AN IDENTITY INVOLVING THE LUCAS NUMBERS AND STIRLING
NUMBERS

GUODONG LIU
ABSTRACT. In this paper, we obtain an identity involving the Lucas numbers and Stirling

numbers.

1. INTRODUCTION AND RESULTS

The Fibonacci sequence {F,} and the Lucas sequence {L,}(n € N = {0,1,2,...}) are
defined by the second-order linear recurrence sequences:

Fopo=F,1+F,,Fp=0,F, =1 (1.1)
and
Lyio=Lp1+ Ly, Lo=2,11 =1, (1.2)
respectively. Clearly, we have
Lyt = Fopa + (n € Ng :=NU{0}). (1.3)

These sequences play a very important role in the study of the theory and application of
mathematics. Therefore, the various properties of F}, and L, were investigated by many au-
thors (see [1, 2, 4, 5, 6]). The main purpose of this paper is to prove an identity involving the
Lucas numbers and Stirling numbers. That is, we shall prove the following main conclusion.

Theorem. Let n >k (n,k € N). Then

Ly Ly, -+ Ly, k<& . , ] .
T o R ’f@—ﬁ!(@)( J .)sw,k), (1.4)
1N U102 Uk T J/ NI
v1t+-tvE=n

where the s(n, k) are the Stirling numbers of the first kind defined by (see [3])

n

re—1)(x—2)(x—n+1)=Y s(n k)" (1.5)

k=0
or by the following generating function

o

(log(1+x)) Z —. (1.6)

n==k
2. DEFINITION AND LEMMA

Definition. For a real or complex parameter x, the generalized Fibonacci numbers F,gm),

which are defined by
1 -
— = F@n, 2.1
() -2n 21

n=0
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The numbers Fé?l = F,, are the ordinary Fibonacci numbers.

Lemma. Letn > k(n € N) and

Then

st = >t (1) (7 )st

j=k

nlF@ = Z 5(n, k).
k=1

Proof. By (2.1) and (1.5), we have

g at\n =7
>o-0()(.”) kj1<—1>ﬂ’fs<j, )t
ZD v - (), ]>S(j,k)xk:kz;5(n,k)xk.

This completes the proof of Lemma.

Remark 1. Setting n = 1,2,3,4 in Lemma, we get

and
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1!F1(x) =z, 2!F2(x) = 3z + 22, 3!F3(x) = 8z + 922 + 23,

AP = 422 + 5922 + 182° + 2.

(2.2)

(2.3)

(2.4)
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3. PROOF OF THE THEOREM

Proof of the Theorem. By applying the Lemma, we have

dk
k6(n, k) = nl—F9| . 3.1
(k) = nl T, (3.)
On the other hand, it follows from (2.1) that
= d 1 g
—F@ z=ot" = (| log —— | . 3.2
> e e C=— (32)
Thus, by (3.1) and (3.2), we have
- t 1 ¥
| Jp— - -
k.nZ:ch(n, h)— = (log - _t_t2) : (3.3)
By
d 1 142t = =
@ _ =N FWr 4 or YT e
at P12 1t nZ:O n ;
we have
1 o ) thrl o ) tn+2 o n+1 > n+2
| = 2 F = n 2 n
BT 1 2 +1 ;"n+2 2 Fun 17 HZ:; 2
o n+1 o0 n+1 o n+1 o0 tn+1
= F, " = F, 2F, = L,
o0 tn
I 3.4
2 Loy, (3.4)

which yields

k
= t" L = Ly, Ly, - L
k! E o(n, k)— = E 2] = E g il EE—S L U 3.5
n=k n=k V1, UL EN
v+ tvg=n

By (3.5), we have
! L, L, - L,
S(nk) ="y RuTmllow (3.6)

’U 'U DY 'U
V1, , U EN 1v2 k
v1+-Fvpg=n

By (3.6) and (2.2), we may immediately deduce the following

3 Lol Ly _ K $ (—l)j_k(n—j)!(r,L)( J .)s(j,k)- (3.7)

ViUg v, ) n—
V1, 0L EN 172 k i=k J J

v+ tvg=n

This completes the proof of the Theorem. 0
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Remark 2. Setting k = 1 in (3.7) and noting that s(j,1) = (=1)"71(j — 1)! (j € N) (see

3]), we have ) |
Ln:ZE.(n]_j). (3.8)

=17
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