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i. INTRODUCTION
The identities
ZFk =FFpu a.n
and

z Li = LnLnH -2= LnLnH - LOLI (12)
k=1
are well known. The right side of (1.2) suggests the notation [L;L, L.}, which we use throughout
this paper in order to conserve space. Each time we use this notatuon we take j to be the dummy
variable.
In [2], motivated by (1.1} and (1.2), together with

Z B R = BFuFa, (1.3)
k=1
we obtained several families of similar sums which involve longer products. For example, we
obtained
ZEcEcH Ec+2m Fk+4m Eﬁ%ﬂﬂmﬂ', (1'4)
k=1 2m+1
for m a positive integer. By introducing a second parameter, s, we have managed to generalize all
of the results in [2], while maintaining their elegance. The object of this paper is to present these
generalizations, together with several results involving alternating sums, the like of which were
not treated in [2]. In Section 2 we state our results, and in Section 3 we indicate the method of
proof. We require the following identities:

F .+F_,=FL, keven, (1.5)
E+F,_.=LF, kodd (1.6)
E..—-F_,=FL, kodd 1.7)
Fo—F_.=LF, keven, (1.8)
Ln+k +L,,=LL, k even, (1.9)

+L,, =5F,F,, k odd, (1.10)
Lo—L, .=L1L, kodd (1.11)
L,.—L,,=5FEF, keven, (1.12)
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L= Ly,= (D)2 =(-1L, (1.13)
5F,,2 ~L,, = (-Dm12 = (—1)"“110, (1.14)
SFR -1}, =—4=-I2. (1.15)

Identities (1.5)-(1.12) occur as (5)-(12) in Bergum and Hoggatt [1], while (1.13)-(1.15) can
be proved with the use of the Binet forms. In some of the proofs we need to recall the well-
known identity F,, = F, L, .

2. THE RESULTS

In this section we list our results in eight theorems, in which s> 0 and m > 0 are integers. In
some of the theorems the parity of s is important, and the reasons for this become apparent in
Section 3. Our numbering of Theorems 1-5 parallels that in [2], so that both sets of results can be
easily compared.

Theorem 1:
FoFinayy - £,
(n+1) s(n+4m+1)
Z Fesny - FiesamyLoeszmy = I3 , S even, 2.1
s(Zm+1)
< FoF sy - Fsprame
ZF;k"'Ev%k+2m)"'F;(k+4m) = s(HL) Aimtd s odd. (2.2)
k=1 s(2m+1)
Theorem 2:
n LyLy sy Ly i
_ U+ (j+4m+1)
Z LskLs(k+1) e .Ls(k+4m)F.;(k+2m) - l: = jSF S :| , §even, (23)
k=1 s(2m+1) o
L,L Ly, "
2 s(J+1) o Hs(j+4mAl)
Z Lesry - Lesamy -+ Ligieram “[ I ] , §odd. (2.4)
's(2m+1) 0
Theorem 3:
L F_F F
- (n+1) "+ 4 s(n+t4dm+3)
ZF;kF;(kH) "'F;(k+4m+2)Lx(k+2m+l) == F > (2.5)
k=1 $(2m+2)
i
Z ko) -+ LgerameayFsceszmt L LUH) s(j+4m+3) (2.6)
eee + + ’
s( +1) s(k+4m+2)* s( m ) 5F<2m+2) 5

Theorem 4:
F, 2F 7 ]:s%n+4m+l)

n

2 2 9 (n+l) **
2 FiFpry - FeramFsaisam = = MF ’ @7
pour] s(4m+2)
iL 2 F BBy Bjramn | (2.8)
e Lty Dramlaram = 5Fy4me2) 0 |
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Theorem 5:

2 F:vnFs%nH) ‘F;%n+4m+3)

E Ev(k+1) (k+4m+2)Fs(2k+4m+2) I > 2.9)

s(4m+4)

n LI N5 !

Z Ia s(j+) - -+ Ls(j+4m+3) (2.10)
(k+1) s(k+4m+2) s(2k-+Am+2) — 5E, - .

s(4m+4) 0

For m=0 we interpret the summands in (2.2) and (2.4) as Fz and I?,, respectively. For s
odd the corresponding sums are then

ﬁ: i: sn s(n+1) and Z [ sf S(j+l)] , (211)
0

k=1 s s

which generalize (1.1) and (1.2), respectively.
Interestingly, for m=0, (2.1) and (2.3) provide alternative expressions for the same sum,
namely,

L L
ZFM Fon s("“) [ S}Xff“)} , Seven. (2.12)
F 0
Theorem 6:
( 1) sn* s(n }Ts n+dm+l
Z( DFE, iEserny - FipramPoramy = L(H) (reant) | s even, (2.13)
k=1 s(2m+1)
( l) s os(n E n N
2( l) sk s(k+l)""Fs(k+4m)Ls(k+2m) }(;‘H) el > S odd. (214)
s(2m+1)

Theorem 7:

( 'Ly Ly - Lovamyy
Z( D*L iLsrny - LogeramyLsesam = Lj — , seven, (2.15)
k=1 's(2m+1) do

( 1) s(j+1 Ls +4m+1
Z( D*L iLserty -+ LsgeramyPseramy = ng) UED | s odd. (2.16)
k=1 3 s(Zm+1) o

Theorem 8:

( 1)11 st s(n+1 F;* n+4m+3
3 0 EaFiean - FasamssFeramn = L‘” w2, 2.17)
k=1 's(2m+2)
% k (- 1)” Ly sy -- Ls( jHamt3) "
Z(“l) LskLs(k+1)---Ls(k+4m+2)Ls(k+2m+1) I . (2.18)
k=1 s(2m+2) o ’

Some special cases of these alternating sums are worthy of note. For m =0 Theorem 6 yields
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n (-)'F F

S ()FL= wT(ﬂ s even, (2.19)
k=1 s

and
n -)'F. F.
S By, = u s odd. (2.20)
k=1 F

An alternative formulation for (2.20) is provided by (2.16). For m= 0 (2.15) becomes

n 1Y L,L |
S (DI = CV LyLygwn , §even. (2.21)
k=1 L 0

s

3. THE METHOD OF PROOF

Each result in Section 2 can be proved with the use of the method in [2]. However, the
significance of the parity of s in some of our theorems becomes apparent only when we work
through the proofs. For this reason, we illustrate the method of proof once more by proving
2.4).

Proof of (2.4): Let I, denote the sum on the left side of (2.4) and let

Lsan(n+1) e Ls(n+4m+1)

5 Ls(2m+1)
Then
L,LpivyLonia
ry=Thy =—0 x(nL ! i) [Ls(n+4m+l) - Ls(n—l)]
's(2m+1)
_ Lsan(n+l) ce Ls(n+4m) [ L - ]
- L 's(n+2m)+s(2m+1) 's(n+2m)—s(2m-+1)
's(2m+1)
2 . .
= Lo, Lypiry--- Lineamy -+ Loneamy [bY (1.11) since s(2m+1) is odd]
=1 -1,
Thus /, —7, = ¢, where ¢ is a constant.
Now
c=h-n
L,
_ (4m+2)
- LsLZs' .. Ls(4m+l) Ls(2m+l) - L
‘s(2m+1)

2
Ls(2m+l) - Ls( 4m+2)

=L Ly,... L:(4m+l) :

- LOLSLZS te Ls(4m+l)
Lx(2m+1)

Lx(2m+l)
[by (1.13)]

=

and this concludes the proof. O
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In contrast, when proving (2.3), we are required to factorize L, 1 52me1) — Lsnazm-sam+1)
for s even, and this requires the use of (1.12).
As in [2], we conclude by mentioning that the results of this paper translate immediately to
the sequences defined by
{U,, =pU, +U,,, Uy=0, U =1,
V=er1—1+Vn—2a %227 Vlzp

n

We simply replace 7, by U,, I, by V,, and 5 by p? +4.

ACKNOWLEDGMENT

I would like to express by gratitude to the anonymous referee whose comments have
improved the presentation of this paper.

REFERENCES

1. G. E. Bergum & V. E. Hoggatt, Jr. "Sums and Products for Recurring Sequences." The
Fibonacci Quarterly 13.2 (1975):115-20.

2. R.S.Melham. "Sums of Certain Products of Fibonacci and Lucas Numbers." The Fibonacci
Quarterly 37.3 (1999):248-51

AMS Classification Numbers: 11B39, 11B37

Lo o
XL XL

%

2000] 7



