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1. Introduction

Fibonacci, Lucas, Pell and Perrin numbers have been known for a long time.
There are many studies, relations, and applications of them. Generalizations of
these numbers have been studied by many researchers.

Miles [14] defined generalized order-k Fibonacci numbers (GOKF) in 1960. Er
[1] defined %k sequences of the generalized order-k Fibonacci numbers (kSOKF)
and gave matrix representation for these sequences in 1984. Kalman [2] obtained
a Binet formula for these sequences in 1982. Karaduman [3], Tagg and Kilig
[16] studied these sequences. Kili¢ and Tagg [6] defined k sequences of the
generalized order-k Pell numbers (kSOkP) and obtained sums properties by
using matrix method. Kaygisiz and Bozkurt [5] studied a generalization of
Perrin numbers. Yilmaz and Bozkurt [17] gave some properties of Perrin and
Pell numbers.
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Meanwhile, MacHenry [7] defined generalized Fibonacci polynomials (Fy (),
Lucas polynomials (G, ,,(¢)) in 1999, studied these polynomials in [8] and defined
matrices A7) and D, in [13]. Studies of MacHenry include most of other
studies mentioned above. For example, AOI‘;) is reduced to k sequences of the
generalized order-k Fibonacci numbers and A‘(’,j) is reduced to k sequences of
the generalized order-k Pell numbers when ¢; = 2 and ¢; = 1 (for 2 < i < k),
respectively. This analogy shows the importance of the matrices Az’,‘;) and D(Olj)
and generalized Fibonacci and Lucas polynomials. Based on this idea, Kaygisiz
and Sahin defined k sequences of the generalized order-k Lucas numbers using
Gra(t) and D) in [4].

In this article, we first present k sequences of generalized Van der Laan and Per-
rin polynomials (V,:n(t) and R}”L(t)) by using generalized Fibonacci and Lucas
polynomials. Then, we obtain generalized order-k£ Van der Laan and Perrin
numbers, k sequences of the generalized order-k Van der Laan and Perrin num-
bers by the help of these polynomials and matrices A‘(’,j) and D(Olj). In addition,
we examine relationships between them and explore some of the properties of
these sequences. We believe that, our results are important, especially, for those
who are interested in well known Fibonacci, Lucas, Pell and Perrin sequences
and their generalizations.

MacHenry [7] defined generalized Fibonacci polynomials Fy, ,,(¢) and Lucas poly-
nomials Gy, ,,(t) as follows;

Frn(t) =0, n <0, Gipn(t) =0, n <0,
Fkﬁo(t) =1, GkO t) = k,

k
Fin(t) = 30 tiFkn—3(t),  Gra(t) =t
j=1

where ¢; (1 <14 < k) are constant coefficients of the core polynomial
(1.1) P(x;ty,to, ... b)) = aF —tyah 1 — oty

In [13], matrices A7,y and DY, are defined by using the following matrix,

0 1 0 ... 0
0 0 1 ... 0
(1-2) A(k) = : : : .. :
0 0 0 o1
ty th_1 tk_o ... t1

A‘(’,j) is obtained by multiplying A and A(ICI) by the vector t.
Derivative of the core polynomial (1.1) is

Plx) =kt —ty(k—Dab 2 - —ty_y,
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which is represented by the vector (—tk—1,..., —t1(k—1), k). The matrix D) is
obtained by multiplying A and A(_kl) by the vector (—tg—1,...,—t1(k—1),k).
Right hand column of A‘(),j) contains sequence of the generalized Fibonacci poly-
nomials Fy, ,,(¢). In addition, the right hand column of DE’,‘;) contains sequence
of the generalized Lucas polynomials Gy, ,,(t). Also in [8, 9, 10, 11, 12], authors
studied generalized Fibonacci and Lucas polynomials and obtained very useful
properties.

For easier reference, we have stated some theorems that will be used in following
sections.

Theorem 1.1. [8] Let Fy ,,(t) and G, (t) be the generalized Fibonacci and
Lucas polynomials, respectively. Then,

k

0Ghn(t)
Z gitjtj = TLFk,n+1(t).

Jj=1

Theorem 1.2. [13] Let A(;) be a k x k matrix as in (1.2). Then,

det A(k) = (—1)k+1tk
(1.3) det Afy = (—1) D,

The well-known Cordonnier (Padovan) sequence {C),} is defined recursively by
the equation,
C,=Ch_o+C,_3, form>3

where C; = 1, Cy = 1, C3 = 1. Van der Laan sequence {V,,} is defined recursively
by the equation,
Vo=Vu_o+V,_3, forn>3

where Vi = 1, Vo = 0, V3 = 1. Perrin sequence {R,} is defined recursively by
the equation,
R,=R, 2+ R,_3, forn>3

where Ry =0, Ry =2, Ry = 3 [15].

In this paper, we define generalized order-k Van der Laan numbers vy, ,, and k se-
quences of the generalized order-k£ Van der Laan numbers v,’;,n with the help of &
sequences of generalized Van der Laan polynomials. Also, we define generalized
order-k Perrin numbers 7, , and k sequences of the generalized order-k Perrin
numbers r,icm with the help of k£ sequences of generalized Perrin polynomials. In
addition, we present some relations between these polynomials and sequences.
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Moreover, we show that there is a parallel relationship between Van der Laan
and Perrin polynomials (numbers) as Fibonacci and Lucas polynomials (num-
bers).

2. Generalized Van der Laan and Perrin Polynomials

We define generalized Van der Laan polynomial and k sequences of generalized
Van der Laan polynomials by the help of generalized Fibonacci polynomials
(Fj n(t)) and matrices ATy

Definition 2.1. Generalized Fibonacci polynomials (Fy, (f)) are called gener-
alized Van der Laan polynomials, in the case of t; = 0 for k£ > 3. So, generalized
Van der Laan polynomials are

kan(t) = 0, n<0
Viot) = 1

k
kan(t) = Ztinm,i(tL n>0
=2

For k > 3, substituting ¢t; = 0, generalized Fibonacci polynomials (Fj ,,(t)) and
matrices AE’Z) are together reduced to the following polynomials. For n > 0 and
1<i<k

k
21 Vin(® = D6V (0)

with boundary conditions for 1 — k <n <0,

i 1 if k=i—n

(2 _ I
Vin(t) = { 0 otherwise,
where Vi () is the n-th term of i-th sequence.

Definition 2.2. The polynomials derived in (2.1) are called k sequences of
generalized Van der Laan polynomials.

We note that for ¢ = k and n > 0, Vki’n(t) = Vin(t).
In addition,

0 1 0 0

0 0 1 0
Viky = :

0 0 0 1

th th—1 tr—2 0



is the generator matrix of k sequences of generalized Van der Laan polyno-
mials. Matrix V(‘;:; is obtained by multiplying V() and V(;)l by the vector
v = (tg,tg—1,tk—2,-..,0).

Note that it is also possible to obtain matrix V(‘,’S from matrix AE’,‘;) by substi-
tuting ¢ = 0.

Let V,, be generalized Van der Laan matrix, which is obtained by n-th power of
Vigy o

Vi @) V2 @) V()
(2.2) Vo= (V)" = 1 i . )
Vk,n—l(t) Vk,n—l(t) - Vk,n—l(t)

Then, we have Vi) = 171

Corollary 2.1. Let V, be as in (2.2). Then,

det V,, = (—1)"*+Dgp

Proof. It is direct from Theorem 1.3.

We define generalized Perrin polynomials and matrix RE’,‘Q) by the help of gen-
eralized Lucas polynomials (Gi,n(t)) and matrices D).

Definition 2.3. Generalized Lucas polynomials (G ., (t)) are called generalized
Perrin polynomials, in case t; = 0 for kK > 3. So, generalized Perrin polynomials
are;

Rk70(t) k
Rp1(t) = 0
Rk-g(t) = 2ty
Ry 3(t) = toRyq1(t)+ 3t3
Ripa(t) = toRpa(t) +tsRi(t) + 4ty
Rk,kfl(t) = tszﬁkfg(t) + -+ tkfle’l(t) + kty,

and for n > k,

k
Ripn(t) = tiRpn_i(t).
=2

93



We obtain matrix Ry by using row vector (—tp_1,...,—t2(k —2),0,k). Let
k-th row of matrix R be the vector

(—th1,...,—ta(k —2),0,k)
and get i-th row of matrix R by
(=thets- .oy —ta(k —2),0,k) (Vi) ~*9

for 1 <i <k —1. So, it looks like

(=th-1,...,—t2(k —2),0, k).(v(k))—(k—l)
(=tr—1,...,—ta(k — 2),O7k).(V(k))—(k—2)
(2.3) Ry = :
(_tkflv B _tQ(k - 2)707 k')(‘/(k))il
(_tkflw"a_tQ(k‘_Q)’O’ k) kxk

For k > 3, by substituting ¢; = 0, generalized Lucas polynomials (G, (t)) and
matrices DE’,‘;) are together reduced to polynomials R}Cn(t) That is, for n > 0
and 1 <1<k

k

with boundary conditions for 1 —k <n <0,

Rky = [aksni] = Rp ().

Definition 2.4. The polynomials R};)n(t) derived in (2.4) are called k sequences
of generalized Perrin polynomials.

For k > 3, by substituting ¢; = 0, matrix D‘(f) is reduced to matrix R‘(’z).
Right hand column of R}, contains generalized Perrin polynomials Ry (). i-
th column of matrix RE’E) contains i-th sequence of k sequences of generalized
Perrin polynomials.

Let R, be generalized Perrin matrix obtained by R(k).(V(k))” as;

(2.5)

Rllc,nkarl(t) Rz,nfkqtl(t) e Rﬁ,nkarl(t)
Ry = Ry (V)" = 1 2 . )
Rk,n—l(t) Rk,n—l(t) K Rk,n—l(t)
Ry (1) RE, (1) ... Rp,(t)

Now, we give four Corollaries by using properties of generalized Fibonacci and
Lucas polynomials.

94



Corollary 2.2. tr(V(})) = Rin(t), for n € Z.

Corollary 2.3. For n > 1,
ViEL(t) = ka,;i1(t)a Vi, () =t VE, 1 (t), Ri (1) = R:,_nl—l(t) and
Rllc,n(t) = thllz,n—l(t)'

Corollary 2.4. For 1 < j <k,

i aR’lz,n(t)

8tj tj = nvkk,n(t)'

j=1

Theorem 2.1. For 1 <i <k,

k(D) = (=) Vi pa (8) + o+ (k= 2) Vi, o (8) + BV, ().

Proof. Using (2.2) and (2.5) we obtain

R, = RuV,
Rllc,n—k-',-l(t) R%,n—k-&-l(t) s Rllg,n—k'-',-l(t)
=
Rk: n— l(t) Ri,nfl(t) - Rk: n l(t)
Rk n( ) Ri,n(t) Rk n( )
(—tr—t1,...,—ta(k —2),0,k) —(k)
(=th_1,--.,—ta(k —2),0,k). V(k <k 1
(=tk—1,...,—t2(k = 2),0, k
L (—tk,h... —tg(k 2
[ Vi e () V2, e (t) oo Vk e k+1(t
Vkl,n—l(t) Vk‘%n—l(t) e Vk{fn—l(t)
Viia(t) V2. () e ViEL ()

From the above matrix multiplication we get,

k(D) = (St Vi pa (8) 4 (k= 2) Vi, () + BV, ().
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Example 1. We obtain R} 5(t) by using Theorem (2.1)

Riﬁ(t) = (—t3)V43,5—4+1(t) + (—t2(k — 2))V4%5—3+1(t) + kV4375(t)
(—ta) Vi (1) + (—ta(4 = 2)) Vi (1) + kVE5 (1)
= (—ta)ts + (—2t2)(ts + 13) + 4(t3 + t3) = 6oty + 2t5 + 3t3.

Theorem 2.2. For 1 <17 < k and positive integers n and m,

k
sz,ner (t) = Z ij,m (t)Vkl,nkarj (t)

Jj=1

Proof. We know that V,, = (Viky)™. We may rewrite it as

Vi)™ = (V)" Vi) = Viey) (Vi)™
= ‘7n+1 = ‘7n‘71 = ‘71‘7n

and inductively

(2.6) Vit = ViV = Vi V.

Consequently, any element of ‘N/n+m is obtained by the product of a row of Vi
and a column of V,,,; that is

k
Vkl,ner (t) = Z ij,m (t)Vkinkarj (t)
=1

Corollary 2.5. In (2.6), if we take n = m, we obtain

Theorem 2.3. For 1 <i <k and n € Z,

z,n(t) = ktkvki,n—k(t) et 3t3vki,n—3(t) + 2t2vlj,n—2(t)'
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R, = R(k)‘?n = R(k)‘71‘7n71
[ Rllc,n7k+1(t) Rl%,nkarl(t) e R]I:,nkarl(t)

RL, () R:, (&) " RE. ()
Rllc,n(t) Ri’n(t) R’zi,n(t)

(“titseo =2k = 2,00 (Vi) ® 101 0
(<timyos =tk = 2),0,0)- (Vi) ®=0 | 1001

(7tk_1,...,7t2(k72),0, k).(V(k))*l 0 0 0
(—tg—1,...,—ta(k—2),0,k) ty tg—1 tk—2

[ Vkl,nfk(t) VkZ,nfk(t) tee ka,nfkr(t)

Vkl,n—Q(t) Vk2,n—2(t) e kan—Q(t)

L Vkrl,nfl(t) Vlg,nfl(t) tee ka,nfl(t)

[ (7tk'—17 BN 7t2(k - 2)7 07 k)(‘/(k))i(kil)
(—tk,h ey —tg(k — 2), 0, k)(‘/(k))i(

(7tk—1a ceey 7t2(k - 2)’ 07 k)
I (ktn, ..., 3ts,2ts,0)

[ Vkl,n—k'(t) Vk?,n—k(t) te ka,n—k(t)

Vkrl,n72(t) Vk:2,n72(t) - Vk:k,nf2(t)
L Vkl,n—l (t) Vk:2,n—1 (t) v kan—l (t)

)

From the above matrix multiplication, we get

2,n(t) = ktkvij,n—k(t) Tt 3t3vl€i,n—3(t) + 2t2vki,n—2(t)'

3 .Generalized order-k Van der Laan and Perrin Numbers

Definition 3.1. Forts, = 1,2 < s < k, the generalized Van der Laan polynomial
Vien(t) and V(?S together are reduced to

k
Vg,.n = § Vk,n—j
Jj=2
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with boundary conditions
Vk1—-k = Vk2-k = ... = Vg,—2 = Vg, -1 = 0 and Vk,0 = ].,
which is called generalized order-k Van der Laan numbers (GOLV).

When £k = 3, it is reduced to ordinary Van der Laan numbers.

Definition 3.2. For t;, =1, 2 < s <k, V,;n(t) can be written explicitly as

k
(31) Ullc,n = Z,Ulzﬁ,n—j
=2
for n > 0 and 1 < i < k, with boundary conditions

vk,n -

i ] 1 ifi—n==xF,
0 otherwise

for 1 — k <n <0, where v}%m is the n-th term of i-th sequence. This general-
ization is called k sequences of the generalized order-k Van der Laan numbers
(kSOKV).

When ¢ = k = 3, we obtain ordinary Van der Laan numbers and for any integer
k, v,lj’n = V-

Example 2. By substituting £ = 3 and ¢« = 2, we obtain the generalized order-3
Van der Laan sequence as;

2 2 2 2 _ 2 2 _ 2
V3 _g = 0, vz _q = 1, V3 = 0, v3q = 1, V3o = 1, V33 = 1, V34 = 2,...

We give some properties of kSOkKV by using properties of k sequences of gener-
alized Van der Laan polynomials.

Corollary 3.1. Using (3.1), we obtain

V) =AY
where
[0 1 0 0 0 01
0010 00 0
oo0oo0o1 --- 00
(32) A1: . . . . . . = 0 !
Do R 0
0000 ... 0°1 Lo 10 Jpg
1 1 11 ... 1 O
L d kxk

98



where T is a (k — 1) x (k — 1) identity matrix and V. is a matrix as;

1 2 k
Ven—k+1  Ykpn—k+1 - Vkn—k+1
(3.3) V= ) , _ .
Uk,lnfl Uk,é@*l i Uk’]?71
Vg Vi o Vg,

which is contained by k£ x k block of V(C;S fort; =1,2<i<k.

Proof. It is clear that V™ = A; and V3, ; = A1V, by (3.1). So, by induction,
we have V¥ = A}.

Corollary 3.2. Let V>~ be as in (3.3). Then,

1 if £ is odd,
(=1)™ if k is even.

detV,” = {

Proof. Obvious from (1.3).

Corollary 3.3. For 1 < ¢ < k and any positive integers n and m

k
i _ J i
Uk,n+m - Z ’Uk7mvk,nfk+j‘
j=1

Proof. Obvious from Theorem (2.2).
Corollary 3.4. Forn > 1 —k,

k k—
(34) vli,n = ’Uk,nfl = vk,n—12‘

Proof. It is obvious from (3.1) that these sequences are equal with index
iteration.

Lemma 3.1. Forn >1—k+iand 1 <i <k,

(3.5) vki,n = ’Ukl;l + Uklfnfi'
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Proof. Assume for n > 1 -k + 1, vk’;n - U,;;l = t,, and show t,, = vk’fn_i.

First we obtain initial conditions for ¢, by using initial conditions of -th and
(i — 1)-th sequences of kSOkV simultaneously as follows;

n\ i Uki7n ,Ukl’r_bl tn:”ki,n*”kzﬁl
1—-k 0 0 0
2—k 0 0 0
i—k—2 0 0 0
i—k—1 0 1 -1
i—k 1 0 1
i—k+1 0 0
0 0 0 0

Since initial conditions of ¢,, are equal to the initial condition of Uk,’fn with index
iteration, then we have,
_ .k
t" - Uk',n—i'

We give the following Theorem by using generalization of MacHenry in [8].

Theorem 3.1. Forn > 1 and 1 <1 <k,

[
i k k k _ k
Vkn = Vkn—1 + Vg,n—2 +eee Ve m—i = E Vkn—m-
m=1

Proof. Writing equality (3.5) recursively, we have

i+1 i ok
Veon ~ Yk = Vkn—i-1
i+2 i+l Lk

Yern ~ Vkin = Vkmn—i—2
k—2 k=3 _ .k

vk,n - vk,n - Uk’,n—k-{—Q
k—1 k=2 _ .k

,Uk,n - vk,n - 'Uk,nfk‘Jrl

and by adding these equations side by side, we obtain

k=1 ik k k k
Ve ~ Vkin = Vkn—kt1 T Vkn—ha2 T T Vkn i 2TV n i1
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1

Then, by using the equation ’UZ;L = v’g’n_H and (3.1), we obtain

Lk k k k k
Vim = Vhpir— ki1 T Vknpyot+ F Vi o+ V1)

_ .k k k
= Upp-1 T Vp_ot "+ UV _py1

k k k k
~(Vpn—kg1 T Vb2t T Vo T VR 1)

_ Lk k k
= Ukn-1 + Vk,n—2 R Vk,n—i
Now we initiate the generalized Perrin numbers.

Definition 3.3. For t;, = 1, 2 < s < k, the generalized Perrin polynomials
Ry, (t) and the matrix Ry, together are reduced to

k
(3.6) Tkin = Zrk,n,j
j=2

with boundary conditions
Tki-k = (k — 2), Tk2—k = ... =Tk,—2= Tk, —-1= —1 and Tko = k,

which is called generalized order-k Perrin numbers (GOER).

When k = 3, it is reduced to ordinary Perrin numbers; (1, (—1),3,0,2,3,2,5,5,7,..

with iterating index by two. We rewrite matrix (2.3) for t; = 1, 2 < s < k and
we obtain

((=1), (=2),...,(k—2),0,k).(A;)~*=D
((71)7 (72)7 ceey (k - 2),0, k).(Al)f(k*Q)

R(g1) = [anilkxk =

(=1), (=2),..., (k= 2),0,k).(A})""
(=1), (=2),....(k—2),0,k)

Definition 3.4. Fort, =1,2<s <k, R}gn(t) can be written explicitly as

for n > 0 and 1 <14 < k, with boundary conditions
Thon = [htnilkxk = R

for 1 —k <n <0, where Ti,n is the n-th term of i-th sequence. This generaliza-
tion is called k sequences of the generalized order-k Perrin numbers (kSOkR).
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Although definitions look similar, the initial conditions of this generalization
are different from the generalization in [5]. These initial conditions arise from
polynomials.

When ¢ = k = 3, we obtain ordinary Perrin numbers and for any integer k > 3,
T,’g)n = Tk,n-

Corollary 3.5. For 1 <i <k,

,],.]icm = kvlif,n - (vlic,nfk%*l +.F (k - 2)”2,7172)'

Corollary 3.6. For 1 <i <k,

T%@,n(t) = kvlic,nfk +oe 30]@,7173 + 21}]1'9,7172'

Conclusion 3.1. There are a number of studies on Fibonacci and Lucas num-
bers and on their generalizations. In this paper, we showed that these studies
can be transferred to the Van der Laan and Perrin numbers. Since our def-
initions of these numbers are polynomial based, it can be applied to a great
number of areas.
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