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A NOTE ON GENERATING FUNCTIONS AND
SUMMATION FORMULAE FOR
MEIXNER POLYNOMIALS OF SEVERAL VARIABLES

Abstract. The present paper deals with certain generating functions and various
elegant summation formulae for Meixner polynomials of several variables.

1. Introduction

Generalized functions occupy the place of pride in literature on special
functions. Their importance which is mounting everyday stems from the fact
that they generalize well-known one variable special functions namely Her-
mite polynomials, Laguerre polynomials, Legendre polynomials, Gegenbauer
polynomials, Jacobi polynomials, Rice polynomials, generalized Sylvester
polynomials, Meixner polynomials etc. All these polynomials are closely as-
sociated with problems of applied nature. For example, Gegenbauer polyno-
mials are deeply connected with axially symmetric potentials in n dimensions
and contain the Legendre and Chebyshev polynomials as special cases. The
hypergeometric functions of which the Jacobi polynomials are a special case,
are important in many cases of mathematical analysis and its applications.
Further, Bessel functions are closely associated with problems possessing cir-
cular or cylindrical symmetry. For example, they arise in the study of free
vibrations of a circular membrane and in finding the temperature distribu-
tion in a circular cylinder. They also occur in electromagnetic theory and
numerous other areas of physics and engineering.

The following results are required in this paper

DEFINITIONS:
Following the work of Riordan [5] (p. 90 et seq.), one denotes by S(n, k) the
Stirling numbers of the second kind, defined by
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-1 ()
so that

(1.2) S(n,0) = {(1) EZ;?)

Mw

(1.1) - ki

and

2
Recently, several authors (see, for example, Gabutti and Lyness [2]|, Mathis
and Sismondi [8], and Srivastava [3|) considered various families of generating
functions associated with the Stirling numbers S(n, k). We choose to recall
here the following general results on these families of generating functions,
which were given by Srivastava [3].

THEOREM 1. (3|, p. 754) Let the sequence {Sy ()}, be generated by

> (n }: k) Stk (@)t" = f(a,t){g(x, )} "Sn(h(z,1))(n € No := N U{0}),

n=0

S(n,1) = S(n,n) =1 and S(n,n—1)= (")

where f, g and h are suitable functions of x and t.
Then, in terms of the Stirling numbers S(n, k) defined by (1.1), the fol-
lowing family of generating functions holds true:

(1.3) i k" Sy (h(z, —2)) (%)k

k=0 g(x, -z

={f(z,—2)}! Z k!S(n, k)Sk(z)2*  (n e Ny),

k=0
provided that each member of (1.3) exists.
THEOREM 2. ([4], p. 403) Let the function F(z) be holomorphic on a
domain D of the complex z-plane, and define

1

(1.4) fn(z) = HD?{(az—i—b)”F(z)}, D, = diz’ n=0,1,2,...,
where a and b are complex constants such that |a| + |b| > 0. Also let {\,} be
any sequence of complex numbers for which

(1.5) R™! = lim sup | Ap| /™
is finite or for which
(1.6) R= 711320

n+1
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exists and is positive. Suppose further that
[n/N]

(1.7) Ap= > (;k) Ak

k=0
for some positive integer N and some complex number w. Then

(1.8) gAnfn(z)t" =—— Z Ak Sk <Z+bt> [(1 1_075;\;) r

for some domain in the complex t—plane that includes the origin.

LAGRANGE’s EXPANSION FORMULA. (|4], p. 355) If ¢(z) is holomor-
phic at z = zo and ¢(z0) # 0, and if
(1.9) z =20 + we(z),

then an analytic function f(z), which is holomorphic at z = 2y, can be ex-
panded as a power series in w by the Lagrange formula [Whittaker and Wat-
son (1927), p. 133]

(1.10) f(2) = f(20) +Z D" HF @16 o=z,

where D, = d/dz.

If we differentiate both sides of (1.10) with respect to w, using the rela-
tionship (1.9), and replace f’(z)¢(z) in the resulting equation by f(z), we
can write (1.10) in the form [cf. Polya and Szego (1972), p. 146, problem
207):

(111) LB = S DR s
n=0

which is usually more suitable to apply than (1.10).
For ¢(z) =1, both (1.10) and (1.11) evidently yield Taylor,s expansion

(1.12) py =3 20 ).

n!

where, as usual,
F™(z0) = DE{f(2)} == -

THEOREM 3. (Carlitz’s [6], p. 521) Let A(z), B(z) and 2~'C(z) be ar-
bitrary functions which are analytic in the neighborhood of the origin, and
assume that

(1.13) A(0) = B(0) = C(0) = 1.
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Define the sequence of functions {f,(la)(x) > o by means of

zn
n!’

(1.14) A(2)[B(2)|%exp (xC(2) = Y f1?(@)
n=0

where o and x are arbitrary complex numbers independent of z. Then, for
arbitrary parameters A and y independent of z,

S (atan) o ot AQBO]eap (2C(Q)
(115) D AT ) = T B /B0 1 90 O]

where ¢ is a function of t defined by
(1.16) ¢ =t[B(¢)] exp (yC(C)).

2. Meixner polynomials

The Meixner polynomials are denoted by my,(x; 3, ¢) and are defined as
(see [10])

mn(x;ﬁac):(ﬂ)n 2F1 1—c¢ 1
B
_x~ (Ba(=a)pnt (1 k
= e Gl

where 8 >0,0<c<land z=0,1,2,...
Agarwal and Manocha [1] defined the polynomials m,(z;3,c) by the
generating relations

(22) ;)mnw,@g — (1-4) -0~ < min( o),

= t" t\* Ch c—t
@29) D muates ey = (1) (=077 m (w:, 1)

(n € No; [t| < min{1, |c|}).
The following generating function is well-known [4], p. 443, problem 5(ii)

(2.4) Z Anmn(x;ﬁ,c)g

n=0

B <1 - £>x (1- t)xﬁki:o (]\);Z)!mjvk (x;ﬁ, i:i) Llw_t];N]k.
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By applying Theorem 1, one immediately obtain the following (presumably
new) generating function for the Meixner polynomials defined by (2.1):

o0

k™ c+z z k
2. .
(25 k,mk< ,5,1+z)(1+2)

= (142)*t78 <1 + %) 712 S(n, kYmy(z; 8, ¢)2" (n € No; || < min{1, |¢[})

where S(n, k) and A,, are given by (1.1) and (1.7) of this paper.

3. Applications of Carlitz’s theorem

Let «v and 0 be arbitrary constants. Then the polynomials m,(z; 3, c)
defined by (2. 2) above satisfy the following generating relations:

I L M i
nl

(3.1) Zmn (5 8+, c) (A=) T

n=0

where wu is a function of ¢ defined by
u=t(1—u)"", u(0)=0.
Proof of (3.1). We know generating function

() imm;ﬁ,@;—’j ~(1-8) a-o

Expanding the function on the R.H.S. of (i) by Taylor’s theorem.

(i) imn(x;ﬁ,(;)g - ni; [% { (1 - Dx (1- t)—w—ﬁHt_O g

Replacing 3 by 8 + vn in (ii) we get
tn
(iii) Zmn ; B+ n, C)E

_ Z (-8 a-ora-or] 5

We know that the Lagrange s expansion formula:

o

. gt
W X [gwueeen] -5 =g
(v) Zmnaﬁﬂ—F’yn c)t' O T

] nl — 1—t¢/(u) o(u)’
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Here
fe) = (1-2) =0 e = (=), ) =1 -u)
Therefore we get (3.1)

(L)1)
o=+ 0o

(32) Y male ool =

where v is a function of ¢ defined by

v=t(1- 3)7(1—1))*7, v(0)=0. m

C

Proof of (3.2). We know generating function

= tn t\"
i wl@;Be)—=(1—=) (1—t)2F
() S ey = (1-) 010
Expanding the function on the R.H.S. of (i) by Taylor’s theorem

d" t\" "

i w(x; B, e 1—-) 1=t " —.
W Smiaaof =3 [E{(1-5) a0l

Replacmg z by 4+ yn in (11) we get

Tl

(iii) Zmn x+yn; B, )

R e

We know that the Lagrange’s expansion formula:

| 3 A
N> o] G- 0 e
v Zm" 4 Bc) g = —ft<;f)(v)5 ‘= S
Here

f@) = (1-2) (=0,

o) = (1-2) (1 =v)7,
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Therefore we get (3.2) and

o0 tn
Zmn(az + yn; B+ dn, C)ﬁ
n=0 ’

T 1-w[EA- )T+ (o)1 —w) ]

where w is a function of ¢ defined by
w=t(1- %)” 1—w)0,  w(0)=0. .

Proof of (3.3). We know generating function

(i) gmnw,@g - (1 - t) (1—1)=P.

Expanding the function on the R.H.S. of (i) by Taylor’s theorem

Replacing x by = + «yn and 8 by 5+ dn in (ii) we get

tn
(iii) Zmn (x 4+ yn; B+ on, c)—'
n=0

-2 [ {08 e [0 e TG

We know that the Lagrange’s expansion formula:

o0

. A () N 2
w3 geser] e lhm v g
" flw) —, w
(v) ;mnx—i-vn B+ on, c)n! T to () t_(b(w)'
Here
fw)=(1-2) @ -w)y=,
o(w) = (1-2) (1= w)~ 0+

Therefore we get (3.3). m
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Formulas (3.1), (3.2), and (3.3) are applications of Carlitz’s Theorem (3)
for Meixner Polynomials.

Particular cases:
(i) Taking § =~ in (3.3) we get

Zmn x +yn; B+ yn,c)
n=0

n
n!

_ 1-9)"Q-w)y " _ w\ Y _
- w[FA -8 T 21— w) w_t<1_ _) L —w)™.

(i) Taking 6 = 0 and w is replace by v in (3.3) we get
o0 tn
Zmn(x+’7/n;/87c)_‘

n
n=0
1-29)*(1—0v)*F 2
_ (71 ) (U_l) _1,v:t(1—9) (1—v)7.
L—vy[Z (1 =2)"1+ (1 =v) ¢
(iii) Taking v = 0, and w is replace by u in (3.3) we get

Zmn x; B+ on, c)—'

n=0

1— %) (1 —qy) 2P
:( 1_02“551_13_1 ,u=t(1—u)"°.

(iv) Taking v =0, 6 =0 and w = ¢ in (3.3) we get
Naid tn AN e
(3.7 Somaisia = (1-1) @,
n=0

4. Summation formulae for Meixner polynomials

The following summation formulae are easily derivable from known re-
sults in view of the relationship (2.2):
n
n
(41 malasfoc) = 3 ()8 = mas(aine0)

r=0
n

(42> mn(xl + x2; B1 + /8270) = Z (Z)mn—r($1;ﬂlvc) mr(x2;/627c)7

r=0

(43) oot 20) = 3 () B (i),
r=0
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(4.4)  mp(r1 + 225 (51 + f2),¢)

= Z ( )mn r(z1; B1 + B2, ¢) my(x2; b1 + P2, ¢),

(45) s (a3 B,) = i (1) otz {(o ) - 2},
r=0

(16)  maleipr.0) =3 () (500 = Do)

r=0
Proof of (4.1).

/8 rMn—r (T3,
ZZ 7) n_r()!’Y )t

n=0 r=0

n

_ZZ (B - 7;'7717;1'-%77 )tn-H’ZZ(/B Y)r tr Zmnl"% )t‘

n=0 r=0 r=0

1 t)—x—’Y<1 _ f)x —(1—) B (1 _ E)x

c c
= t
= mn(z;8,c)
n=0

Equating the coefficient of ¢ we get (4.1)

mn(z; 8, ¢) = ; <7:> (B = 7)rmn—r(x;7,c).
Similarly we can prove (4.2), (4.3), (4.4), (4.5) and (4.6). =

5. Meixner polynomials of two variables

The Meixner polynomials of two variables is denoted by my,(z,y; 3, ¢, d)
and are defined in terms of Kampe de Feriet double hypergeometric functions
as (see [4]) follows:

—n:or Y
(5.1) mp(z,y;8,¢,d) = (B)n F 1—ct1—dt
B: ==
n n—r r—l—s( )r(_y)s(l . C—l)r(l o d—l)s
Z (5)7‘4_57'! s!

r=0 s=0

where 6 >0,0<c<1,0<d<1l,2=0,1,2,... andy=0,1,2,....
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The following generating functions holds true for the Meixner polynomi-

als defined by (5.1)
o0 tn’
Zmn<w7 Y, Ba c, d)_'
n=0 "

— —B—z—y t)* AN i
_(1_t) -~ 1_3 7|t‘ <m1n(1,|c\,\d|),

Cc

0o tn
(53) Zmn+k($7y;ﬂ7c7 d)ﬁ

n=0
t\* t\Y c—t d—t
=(1-t)y Py (1—-) (1--
1-1 ( ) ( d) <xy,/3,1_t H)
o0 tn
ZAnmn(%yaﬂde)g

e

> /\ c—t d—t wtN 1"
P (=5 120 [

km C—|—2 d+ z z k
(5:5) Fm’“< WP 1—|—z> <1+z>

—x
=1+ (14 2) T (14
C

3

)Y SRyl yi B, d)zF
k
n € No; |z| < min{1,|c|,|d|}).

Ql ™
I
o

6. Summation formulae for Meixner polynomials of two variables
The following summation formulae holds for (5.2):

60 mogbied =Y (1) e
r=0

(6.2) mp(z1+ 22,91 + y2; b1 + B2, ¢, d)

= Z( )mn r(x1,y1; B, ¢, d) my(22,Y2; B2, ¢, d),
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n

(6.3) mp(z,y; B1 + P2, ¢, d) = Z (Z) (B2)rmin—r(2,y; B1, ¢, d),

r=0

(6.4) my(z1 4+ 22,91 +y2;2(B1 + B2), ¢, d)

= Z( )mn r(T1,y1; B1 + B2, ¢, d) me(x2,y2; B1 + B2, ¢, d),

(65> mn+1(x7 Y3 /87 c, d)

" /n ' x Yy
= z_;] (7") n! mnfr(l',:%B,C,d) {('I_{_y_}'ﬁ) - o+l - W}?

n

(6.6) mn(z,y; B, ¢,d) = Z <Z> By = 1)) p—rmy(x,y; B, ¢, d).

r=0
Proof of (6.2).

n

o0
t
Zmn(wl + x2,y1 + y2; b1 + B2, ¢, d)m

n=0

£\ (@1t+22) £\ Wity2)

_ (1 _ _> (1 _ E) (1 — 1) (o) )~ (Bo+2)
C

— (1 - %)xl <1 _ §>y1(1 I <1 - é)irz

t Y2 s
1= 2 1_t*$2*y2* 2
(1-%) a0

o0

Z xlvylaﬁlac d Zmr 352792,5270 d)_

tn+r
= szn x1, Y15 Brs ¢, d) my (2, y2; B2, c, d) o
n=0 r=0
o n m
- szn—r(ﬂflyyl;ﬁl,&d) mr($27y2;ﬁ27cu d) 11
v s (n—r)!rl

Equating the coefficient of t" we get (6.2).
Similarly we can prove (6.1), (6.3), (6.4), (6.5) and (6.6). =

7. Meixner polynomials of three variables

The Meixner polynomials of three variables m,(x,y, z; 8, ¢, d, e, ) are de-
fined in terms of Kampe de Feriet triple hypergeometric functions as (see
[4]) follows:
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(7.1)  ma(z,y,2:8,¢,de,)

—nio—iei— o ST YT
= (BnF l—ct1i-at1-e!
6:: DR T Ty T
B Sl o e o P G R N
r=0s=0 k=0 (B)r+s+rr!stk! )

where 8 >0,0<c<1,0<d<1,0<e<1l,2=0,1,2,...,y=0,1,2,...
and z =0,1,2,....
The following generating functions holds for (7.1)

0o m
Zmn(xayvz;ﬁvcv d7 e)ﬁ

n=0

e (1o B (1= EY (1= B) ) < min(1, el d] Je)
c d e ) b ) b )

tn
Zmn-i-k x,Y,z; Bac d 6)

n=0

e (Y () ()

c—t d—t e—t
k<xay72;5a >

1—t'1—-t"1—t¢

o0 tn
Z Anmn(a?, Y,z 67 c, d7 e)ﬁ

n=0
t\* t\Y t\*
=(1-- 1—= 1—-) (1—¢t)y & v—="F
( c>< 7) (1-5) -0
o /\ Bc—t d—t e—t wtN 1"
xr z,
— ERT T 1) -0
i" wmx.ﬁc—l—zd—l—ze—l—z z k
k k! 1,42, 3”1+Z71+Z,1+Z 1+Z

s (T () (1)

n
Y S(n kymy (w1, w2, w35 8, ¢,d,e)2" (n € No; |2 < min{1, e, |d], |e]}).
k=0
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8. Summation formulae for Meixner polynomials of three variables
The following summation formulae holds for the generating functions
(7.2):

n

(8.1) mn(xayv z;B,¢,d,e) = Z (:) (B - V)Tmnﬂ"(xaya 27, ¢, d,e),

r=0
(82> mn@l+$2,?/1+y2721+z2§51+/32707d7€)

= Z < )mn r(@1,91, 215 B, ¢, d, e) my(x2, Y2, 22; Bo, ¢, d, €),

n

(83) mn(x,y, <3 ﬂl + 627 ¢, du 6) = Z (:) (BZ)Tmn—T(x7y7 2 ﬂ17c7 d7 6)7

r=0
(8.4) mn(ﬂfl + 29, Y1 + Y2, 21 + 22;2(B1 + P2), ¢, d, e)

— Z < >mn r 1131 ylvzlvﬁl +1627C d 6) m’l‘(x27y2722,/61 +1627C d 6)

n

n
8'5 n ) ? ; Y 7d7 = ! n—r ) Y ; ? 7d7
(8.5) mpti1(x,y,2;8,¢,d,e) Z<T>nm (x,y,2;8,¢,d,e)

r=0

x Yy z
{(m+y+z+ﬁ)—cr+1 T ogril _er+1}7

n

(86) mn(m,y, Z; /877 ¢, d, 6) = Z (:f) (5(7 - 1))n7rmr(xa v, z; 3, ¢,d, 6).

r=0

9. Meixner polynomials of s-variables

The Meixner polynomials of s-variables are defined as follows (see [7]):

(9.1) mp(x1,29,...,25;0,¢1,C2,...,Cs)
S

S () ) MU | e >m1j<1—c by

SIS 3 S 7
r1=072=0 rs=0 (B)ri+rattrs 11 (15)!
j=1
where 3 >0,0<¢; <1,i=1,2,...,5 2, =0,1,2,...,and j = 1,2,...,s.
The following generating functions holds true for the Meixner polynomi-
als defined by (9.1)
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o0 tn
E mn($17x27'“7:L'S;B7cl7627"‘768)m

s

t\"
= (1—¢) B m—m—ts 1—— 1 , |t| <min(,|eil, e, ..., |cs)),
(11 [I(1-5) - W <mintlal el o)

j=1
tn
Zmn+k($17$27 e 71‘8;/87017027 e 768)5
S t T
= (1 —¢t)y Prhmmo—mas (1 - —>

c1—t cog—t cs—t>

'mk<l’1,l’2,.. xSuB? _t71_t771_t

o0 tn
E Apmp (21,29, ..., xs; B,c1,C2, ..., C5)—

n!
S T;
— (1 _ t)—ﬁ—m—xl—m—xs H <1 _ i) ’
=1
i A m R . ﬁcl—t co—t cs — t wtN F
k—o(Nk)! Nk #1082, -0 Ess B t’1—¢t7 71—t (1—t)N ] 7’

00 k
k™ ci+z co+ =z cs+ 2 z
9.5 — cey Ty B, , e
( ) Zk!mk<xlyx27 7st 1+2 142 1+ 2 1+ 2

k=0
S P —Tj
- (1 z1+z2+..+rs+8 14+ =
(1+2) El t o

n
: Z S(n, kymy(x1, o, ..., Ts; B, €152, - - ., C5)2E
k=0
(n € No; |z| < min{1, |c1|, |c1],- .-, |es]})-

10. Summation formulae for Meixner polynomials of s-variables

The following summation formulae holds for the generating functions
(9.2):

(10.1) mp(x1,22,...,2s;B,€1,C2,...,Cs)

n
E < > B 7 rTMp— T(wlaw%'"7'%'8;77017627"'708)7

r=0
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(10.2) mp(z1 + 22,21 + X2, .1 + T2; B1 + P2, C1,¢2, ..., Cs)

n
= Zo (MYmn—r(z1, 21,013 B1, ¢1,Ca, . . -, Cs )M (T2, T2, - ., T2 B2, €1, Cay - - -, Cs)y
=

(10.3) mp(x1,22,...,26 01 + B2, c1,¢2, ..., Cs)

n
n
— Z <7“> (B2)rmp—p(T1,22, ..., Ts; B1,C1,C2y ..., Cs),
r=0

—~

10.4) mn(xl +zo, 1 +x9,...,21 + Ig;?(ﬁl + ﬁz),cl,CQ, - ,Cs)

n
=3 (M)mn—r(z1,21,..., 21581 + B2,¢1,C2, . . ., C5) My (T2, T2, @25 B1 + B2, ¢1,C2,. .., Cs),
r=0
(105) mn+1($1,1’2,...,.’BS;B,Cl,CQ,...,Cs)
n
Y o
= Z <’I"> n: mn_r(l'l,l'Q,...7$5;ﬁ761,62,...705)
r=0
I i) s
'{<x1+x2+"+$5+ﬁ)_T—H_m_"'_r—ﬁ-l}7
1 cH s

(106) mn('mlax%"'7$s;B’7’Cla62""7cs)
n
n
= Z <T‘> (/6(7 - ]-))n—rm’l‘(xl7$27 cee ,$5;B701,CQ7 cee 708)-
r=0

For more results on Meixner’s polynomials of several variables one is also
referred to [9] and [11].
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