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Abstract—In this paper, the authors establish some explicit formulas and representations for the
Norlund polynomial By(f) and bslz). Several identities involving Bernoulli numbers, Norlund numbers,
Stirling numbers and the associated Stirling numbers are also presented. © 2006 Elsevier Ltd. All
rights reserved.

Keywords—Norlund numbers, Nérlund polynomials, Bernoulli numbers, Bernoulli polynomials,
Euler numbers, Euler polynomials, Stirling numbers, Associated Stirling numbers.

1. INTRODUCTION AND DEFINITIONS

For a real or complex parameter «, the generalized Bernoulli polynomials By(f) (z) and the gen-
eralized Euler polynomials E (x), each of degree n in = as well as in «, are defined by means
of the following generating functions (see, for details, [1, p. 253 et seq.; 2, Section 2.8; 3, Section
1.6)):

et —1 n!

(L) e® = Bl (2) “ (Jt] < 2m; 12 :=1) (1.1)

n=0

and

2 ¢ e - [27 tn [e3
<m> et = ZE,& ) (2) ) (It <m; 1%:=1), (1.2)

n=0

respectively. Clearly, we have

BV (2)=B,(z) and E{P (z)=FE,(z) (neNy:=Nu{0}), (1.3)
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in terms of the classical Bernoulli polynomials B, (xz) and the classical Fuler polynomials
E, (2), N being the set of positive integers. When = = 0, we also have

B(® = B{(0) and E® :=E®(0) (neNpy), (1.4)

where B(* and E denote the Bernoulli numbers of order o and the Fuler numbers of order «,
respectively. Thus, the classical Bernoulli numbers B,, and the classical Euler numbers E, are
given by
B, :=B,(0)=BY and E,:=2"E, G) (n € Np). (1.5)
Numerous interesting (and useful) properties and relationships involving each of these families
of polynomials and numbers can be found in many books and tables (see, for example, [1-3]). For
various explicit representations and other results for these and their closely-related families, the
reader may be referred to some recent works by (for example) Srivastava et al. ([4-6]) and Luo
and Srivastava [7] (see also many of the references cited in each of these recent works). The main
subjects of our investigation in this paper are the so-called Norlund polynomials B and bgf),
which are defined by (see [8-10])

)m i <I>t (1.6)

and

<locr 141 ) Zb(’”)t" 1)

respectively. These polynomials and numbers have many important applications. In fact, B&k)

(k € N) are the above-mentioned Bernoulli numbers of order & (k € N) (see also [11,12]), bk (ke
N) are the Bernoulli numbers of the second kind of order & (k € N) (see [13]). The numbers

BV =B, and bV =b,

are the ordinary Bernoulli numbers given by (1.5) and the Bernoulli numbers of the second kind,
respectively, and B{™ are called the Nérlund numbers (see [10,12,14]).

We now turn to the Stirling numbers s(n, k) of the first kind, which are usually defined by (see,
for example, [3, p. 56 et seq.; 10,14,15])

n

zlz-1(z-2)...(z—n+1) Z n, k)z* (1.8)

or by means of the following generating function:

(log(1+2)* = k! > s(n, k) %T (1.9)
n=k '
It follows from (1.8) or (1.9) that
s(n k) =s(n—1,k~1)—(n—1)s(n—1,k) (1.10)

and that
s(n,0) = 6n 0 (n € Ng), s(n,n)=1,
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s(n,1) = (=) (n —1)! (neN) and s(n,k)=0 (k>mn or k<0),

where (and in what follows) 6, denotes the Kronecker symbol.

1379

The associated Stirling numbers d(n, k) of the first kind and the associated Stirling numbers

b(n, k) of the second kind are defined, respectively, by (see [10,15])

(~log(l —z) —a)F = k! z d(n, k)xn_’;

n=2k

and
o

(e —1—z)F = k! Z b(n,k)f:{!i.

n=2k
It follows from (1.11) that

dn,k)y=(n—1d(n—-2,k—1)+ (n—1)d(n—1,k)

and that
d(n,0) =d,0 (n € Np), dn,)=(n—-1)! (neN\ {1}),

and

din,k) =0 (2k>n or k<0).
Similarly, we find from (1.12) that

b(n,k) = (n—1)b(n — 2,k — 1) + kb(n — 1,k)

and that

b(n,0) = dnpo (n € Nop),

b(n,1) =1 (n e N\ {1}),
and

b(n,k)=0 (2k > nor k <0).

(1.11)

(1.12)

(1.13)

(1.14)

The main purpose of this paper is to prove several explicit formulas and representations for the

Norlund polynomials B{® and b). We also obtain some identities involving Bernoulli numbers,

Norlund numbers, Stirling numbers, and the associated Stirling numbers.

2. A SET OF MAIN RESULTS
One of our main results is contained in Theorem 1 below.
THEOREM 1. Letn 2 k (n,k € N) and

n!

2t )]

a(n, k) = (=1)F

(4, k) b(n + 34, 7)-

Then

m

B = Z o(n, k)z*.

k=1
REMARK 1. By setting z = 1, —1 in Theorem 1 and noting that

1
B —
" n4+1’

we immediately deduce the following consequence of Theorem 1.
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COROLLARY 1. Let n € N. Then,

Za(n, k=B, and Z(—l)k a(n, k) = 7—1% . (2.3)

k=1 k=1
THEOREM 2. Let n 2 k (n,k € N). Suppose also that o(n, k) is defined by (2.1). Then

vt Fug=n
" B,, ...Bu,

k! (’U]_...’Uk)”ljl!...’l}k!'

(2.4)

REMARK 2. By means of (2.1) and (2.4), we can easily deduce the following interesting sum-
mation identity involving the Bernoulli numbers, the Stirling numbers of the first kind, and the
associated Stirling numbers of the second kind.

COROLLARY 2. Letn 2 k (n,k € N). Then

vt tug=n n . P
b
Z BU] ka _ (_1)n k! Z S(])'IC) (n._f' .7,.7) . (2'5)
o en (v1 .. vg) vel ! = (n+j)!

REMARK 3. Upon setting n = k,k+ 1,k 4+ 2 in (2.5), if we note that (see [3,10,12,14])

1 1
= — — B = — =
Bl 27 2 61 B3 07
and that
k
sthk) =1,  s(k+1,k) = —(k'2”>, and  s(k+2,k) =2<k;r2> +3< Z?‘)
we get
_ (2k)! 42+ 1)
and (2K +1) - (2k + 2)!
+1) - (2k + 2)!
b(2k + 2,k) = 9 27 (k1))
THEOREM 3. Let n 2 k (n,k € N) and
—k xS0, k) d(n+ 5, 4)
k = (=1 n—k S(j . 26
Then .
b®) = Zr(n,k)xk. (2.7)
k=1

REMARK 4. Setting x = 1, ~1 in Theorem 3 and noting that
pen - U
n n+1l’
we deduce the following immediate consequence of Theorem 3.

COROLLARY 3. Let n € N. Then

;T(n,k)zbn and ;(—1)kT(n,k): (n_fr):. (2.8)
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THEOREM 4. Let n 2 k (n,k € N). Then

vt Fvp=n v v
(-1F T B L BEY

T(n, k) = (2.9)

k! v1.ve) vl k!
U1,..., Uk EN (1 k) 1 k

where 7(n, k) is defined as in Theorem 3.

REMARK 5. By applying (2.6) and (2.9), we can readily derive the following consequence of
Theorem 4.

COROLLARY 4. Letn 2 k (n,k € N). Then,

v+ v =n (v1) (vi) n , L
Bu By gy SR dntsg)

; 2.10
o e (w1 ove) vl ! = (n+ ) (2.10)
REMARK 6. By setting n =4k, k+1, k42 in (2.10) and noting that (see [3,10,12,14])
1 @ _5 @ _ _9
= —= B —_ — = ——
Bl 27 2 69 B3 49
and that
k+1 k+2 k+2
s(k, k) = 1, s(lc+1,k):—< ;L > and s(k+2,k)=2( ; >+3< : )
we get
(2k)! (2k + 1)!
d(2k, k) = d(2k k)= ——F"—,
@k k) = gz Ok LR = s o
and (4k + 5) - (2k +2)!
+5) - (2k +2)!
d(2k +2,k) =
@k +2,k) = g omT (k-1
REMARK 7. Setting n = 1,2, 3,4 in Theorem 1, we get
z 1 z 1 1 s 1 1
B§ ) = —3% Bé ) = _EI+ ZI2, Bé - §x2 — —8—$3,
and 1 1 1 1
( _ L 4o 13 14
N TR R S T
REMARK 8. Setting n = 1,2, 3,4 in Theorem 3, we get
zy 1 P 5 1 5 1 5 1
b§)=§x, bé)z-—ﬂm—l—g:ﬂ, bg)zgx——ﬁxz—i—zéxg,
and 951 97 5 1
Bl — 2_ 2 3, - g4
4 osR0” T Tise” T 102” ' 38’
REMARK 9. Setting £ = 1 in Corollary 2 and Corollary 4, we obtain
L iy =D b(n+3,9)
By=n-nl S (<11 Y L neN 2.11
> et (n€N) (211)
and
- o =Dl +4,9)
BE =t S (—1yrit U ’ N 2.12
" nn; ) ) (n€N), (212)

respectively.
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3. PROOFS OF THEOREMS 1-4

In this section, we present an outline of the proof of each of our main results stated in Section 2.

Proor oF THEOREM 1. By (1.6) and (1.12), we have

23’@ % B (ett—l)z - (1 +<1/t><1et—1 —t))z

_ c- J T+j-1 T _4\F 43

_;O( 1) ( ; )( 1—t)t

- (T, > b i 3.1)
> S+ =1\ . e "

:;( 1)J< j )j! nz:;b(n +3,37) n+ )

NSy afFFL .

PPN #(" T i)

B = -1 2 (T ot 45

S e LG I R CR R CE R RHCE

7=0
= (1) ( b( n+3,7) Z s(4, k)z*
=0 k=1
= Z (—1)* Z © Z!j)’ s(j, k) b(n + j,5)zF = Za(n, k)z*.
k=1 =k ’ k=1

This completes the proof of Theorem 1.
PROOF OF THEOREM 2. By applying Theorem 1, we have

(3.2)

dk
| - - (z)
Bloln,k) = — {Bn }
On the other hand, it follows from (1.6) that
Ay i -1C))
Z dz* {B" }
n=k
Thus, by (3.2) and (3.3), we have

k! ni;ko(n,k) g - <1og (ﬁ))k (3.4)

which, in view of the following known result (see [9]),

OOB
> 2

n=1

£ = (log(ett_l)>k- (3.9)

=0
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yields

n=k n=1 35
oo vit-tve=n B B o, ( . )
= —1)" "k ql ot . —.
:L:Z (=1) vh_%g\] (v1...vk) vrl. Lol | !
The assertion (2.4} of Theorem 2 would now follow easily from (3.5).
Proor orF THEOREM 3. By (1.7) and (1.11), we have
£~ (ten) i)
g(1+1t) 1+ (1/t) (log(l +1¢t) ~1t)
= (-1 (m I 1) (log(1+t) —t) t~7
=0 J
j
= r+j-1\, — i Lt
=S (T S e ) S (3.
3=0 n=2;
o fr+ g — 1) . °° L n
= —1)/ s ! -Ordn+34,5) —
;‘)()( JT ) e o)
:Z (- J (-E‘i'.? )d(n+j,j) (—_{_——)—',
n=0 j=0 J ’
which leads us casily to
i A ! x+j—1 .
b — 1n—JJ_‘( , )d +34,
Oy (T A
- 1 - . .
= (1) CED dn+47,5) (z+j—Dz+j-2)...(z+ 1z
j=0 I
=SS i g 'S (1 sk o
=0 (n+ )t k=1
— nkzs(]ik)dn+]] k ZTnk
k= k=1
This completes the proof of Theorem 3.
PrOOF OoF THEOREM 4. By applying Theorem 3, we have
d* .
Blr(nk) = — {b,g)}t . (3.7)

=0

On the other hand, it follows from (1.7) that

S twl] o= (os(ie) e

By means of (3.7) and (3.8), we get

k! Z;T(n, k)" = (log (m»k (3.9)
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Since (see [11,12])

it is

> t" t
ZB(n) - v
(1+t)log(l+¢)’

easily seen that

i B, ! 3.10
n nl 8 log(1+1¢)/° (3.10)

n=1

Therefore, by comparing (3.10) with (3.9), we have

(” tn k

o0

k! ZT(n,k)t" = i

n=k

T (3.11)
v+ dvp=n B(Ul) N .B(vk)

] I T T

t'n.
cug) vl ol ’
n=k v1,...,Ux EN

which readily yields the assertion (2.9) of Theorem 4.

Numerous further results involving the polynomials and numbers considered in this paper can

also

11.
12.
13.
14.

15.

be derived by using the methods and techniques described here.
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