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PRODUCTS OF FIBONACCI AND LUCAS NUMBERS

H. H. FERNS
Victoria, B.C., Canada

Let U_ denote a Fibonacei or a Lucas number and consider the product
i

“UX1 UXz oo an .
We are interested in finding a general method by which this preduct may be
expanded, " i.e., expressed as a linear function of Fibonacei or Lucas
numbers.
Beginning with the case in which n = 2 we find that there are fourtypes
of such products. Using Binet's formulas it is easily verified that these may
be expressed as follows:

F L F +(-nFrE
Xy X b SRp.) Ry~Kg

¥ - (-p*2 F,

F
X1 X Xy+Xg 1-Xp

L L +(-1*2 g,
X3 X3 X4t+Xo Xq=Xa

1

1 Xz
in sz B 5[Lx1+x2 - 1) in—x2:|'

From these four identities we make the following observations.

This "multiplication” is not commutative.

The product of a mixed pair (i. e. , one factor is a Fibonacci number and
the other is a Lucas number) is a linear function of Fibonacei numbers. The
product of a Fibonacei snd Lucas number is a function of Lucas numbers.

The coefficient of the second term is 1) or -(-1? according as X,
comes from the subscript of a Lucas or a Fibonacci number.

The factor 1/5 occurs when both numbers in the product are Fibonaceci.
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For convenience we denote -1 by € . Now consider €4 as playing a
dual role. As a coefficient of Lx or Fx it has the value (—1)Xi. As an oper-
ator applied to these numbers it reduces their subscripts by in. With this in

mind, we may write

= (1 X2 = X3
= € = -
in sz 1+ )FX1 1%, FX1 1%, + (-1) in_xz
= _ X2 = - (-pX2
in FXg - e™) Fx1+x2 Fx1+x2 -1 in—xz
= X2 = _1)%2
in sz A +e€ )LX1 +x in - + (~-1) LX1-X2
= (1- X2 =1 R
FX1 FXz @ € )LXfl'Xz 5[LX1+XZ ( 1 LX1—-XZ:|'

We turn now to products containing three factors such as in L,K2 Fx::,'
For the moment we shall understand that LX1 sz F

FXS . Then, making use of the above results, we have

X5 means (in LXZ)

n

i v
(L, Ly )Py [in D in_x2]FX3

L F. + 1)L F
X1tXa X3 X1-X9 X3

- _ {_1)%8 b (= Xy
FX1+X2+X3F 1) FX1+X2—X3 1) X

X3
X [FX1-X2+X3 -y LX1-X2-X3]
o= H - - XB 4 {- XZ
rX1+X2+X3 ( 1) FX1+X2—X3 ( 1) X
_ (- X2+X3
FX1—X2+X3 ( 1) Xy~Xg=Xg

Using el we arrive at the same result.
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— X9 p< ]
= + - X
inszFXS l+e?)1-c¢ )I‘Xi x4
= X2 X3
= + - (=
@+e )FX1+X2+X3 1) FX1+X2—X3
= - (-1)%8 + X (X2t
Fx1+x2+X3 1 FX1+X2—X3 (-1) in—x2+x3 1) X
F .
Xq~Xg~X3

Since

(1+€X2)(1-e) =1+ eX2_ 5 _ X

we could proceed as follows:

1]

+
L_L_F 1 +e®2 ™ X
X{ X3 X3 XqtXg Ky

X9 X8 ‘ _ L\ X2t®3
+ (_1) FX1—X2+X3 (1) FX1+X2"‘X3 ( 1) X

Fx1+x2+x3
‘ FXr‘Xg—Xg '
We leave it as an exercise to show that in(szFx?,) when expanded by
any of these methods leads to the same result.
There are eight types of products, each.consisting of three factors.  We

list them below.

X9 +€ X3
in Lx2 LX3 (@ +e™)a )FX1+X2+X3

1

- X1 +eD)F
L T Ly = G- €A+

X9 e X3
in sz FX3 (1+€)(1~¢ )FX1+X2+X3
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-1 X9 X3
FXi FXZ FX3 - 5 (1 - € )(1 -€ )FX1+X2+X3
L = 2 (1-e)(1- ML
Xy~ Xg X3 5 XXy
=1 X3 X3
\ in sz Fx3 T35 @+e™)1-e )LX1+XZ+X3
=1 Xy X3
FX1 sz LX3 -5 (1 -€ )(1 te )LX1+X2+X3
- X2 X3
ij Lx2 LX3 @ +e ) 1+e )LX1+X2+X3

The preceding results are the bases for the following conjecture.
Let UXi represent a Fibonacci or a Lucas number. Let p be the num-

ber of Fibonacei numbers in a product of both Fibonacci and Lucas numbers.
Let

UX1+X2+' e +Xn

denote a Fibonacci or a Lucas number according as p is odd or even. As a
X X3
coefficient € ! has the numerical value (-1) ! but as an operator applied to

U
Xytyhe o dxn

it reduces the subscript of the latter by 4A1 .
Use

- exi) or 1+ Exi)
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according as X, is the subscript of a Fibonacci or a Lucas number in the
product. Then

u
l l = 1 Xy %3y .., e
UXi [R] (1+e2)@+ed) (Lze€ )Ux1+x2+° ety
i=1 5 2

The proof of this conjecture is given at the end of this article. The following
example will illustrate

FisFpLyg Fy

% 1-eB)1 +el0)(1 - €8)Fy

2 (- €2)(L+ €2)(Fys - Fyg)

]

20~ €®)(Fys - Fpg+ a5 - Fy)

I

1
T (Fys - Fog + Fo5 - Fy- Fpy + Fy - Fy + Foy)

1
T (Fy5 - Fog +Fa5- Fpy + Fys - Fy +F5 - Fy) .

]

The above rule also applies if the product consists entirely of Fibonacci

or of Lucas numbers each with the same subscript. For example,

4
X
1+¢€ )LSX

IR
X

2 3x

(1 +468+66X 4465+ ey,

5x

i}

X 2x 3x 4x
L < + 4(-1) L3X +6(-1) LX + 4(=1) L_X + (~1) L_

5 3x

L+ [4-D%+ 1] L, + [6 (-‘1)ZX + 4(—1)2X] L,

]

X
- + .
L5X + 5(-1) L3X 10 LX

More generally, if n is an odd integer we have
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o
1l

n-1
D @+€eX)y L
nx

n-1\} x n-1\_2x
Lnx+( 1 )e L(n—z)x+( 9 )e L(n—4)x+

n-1\ _@©-2)x n-1\_m-1)x
+(n—2)€ L-(n—ﬁl)x-li(n—l)e L

n

-(n-2)x

Since

n (p__l)x
n _ ny x n} 2x (n-—l) 2
LX = Lnx+ <1>e L(n—Z)x+ (2) € L(n-4)x+ + 5 € LX
n-1
2
o xi (n -
LX = Z(—l) (1) L(n-Zi)x n 1, 3, 5,
pry

Similarly, we get the following:
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n
L]
2 nx n-1
Xn
L} - Z [-1) i (?) L(n-2i)x] +2(-1)% ( 2 ) @, even)
i=0
n-1
2
n_ 1 (x+1)i
x ~ n-1 = ( ) F n-21)x (n, odd)
2 i=0

n
5-1
—(x+1) -1
FI:; = _%Z [( 1)(x+1)1< )L(n 21)x} + 2(- 1? ( % ) {n, even)
21
5

The proof of the rule which has been used to express products of Fibon-
acci and Lucas numbers as linear functions of those numbers is a proof by
induction.

We have seen that it is truefor n = 2 and n = 3. Assume it is true for

all integral values of n up to and including k. Then, if p is even

- 1 Xp
1) l !,Uxi = {] (L €2)ees (14 € )Lx1+x2+---+xk .
i=1

Multiplying both members of this equation by LX 4 We get

1 X2y ... Xk
>

1:: 5
) _I%E (12 eX).s (12 €K) x
;L2
(L -+ (—1)k+1L

X:[+’X2+' o '+Xk+1 X1+X2'+‘ 3 '+Xk—xk+1 )

.., Xy gl
1+ €2)eer (14 €5)1+E )LX1+X2+...+XK+1

i
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Next, multiplying both sides of equation (1) by Fx 41 e get

k

I|U F
X X4

i=1

1 %2y o k g
[P_ (1 + €7¢) 1z € )LX1+X2+' kX TXk_H
5 2

p:<
12 e2)--- (1i €K) X

X
1) k+1F

X [FX1+X2+. s +Xk+1 - X1+X2+’ . .+xk_xk+1]

X,
I X3y oo K k+1
T (1x €72) (L eX)1-e >FX1+X2+...+Xk+1-
L2

Since both of these results agree with that given by the general rule for

n = k+ 1 the induction is complete for the case in which

T = 1
XqtXgte » o4y Xy tXgte o obxy,

We leave the case in which

=F
Ux1+x2+. Cebxy Xyyte o bRy

for the reader to prove.
We now consider the reverse problem; that is, the problem of finding a
general method of expressing

L and ¥
XytXgte » °+Xn X4tXghe o '+Xn

as a homogeneous function of products, each of the type,

i+2 a LXn

B R
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For simplicity let S? denote the sum of all products consisting of i
factors which are Fibonacci numbers and n -i which are Lucas numbers.

The number of such factors is, of course, (2)

For example,

84 =F F_ L L +¥F F L L +F_ F_L_L_+
Xy Xy X3 Xyq Xy Xy Xy Xy Xy X4 Xp X3

+F F L L +F ¥ L L +F ¥ L L_ .
X9 X3 X3 Xy X X3 Xy X3 X3 Xg4 X4 Xy

For later use we note that

st L, +8
i n-+1

?—1 Fx =8 :
n+1

This follows from the identity

(B)+(2) - 07)

For the case n = 2 we readily prove (using Binet's formulas) that

1t
[ ]
B
w
RA
t=
o
no
+
)
b
KA
(o

FX1+X2

1
D] =

I
2ok =t

+ 5 ¥
LX1+XZ (LX1 LXZ FX1 XZ)

& +58) .

§
Dof =

Using these two identities as a basis, we develop the following for n = 3
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F = F
XXy X3 (x1¥xg)+x3

_ 1

- 2[LX1+X2 FX3 + FX1+X2 LX3]

=3ila 1 +5F F )F 4@ F +F L )L
212 xy "X Xy X3 Xg 27Xy Xy Xy Xp' X3

=—-1-LLF+5FFF+LFL+FLL
2] X1 X2 X XK X3 XXX X XX
=——1—S?1’+5Sg

22

L L
XftXgTX3 (xy#xa)+x3

1

Z[LX1+X2 LX3 ToF

F
X1HXe X3

_if1 5 .
= 5 [2 (L, Ty + 8 P, T )T 73 Ty T+ Fe, L) FXB]

-y
22

= -l-[s?, + 5s§].
22 ;

I:LLL+5FFLA+5FLF+5LFF:]
Xy X3 X3 X1 X3 X3 X X2 X3 Xy X3 X3

Proceeding in this manner we derive the following identities for n = 4

and n = 5:

1.4 4
=m e =3
FX1‘+X2+X3+X4 23 [Si 5 Sg ]

= List 2+ 525§
FX1+X2+X3+X4+X5 gt [Sl * 88 g

N I 4 2 ol
Lx1+Xz'+X3+X4 - 23 [So tOm D 84]
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_ il 5 -92ub
LN > [so + 58 +5 34].

From the above results we conjecture the validity of the following identi-
ties which we will prove later.
n-2

2 .h
5 Sn-l:l (@, even)

@)

FX1+X2+' B -+Xn -

=
=

—Hl_—l[s?+5s§1+5zs?+n-+

|

5 2 Snj! (n, odd)
n
: ]
2.
1 n 157 8 n, even
B L oy v vt =_11-_1S{’l_,_58§1+52s4-"'”+ n ( )
1742 T 2
n-1
2 n
5 sn—l} n, odd) .

Before proceeding with the proofs of these identities we consider the

special case when x; = x3 = -+ = x, =x. Forthis case we get the foliowing:
__.2
1 i/n n-1 ny 3 ;n-3 5 2 2 Fn 1 (n,even)
an - 2n—l (1>FXLX +8 <3>FXLX e __%
( 2 n) F {n,0dd)
n
B
1 ) 2 é 52 E) Fi (n, even)
= —|L +5<2)F LY 4 oo 4
g n-1

Note, in particular, if n = 2 we get two well-known identities

and
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We have now to prove the identities (1) and (2). The proof isby induction
on n. Both identities are frue for n = 2. We assume they are valid for all

integral values of n up to and including n = k.

Then
k2 T
2k
5 8 {k, even)
L |sk+ sy K k-1] K
@ F = —=e | 87 + 58y + 5885 + e + |
X+Xyt +Xk 2k_1 }E:.];
5 2 SE (k, odd)
k -
2k
58 (k, even)
= _1_ K k 2 13 [ k J
(5) LX1+X2+--»+Xk T k-1 [So + 58, +52 8, + + o :
5 2 Sﬁ_l (k, odd)
Now
6) L -

L
XHRghe « XA g = 0 (KptEgte o Xy )Rk

1

2 E‘xﬁxﬁ- et ka +1 5 Fx1+xz+- s kK ka +1]'

Applying (4} and (5) to the right member of (6), we get

1 k = oK
(7) L L = —— 8L +58, L +
N TR | [ "R P e
k
52 SE Lx (k, even)
+ k+1

2 k. .
5 ) L k, odd)
k-1 "% ]
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1 k k
@ F F = S +58 F Ao
XqHRyhe = e X Xyerq k—— [ 1 %41 53 X1

k-2
5 2 Sl': 1F (k, even)

+ A
k-l
5 2 SE F jl (k, odd) .

a1

Substituting in (6) from (7) and (8) and regrouping we get the following:

k+1
L = + s
KyHKy e+ Xy ( 1 k+ 1)
+ 52 + sk F_ doans
k+1
k
2
5718 L F {k, even)
< Xy k—l X +1>
k 1
2
5 k k 41 k, odd)
Hence
k
2 _k+1
57 8 k+1, even)
IJX1+X2+' L +Xk+1 = %){+1 Sg—l- + 52 k+1 ee k
k-1
52 s‘éj:{ (& + 1, odd)
This completes the proof of (3). The proof of (2) is similar,
K oA Kk kX
ERRATA FOR
PSEUDO-FIBONACCI NUMBERS
H. H. Fems

Victoria, B.C., Canada

Please make the following changes in the above-entitled article appearing
in Vol. 6, No. 6:

pe 305: in Eq. (3), O, i1 should read: O,
bottom: B kil should read: Bk 1.
read: 2}\02n; in Eq. (13), 302n+1 should read: 302n+l . Equation (17), on
p. 312: (A- 2)02n_1 should read: A{A- Z)OZn-l'
4'0?L should read: 4-0%. In line 3, p. 314, 205 4o should read 20

Eq. (20), p. 315: (A~ Z)O2n should read A( A - 2)0211

* ok oA K

1gr 0N D. 306, the 6™ line from the
On page 310, in Eq. (12), 20211 should
Equation (18s) on p. 313:

on+2? and
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