2.13) satisty

S(v,k;e)=(r+kB—(v—1)a)S(y—1,k;e)+ S(y— 1,k — 1;¢). (2.19)
In particular,
S(’%k): ('f"i‘kﬁ_(7_1)04)5(7_17]{:)4_5(7_17k_1)

Proof In accordance with Theorem 2.5, all terms on both sides of equations (2.17)—(2.19) are
well defined for the given ranges of parameters 7, 1, n, and e. From (2.13), we can write the
right-hand side of (2.17) as

(r+n8—(v—1a)S(y—=1,m¢) +S(y = 1,1 = 1;¢)

_7'+776_(7_1)O( Y n e(ﬁ_j)f,r. .
COYCES)) J;( 1) (j> (r+=5)8)-1,-at

! i (MY e1-derg
ﬁn—ll"(n) Z( 1)( ] > <6 1 .]>'yfl,fa

Jj=20

T+776_(7_1)05677€

<T + 776>'Y*1,7o¢+

BT (n + 1)
= T ey SV s -0 () -

j=1

0 (;7 _ D] T+ (0= )B)r-1,a
- e (r __t —1)7 | (r —(v=1a)") -
— T+ 10+ s S (408 = (- D) ()

Jj=1
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Jﬁ(?] D 1 (5= )}y,

T BT +1)
1

BT (n +1)

"+ 10B)y,—at

S+ (- )8 — (7 — 1)) (;7) D 4 (1= §)B)s-1a

Jj=1
1 . L ,
= ) SV () -9

which is the right-hand side of (2.17). In the last step, we used the second recurrence formula of
(1.17) in Proposition 1.3. (2.18) and (2.19) can be proved similarly. [J

Clearly, Theorem 6 in [6] is a special case of Theorem 2.6 for «, 3 = 0. And Theorem 3,
Corollaries 3.1 and 3.2 in [6] are special cases of Theorem 2.6 for a,, 5 =0 and v =n € N.

Now we construct the exponential generating function for the generalized Stirling functions
S(n,m;e).

Theorem 2.7 Let z € C,n € C, and € > 0. The generating function for the generalized Stirling
functions S(v,n;€) defined by (2.13) with v = n and af8 # 0 is

1 e (14 az)?/« —
(1 +ax)E =3 S(n,ne) = 2.20
e R > st (2:20)
forn & Z and € > 0, and
r/a (1+o‘2ﬁ/a_
(1 +az 2)r/e(E 3 ZSnke (2.21)
n>0

forn=k € Ny and ¢ > 0.
Proof Denote the generating function for the generalized Stirling functions S(7v,7; €) defined by
(2.13) with a8 # 0 by
Zn
=Y Smme—. (2.22)

n>0

It can be seen that for n # 0, z,)(z) satisfies the differential equation

(14 02) <20 (2) = (4 B2 (2) = 201 () (2.23)
with initial condition
2(0) = (0, 6) = =" (2.24)
! 7 BT(n+ 1)’
and
z0(2) = (1 + az)™/?. (2.25)

Evidently, using (2.17) one may write the left-hand side of (2.22) as

(1+ az)%xn(z) —(r+nB)z,(2)
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S+ uB)S ()

z
(n—1)! =

=(1+az))_ S(n,mne)

n>1

=> %T(S(n-i-l,me) ~ (r+mB —na)S(n,n;c))
n>0

= Z S(n,n — 1;6)2—7; = zy-1(2).

n>0

nl

Substituting z = 0 into (2.22) yields
y(0) = S(0,m; ),

which implies (2.24) by making use of (2.14). Finally, from (2.15) and (1.5) there holds

n

ro(z) = 3 8(m,0:0 7 = Sy
n>0 n=>0
- w1 2" r/a (az)"
“2e Hnm‘go(n) nl

which implies (2.25).
Denote the left-hand side of Equation (2.20) by y,(z). It can be checked that y,(2) is also
the solution of initial-value problem (2.23) and (2.24) that satisfies (2.25). Indeed,

(1 4+ 02)T-vn(2) — (r + 1)y (2)

= —Fl(: I azyfa-i(CLE a;)m 1)t et (1 + gyt /o
e (14 az)?/* -1 -1y r+np (1+ az)’”/o‘(eé(l +az)Ple—1 "
8 I(n+1) B
~ e (R e
It is easy to see that
() = (102" and (o) = ST D

Since the solution of the initial-value problem (2.23)-(2.25) is unique, we have y,(z) = z,(2).
Thus, from the definition (2.22), we obtain (2.20). A similar argument can be used to prove
(2.21). O

Remark 3.1 The condition a8 # 0 is not necessary for the left-hand side of (2.20). In fact,
taking r = 0, 8 = 1, and letting o — 07, we see that (2.20) yields the generating function for
the generalized Stirling functions of the second kind:

ﬁ(em — 1)1 = gsm,n,o, 106,
which was studied in Theorem 4 of [6], and it can be considered as a particular case of our
Theorem 2.7.
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Similarly, taking e¢,7 = 0, & = 1 and letting 3 — 07 yields the generating function of the
generalized Stirling functions of the first kind:

(In(1+2))" =Y S(n,n, 1,0, 0)2—7;.

F(77+ 1) n>0

3. More properties of the generalized Stirling functions

Let us consider the set of formal power series (f.p.s.) F = R][t; {cx}]] or C[[t; {c}]] (where
¢ = (co,c1,co,...) satisfies cg = 1, ¢ > 0 for all &k = 1,2,...); the order of f(t) € F, f(t) =
Z,;“;O ft* /ck, is the minimal number » € N such that f,. # 0; F, is the set of formal power series
of order r. It is known that Fy is the set of invertible f.p.s. and F; is the set of compositionally
invertible f.p.s., that is, the f.p.s.’s f(t) for which the compositional inverse f(t) exists such that
f(f®) = f(f(t)) = t. We call the element g € F with the form g(z) = > k>0 % a generalized
power series (GPS) associated with {c,} or, simply, a (¢)-GPS, and F the GPS set associated
with {¢,}. In particular, when ¢ = (1,1,...), the corresponding F and F, denote the classical
formal power series and the classical formal power series of order r, respectively.

We now develop a kind of asymptotic expansions for the generalized Stirling functions
S(n,p,r;e) = S(n,pu,a, B,r;¢) and S(n, p, pur;e) = S(n, p, a, B, ur; €) and generalized Stirling
numbers S(n + u, p,7) = S(n+ p, p, o, B,7) and S(n + p, p, pr) = S(n+ p, p, o, B, pr) for large
1 and n with the condition n = O(ul/ 2) (4 — o0). The asymptotic expansions of Hsu and Shiue
Stirling numbers in [21] and Tsylova Stirling numbers in [33], involving a generalization of Moser
and Wyman’s result [26], are included as particular cases.

The major tool of construction of the asymptotic expansion is the known result about
the asymptotic formula for the coefficients of power-type generating functions involving large
parameters shown in [19]. Let o(n) be the set of partition of n (n € N), which can be represented
by 1F12F2 ...pkn with 1k 4 2ky + - - -nk, = n, ki >0 (j=1,2,...,n), and with k = k1 + k2 +
-+ -+ k,, expressing the number of the parts of the partition. For given k (1 < k < n), we denote
by o(n, k) the subset of o(n) consisting of partitions of n having k parts.

Let ¢(2) = > ,>0anz™ be a formal power series over the complex field C in Fp, with

ap = g(0) = 1. For every j (0 < j < n) define

k1 ko k
N al a2 ...ann
Weng)= Y A 6.)

o(n,n—j)
where the summation is taken over all such partition 1¥12%2 ... nF» of n that have n — j parts.
We have the following known result (see for instance [19]): For a fixed m € N and for large
p and n such that n = 0(u1/2) (1 — o0), we have the asymptotic expansion
m

e = Y e o

[1]n =0 p—n+jl; [ —mn+mlm

o( ), (3.2)

where W(n,j) are given by (3.1). (3.2) is used to derive the Hsu-Shiue Stirling numbers

in [21]. We now generalize (3.2) and the corresponding argument to give asymptotic expan-
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sion formulas of generalized Stirling functions S(n,u,r;€) = S(n, u, a, B, r;€), S(n, p, ur;e) =

S(n, py o, B, prse), S(n+ p, p, 1) = S+ p, py o, B,7) and S(n+ p, p, pr) = S(n+ p, p, o, B, pir)
for large p1 and n with the condition n = 0(p'/?) as p — oo.

Let g(z) = > ,0@n2" be a formal power series over the complex field C in Fy, with

—ao E —Z
ao

n>0

ap = g(0) # 0. We may write

For a fixed m € N and for large p and n such that n = o(u'/?) (4 — o). From formulas

(3.1) and (3.2) we have the asymptotic expansion

m

L ey =S e VD) Wm) (3.3)

[M]" j= oag " J[ _n+j]j agn_“[u—n—i—m]m

where W (n, j) are given by (3.1).
In particular, when n is fixed, the remainder estimate becomes O(u=™"1).
To apply (3.2) to the generalized Stirling numbers S(v,n;€) defined by (2.13) with v = n,

n=p and af # 0, let us use (2.21) to take

[ _
9(z) = (1 + az)"/*< (1 +az)" —Z S, 1 ) (3.4)
6 n>0

when € # 0, and

1—1—0425/0‘ n+11
0(2) = (1 4 az)rfedFa)0 -1 o 3.5
9(2) = (1 +a2) n§>oj T (35)

when e = 0, so that g(0) = (e —1)/8 (e # 0) and g(0) = 1 (¢ = 0) not being zero in both
cases, where S(n,1;¢) = S(n,1,,8,r;¢) and S(n+1,1) = S(n+1,1,a,8,7), g(0) = (e —1)/8.
Consequently, from (2.21) we have

e az)B/a —
()" = (1 + azypr/a( 0 Ha2)

B

|Z TL ) Uy & ﬂ ) E) P (36)

n>0
for € # 0, and

Joo _
G = (4 azyprr O,
n+u sy Bypr)

'7;) CEWL z (3.7)

for ¢ = 0. Therefore, making use of (3.3) yields
S(n, p, o, B, prs €)
[1]n[n]
ﬁ n— e —1 W(TL,]) 6 n— W(nvm)
_(66—1) MZ( 6 ) [U_n+j] 0((66—1) H[‘LL—TL—Fm] ) (38)
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for € # 0, and

S+, pya, Bopur) = W(n W(n,m)

}: —~ + o(—— ) (3.9)
[1)nln + p]y = n+] [ —n+mlm

for ¢ = 0, where n = o(u'/?) as p — oo and W(n,j) (j = 0,1,2,...) are given by (3.1) with a;

being determined by (3.4); namely, for € # 0, ag = (e — 1)/0 and

o = lg() = L1, (3.10)
while for e =0, ag = 1 and ( )
e - SU AL

The coefficients defined by (3.10) and (3.11) can be evaluated by using the Vandermonde-Chu
formula (see P. 8 in [29] by Riordan and PP. 51, 61, 64, and 227 in [1] by Andrews) as follows.
From (3.4), for j =1,2,..., we have

o) = 0+ a2 | S+ S50 () 0t

) S ()

Similarly, we obtain

Mgy = - _ .
[27]g(2) = m [(r+B8)j+1,—a = (T)j+1,-a]

for 7 =0,1,2,.... Hence, we may survey the above into the following theorem.

Theorem 3.1 For ¢ # 0, there holds the asymptotic expansion (3.8) of S(n,u,ur;e) =
S(n,p, a, B, pr;€) for n with n = o(u'/?) (u — 00), where W(n, ) is defined by (3.1) with
ap = (e = 1)/ and

1 .

|6[<T+6>J —a+ (e =2)(r)j—a] (1=12,...).

For ¢ = 0, there holds the asymptotic expansion (3.9) of S(n + p, p, ur) = S(n + p, p, v, 8, pur)
for n with n = o(u'/?) (u — o0), where W (n, j) is defined by (3.1) with

aj =

%=G¢%muwumﬂrwwmﬁhu (=0.1..).

Since the formulas (3.8) and (3.9) with W(n, j) and a; presented in (3.1) and Theorem 3.1,

respectively, are algebraic analytic identities, we may replace r by r/u in the formulas and obtain



A wunified approach to generalized Stirling functions 645

the following corollary.

Corollary 3.2 For e # 0, by replacing the quantity r by r/u, the asymptotic expansion (3.8) is
also applicable to S(n, u,r;€) = S(n, i, o, B, 75 €) forn withn = o(u'/?) (u — o), where W (n, 5)
is defined by (3.1) with ag = (e — 1)/ and
o 1

a; = il
For € = 0, by replacing the quantity r by r/u, the asymptotic expansion (3.9) is also applicable
to S(n+ p, p,7) = S(n+ u, p, o, B, 1) for n with n = o(u'/?) ( — oc), where W (n, j) is defined
by (3.1) with

[<£ +B)j—a + (e — 2><§>J~,w1 G=12...).

1 r .
a; = m[<; +B8)jt1,—a — <;>j+l,—a] (1=0,1,...).

<
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