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1 Introduction
As is well known, the Bernoulli polynomials of order a are defined by the generating func-
tion to be

( d 1)1”:23?(@; (see [1-10)), (L1)

ef - n=0
and the Narumi polynomials are also given by
log(1 +£)\* > N
(&) Qo= N i (see [11, 12)). (1.2)
t o n!

In the special case, x = 0, N,i“)(O) = N,i“) are called the Narurni numbers.
Throughout this paper, we assume that A € C with A # 1. Frobenius-Euler polynomials
of order a are defined by the generating function to be

(::_i) e’ = ;Hﬁ“)(xlk);—y; (see [10-21]). (1.3)

The Stirling number of the second kind is also defined by the generating function to be
t n_ v _
(¢ -1)"=n! kZ Sy (k, 1) 0 (see [9-12]), (1.4)
and the Stirling number of the first kind is given by

*)p=xx-1)---(x—n+1)= Z Si(m, Dxl (see [9, 11-13]). (1.5)
1=0

© 2013 Kim et al,; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2013/1/118
mailto:tkkim@kw.ac.kr
http://creativecommons.org/licenses/by/2.0

Kim et al. Advances in Difference Equations 2013, 2013:118 Page 2 of 10
http://www.advancesindifferenceequations.com/content/2013/1/118

Let

]-':!f(t)zz%tk’ake(ij}. (1.6)

k=0

Let P be the algebra of polynomials in the variable x over C and P be the vector space
of all linear functionals on IP. The action of the linear functional L on a polynomial p(x)
is denoted by (L|p(x)). We recall that the vector space structures on P* are defined by
(L + M|p(x)) = (L|p(x)) + (M|p(x)), (cL|p(x)) = c{L|p(x)), where c is a complex constant
(see [11, 12]).

For () = Y 2 ak% € F, we define a linear functional f(¢) on P by setting

fOl")=a, (n=0). (1.7)
By (1.6) and (1.7), we get

Kl = nlS, i (m,k > 0), (1.8)

(

where §,,x is the Kronecker symbol (see [9-13]).

Suppose that f7(£) = Y rop (L}jk> t*. Then we have (f;(£)|x") = (L|x") and f;(¢) = L. Thus,

we note that the map L > f;(¢) is a vector space isomorphism from P* onto F. Henceforth,

F will be thought of as both a formal power series and a linear functional. We shall call 7
the umbral algebra. The umbral calculus is the study of umbral algebra (see [9-13]).

The order o(f(¢)) of the non-zero power series f(¢) is the smallest integer k for which
the coefficient of t* does not vanish. If o(f(¢)) = 1, then f(¢) is called a delta series. If
o(f(t)) = 0, then f(¢t) is called an invertible series. Let o(f(£)) = 1 and o(g(¢)) = 0. Then
there exists a unique sequence S,(x) of polynomials such that (g(t)f(£)¥|S,(x)) = n!8,x
(n,k > 0). The sequence S,(x) is called Sheffer sequence for (g(t),f(t)), which is denoted
by S, (x) ~ (g(¢),f(2)). By (1.8), we easily get that (¢”*|p(x)) = p(y). For f(t) € F and p(x) € P,

we have
00 k 00 ik
f6=3 W'Z!x o pw =Y “'ﬁ’(’ﬂx& (1.9)
k=0 ’ k=0 ’
and
h@) Sl = Y (il " ; )(]‘[(ﬁ(t)w’/)), (1.10)
ipotim=n N T\ =1

where fi(t),£2(t),....fm(t) € F (see [9-12]). For f(¢),g(t) € F and p(x) € P, by (1.9), we get
PP0) = (tIp®),  (1pP ) =p®(0). (111)
Thus, by (1.11), we have

k
Fpx) = p®(x) = dde(kx) (k > 0) (see [10-13]). 1.12)
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Let S,(x) ~ (g(¢),f(¢)). Then we have

[ee]

—— > Sk/(‘y) t*, forallyeC, (113)
g(f(t)) k=0 <

wheref(t) is the compositional inverse of f(t) (see [11, 12]). By (1.2) and (1.13), we see that
N () ~ ()%, ¢t - ).
For a # 0, the Poisson-Charlier sequences are given by
Culx;a) = Z (:) (-1 Fa (@) ~ (e“(et‘l),a(et -1)). (1.14)

k=0

In particular, n € Z, = NU {0}, we have

00 I n
lZ C,,(l;a)% - e‘(%) (see [11, 12]). (115)
=0

The Frobenius-type Eulerian polynomials of order a are given by

1-2 \“ it
(W) e"f:ZAgj’)(xM) (see [11, 19]). (1.16)
n=0

From (1.13) and (1.16), we note that

22 _ 3\ 4
AD (x3) ~ — ) ,t).
e~ ((57) )

Let us assume that p,(x) ~ (1,£(£)), g.(x) ~ (1,g(¢)). Then we have

fON\" 4
qnx) =x[—= ) x " p.(x) (see[11,12]). (1.17)
&(t)
Equation (1.17) is important in deriving our results in this paper. The purpose of this pa-
per is to investigate some properties of Sheffer sequences of several polynomials arising
from umbral calculus. From our investigation, we can derive many interesting identities

of several polynomials.

2 Sheffer sequences of polynomials
Let us assume that S, (x) ~ (g(¢),f(¢)). Then, by the definition of Sheffer sequence, we see

that g(£)S,(x) ~ (1,£(¢)). If g(¢) is an invertible series, then ﬁ is also an invertible series.

Let us consider the following Sheffer sequences:
M, (x) ~ (Lf()), X"~ (1,8). (2.1)

From (1.17) and (2.1), we note that

— L ! -1, _ L " n-1
M,(x)=x (t)) XX —x(/(t)) X" (2.2)
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For g(t)S,(x) ~ (1,f(¢)), by (2.2), we get

2(O)S(x) = x(/%)x_l (2.3)

Therefore, by (2.3), we obtain the following theorem.

Theorem 2.1 For S, (x) ~ (g(¢),f(¢)) and n > 1, we have

_L L 8 n-1
$il®) _g(t)x</(t)) *

For example, let S,(x) = D,,(x) ~ (et " et+1
(see [1, 8, 9]). Then, by Theorem 2.1, we get

et — A t \" et — A " (n
Dn — t 1” n-1 _ B(n) /
) <1—A)x(3t—1> (4 1) (1—)»)96,0 <l> @+

1), where D, (x) is the nth Daehee polynomial

1 & /n
=T 2 (1){(x+1)B |G+ 1+1) — AxBY 1(x+l)}

Let us take S, (x) ~

elt‘/\k )%, - 7t 1) (b #0). Then, by Theorem 2.1, we get

1-2\% /et —1\"
Sn — n-1
w=(=3) () »

>

>

n-1
1-2\" npkn kel
<et— ) xZ k+n)‘52(k+n,n)x (m—=1)x
n-1 (n—
(

>
—

k=0

—

(kfn) Sy(k +m, b H' (x| ). (2.4)
k=0 n

Therefore, by (2.4), we obtain the following theorem.

Theorem 2.2 Forn > 1, let S, (x) ~ (( )“ ), b #0. Then we have

eb‘ 1
n-1 n—
So(k + n, n)bk”‘H(“k(xM)
k=0 \ n
Let
el —1 a tZebt
Su@) ~ (( t ) ,ect_l), ) (25)

From Theorem 2.1, we can derive

£\ (e -1\"

00
_ ¢ “xe—nbt Z I’I'Sz(l tn I’l) Cl+ntlxn—1
et —1 I+ n)!

1=0
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Therefore, by (2.6), we obtain the following theorem.

a2t

Theorem 2.3 For n > 1, let S, (x) ~ ((etT’l) , 2 1), ¢ #0. Then we have

n-1 n-1-1 (n-1
Salx) = Z > Elj)) (” "],1 - 1)52(1 +m, )" (~nbyBY_(x).

Let us take the following Sheffer sequence:

et +1\* 2
S”(x)’v(( 2 )’1og(1+t))‘ @7

By Theorem 2.1 and (2.7), we get

2 \* (log+D\" 4 2 \* &N,
Sn(x)_<et+1) x( t o et +1 xZTtx

1=0
a n-1
x n-— Vl) n -1
et +1
1=0
Uy |
- ( 1 )N}”)E;"_),(x), (2.8)

1=0

where E(x) are the nth Euler polynomials of order o which is defined by the generating
function to be

2\ > t"
Xt _ () v
(et+1> € _,,X:():En (x)n!'

Therefore, by (2.8), we obtain the following theorem.

Theorem 2.4 Forn > 1, let S,,(x) ~ ((Et—”)"’ ——). Then we have
2

’ log (1+¢)
n-1
n-1 ) (e
Su@) =Y ( ; )N} 'EY (%)

1=0

As is known, we note that

(2.9)

log(1 +£)\" ad Bg"”) ¢
— ) =n —.
t n+l 1!

=0
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Thus, by Theorem 2.1 and (2.9), we get

§,(x) = 2 . log(1 +¢t) =
el +1 t
o n-1 p(n+l)
2 B -
_ xn ! n-1 xn—l—l
el +1 = n+ l )

n-1 5 (n+l)
B n-1 ()
=n 2 L ( ; )Enl(x). (2.10)

n+l
1=0

Therefore, by Theorem 2.4 and (2.10), we obtain the following corollary.
Corollary 2.5 Forn>1,and 0 <l <n-1, we have

Nl(n) BEVHZ)

n n+l’

Remark Let S,(x) ~ ((e[—t’l)"‘, log(1 + t)). Then, by Theorem 2.1, we get

B t o t g n-1
Sulx) = (et_1> x(log(1+t)) ¥

£\ “Am-1
- (-n), n-1-1
= <et—1) xZ( / )Nz Kt

=0
Lo
= ( 1 )N;_")Bff‘)l(x). (2.11)
1=0

Let us assume that

e —2\" log(1+¢)
Sn(x)~<(1_}\> T ) (c#0). (2.12)

Then, by Theorem 2.1 and (2.12), we get

(1-1 C e\
Snle) = <et—)») x(log(1+t)) *

1-2\* & n-1
_ ( ) x B}l—r&l)(cn " 1) gxn—l—l

el —A pn I
— (n-1 (I-n+1) 1-2A\"
:;:( } )Bz (Cn+1)<et—k) x
o (1=1Y e (@)
= 2 ( / )Bl (cn+1)H, " (x|A). (2.13)

Therefore, by (2.13), we obtain the following theorem.

Page 6 of 10
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Theorem 2.6 Forn>1,letS,(x)~ (( lt_ ), "’lgjf ), ¢ # 0. Then we have

n-1

Z( ) l"”)(c +1)H l(xlk)
=0

As is well known, the Bernoulli polynomials of the second kind are defined by the gener-

ating function to be

£ (see [11, 12]). (2.14)

t(l+e)” i bi(x)
log(1+1¢) pn I

Thus, by (1.10) and (2.14), we get

td+)°\" nd / p
(log(l+t)) _;,:( 2 (11,...,1n>b’1(c)'"bl"(c)>ﬁ' (215)

oteotly=l

By Theorem 2.1, (2.12) and (2.15), we get

o= (12)55( 2 ()17
(2 (L)) )

1=0 \l+--+ly=l

n-1

:Z< > <11 )(l_[bz(C)))( ) H) (x]2). (2.16)
1=0 \lj+tly=l > " ol

Therefore, by Theorem 2.6 and (2.16), we obtain the following theorem.

Theorem 2.7 Forn>1,0 <[l <n-1, we have

2, (11, ,>(Hb’(c) B en+1) (c7#0).

teeotly=l

Remark From (1.2), we note that

t(l + t)c " o1 s n—1 (-n) 1.1
kSl = N, n-l-t 2.17
(log T t)) x lgzo / 1 (en)x (2.17)
where ¢ # 0. By Theorem 2.1, (2.12) and (2.17), we get

(1= )\
Snla) = (e‘—k) x(log(1+t)) *

n-1

-3 (" ) " (en)H ) (x]1). 2.18)
=0
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From (2.16) and (2.18), we can derive the following identity:

N;—m(cn): Z (h )(Hb, (c)) (2.19)

L+ +ly=1

wheren>1,0</<n-1andc#O0. Let

e DE_ AN 21+ p)°
S,,(x)~<( 1-A )’log(1+t)>’ c#0. (2:20)

From Theorem 2.1 and (2.20), we note that
1-2 \* (logl+8)\" .,
S Vi
(x) = < T A) x( LT O x

L=h \* S (1= 1) g it
ol =y xZ ; N7 (—cn)x

=0
o n-1
=3 ( z )N,‘”)(—cn)Aff_),(xM). (2.21)
=0

Therefore, by (2.21), we obtain the following proposition.

A=D)t_y
1-x

) 201y ) ¢ #0. Then we have

Proposition 2.8 For n > 1, let S,(x) ~ ((£ ) Toulir

n-1

:Z(” )NW nc)A®) (x]2.).
1=0

Now we observe that

log(1+2)\" e log@+1)\"
(t(1+t)”) = ( t )

2 Sk +n,
—(L+0)" (Z 7}1‘5(1]5 ++n})q! a tk>

k=0

_ >\ [—nc . mwk
_(;<m>t)(k20: (k + n)! t)
oo (I n!Si(k + n,n) ((—nc }
Z;{;;W(l—/) £ (2.22)

By Theorem 2.1, (2.20) and (2.22), we get

1=-AXA o 10g(1+t) " n—
Sn(x) = (e(}‘l)t—k) x( tL+1)° ) o

n-1 1
Z( ) {Z(k " )Sl(n+k,n)(l k) }A(“,(xp\) (2.23)
1=0

Therefore, by Proposition 2.8 and (2.23), we obtain the following theorem.
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Theorem 2.9 Forn>1,0<[<n-1andc+#0, we have

n!

[
N (—en) =1 sm+mm< >
l ;: +hr -k

Remark It is easy to show that

o]

10g1+t Z

1=0

&1+nkﬂm

By Theorem 2.1, (2.7) and (2.24), we get

2 \* [log(1 "
§2(6) = (em) x( "g(t”)> e

o n-1
2 nl! (n-1 1l
=(et+1) xl (l+n)!< ) )Sl(l+n,n)x
=0

From Theorem 2.4 and (2.25), we can derive the following identity:

So(l +n,n)
()

Let us consider the following Sheffer sequence:

eODE _a N\ t
Sp(®) ~ , , b0, meZ,.
(%) (( 1-x ) e“(1+bt)”‘> c#0me

By Theorem 2.1 and (2.27), we get

Nl(n): wheren>1,0</<n-1.

1-A ¢
- n —
Slx) = (m) x(e(L+bt)") 5"
1-2 * nct mn , n-1
= <m) xe" (1 + bt)™x" .

From (1.15) and (2.28), we can derive

n-1
Sa(x) = <e(1%> x(-1)"" Z Cmn( )(HC)I <n ; 1)96”‘”

n-1
= _l)mn Z Cmn (l’ _%) (”C)l (n ; 1>A£1a_)l(x|)\)
=0

Therefore, by (2.29), we obtain the following theorem.

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)
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Theorem 2.10 Forn > 1, let S,,(x) ~ ((ek S ke, P M)t ————), where m € Z,, b #0 and c # 0.
Then we have

n-1
546 = (10" 3" G (z; —%)(m)l(” ; I)Ai‘“xxm.
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