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1. Introduction

Recently, C. Badea [1] showed that

> 1
2, 7,

n=20

is irrational, where L, is the usual Lucas number. We shall extend here his
result to other series, with a direct proof, and we shall also give a deeper
result, namely,

©

Z% fz% ¢ 9(/5), with & = 1.

Consider the sequence of integers {w,} defined by the recurrence relation

(1.1 Wy = PWp-1 — QWn-2,

]

where p 2 1, g # 0 are integers with d p2 - 4g > 0. Roots of the character-

istic polynomial of (1.1) are
_p+Vd _p-7Yd
o = —~7T~— and B = ——7?——,
where o + 8 = p, af = g, and o - 8 = Yd > 0. Note that o > (8] and o > 1 since
o > afB| = |q| = 1.
Special cases of {w,} which interest us here are the generalized Fibonacci
{U,} and Lucas {V,} sequences defined by
[ n
(1.2) U, =OCOL—_% and v, = o + B".

It is easily proved that {U,} and {V,} are increasing sequences of natural
numbers (for » = 1) and that
dn
n"m, V},ZNOLn, v, <V,

for all positive integers n.
We also have
(1.3) Upy = UnVys
(1.4) al, - U,y = -B".
The purpose of this paper is to establish the following result.

Theorem: We assume that the above conditions are realized and that ¢ is fixed
(e = *1). We then have:

EVL

wo Vor

1) 6= is an irrational number;

2) 1f Yd is irrational and IS\ <1, then 1, o, 8 are linearly independent
over & [or, in other words: 0 ¢ Q(/E)].
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Remark: When g = #1, it is quite simple to prove that IB{ < 1 and ¥d is irra-
tional. More generally, IB[ < 1 if and only if p + ¢ > -1 and p - g > 1 [since
in that case P(l) < 0, P(-1) » 0, where P is the characteristic polynomial].

2. Preliminary Lemmas

Let {p%} and {q,} be two sequences of integers defined by

s ff X _ P yien (v
= = —, wi = k.
TS Ve g, T = 72
By (1.3), we have

(2-1) C[n = U2n+1.

We need the following lemmas.
Pl e”+1<6 - Bﬂ).
5

Lemma 1: ‘e -
7

Proof: The result is obvious when ¢ = 1. In the other case, since V, is in-

creasing, we have:

p2n > 8, Por+1

Don A2n+1

<

>
°

Lemma 2: p q,_; - D,_14, = £ U3~

Proof: e’ _ S, = 5,1 Podn-1 ~ Pn_lqn.

Hence, by (2.1) and (1.3),
Vz" qnqn—l

- = - Ui Upe = U2
Pon-1 = Pu-19 T Vo q,9,-1 = Vyr ot Upn = €7 U5,

Lemma 3: For all positive integers n and k, we have
U2rz+l < 1 k
V2n+k+1 - V2n+1 :

Proof: Using (1.3), we can show that

k
U2n+1 H V2n+i= U2n+k+1 < V2n+k+1
=1

and so

Uon+ k

ontl < — 1 < < 1 ) )
V2n+k+1 1 V2n+i D§n+1
=1
since V, is increasing.
Lemma 4: %§2|qne -p,| = = i 5 where {p 1 and {g,} are defined as above.
Proof: ’e 3. €”+1(6 - Eﬂ) =e"tl(p - 5,)
Qn qn

- €n+1 ® €n+k+l _ © ck
k=0 V2n+k+1 k=0 V2n+k+l
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HEHCE, @ Ekqn ® €kU2n+1 U2n+1
0,0 = b, = 5 ol w § SEDL 2 g
n n o V2n+1<+1 K=o Vonsxea /2n+1
k

o eflU n+1
. 2
with R, =

n kg Von+x+1

However, by Lemma 3, we have

) Uon+1 o k
2: 2 1 1
|R ‘ < — < < > = >
n =1 Vonersn kgl Vyns1 Voner = 1
so that 1lim R, = 0 and

nro

1i 6 - = 11i = .
n->102|qn pn| nilz Vz”*l a - B

3. Proof of the First Part of the Theorem

Recall that a convergent sequence of integers is stationary, and suppose
that 6 = a/b (a and b integers, b > 0). By Lemma 4, the sequence of positive
integers [qna - pnb[ tends to the limit ¢ =5b/(a - 8). When (a - B) is dirra-
tional, this is clearly impossible. In the other case we have, for all large
n, since the sequence is stationary,

a _ 1 a _ 1
4, 3 ~ P, -e”“‘(qng‘pn>—a_8,
and so, for all large #=,
a _ En+l
(3.1) 9,3 " P, =5 = g

Using (3.1) for m and n - 1, we have

n

_ €
Pady-1 =~ Pp-1494 < o — B(qn - Eqn—l)'

By (2.1), (1.3), and Lemma 2, we obtain

U
2 _ 1 _ _Yor
Uzn = C B(U2n+l - eUzn) =5 B(Vzn - g),
and so
1
Uzn = OL——_B(VZn - E).

It follows from this and (1.2) that
a2’ - B2" = a2" 4+ 82" - ¢ or g2 =¢/2,
for all large n. This is clearly impossible, since

1im [8]2" € {0, 1, +w}.

n > tow

This concludes the proof.

Examples:
* n
a) £ is irrational (the case ¢ = 1 is Badea's).
n=20 L?_”
© "
b) £ is irrational (the case € = 1 was discovered by Golomb [2]).

=0 227 4+ 1
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4. Proof of the Second Part of the Theorem

Suppose that we can find a relation
(4.1) ko + kla + kze = 0, ki € 4q.

We can limit ourselves to the case of k; € Z. Replacing = by 27+l in (1.4) and
putting x, = U2n+l+1, we have

(4.2)  lim(ag, - =,) = 0,

N >oo

since ]Bl < 1.
By (4.1), it follows that

Kogn + Ki(quo = @) + k2(q,0 = p,) + Kz, + kopy = 0
or, for all positive integers #,

kilquo = @) + ko(q,® - p,) € Z.
Hence, by Lemma 1,

kie"tl(ge - @,) + ka|q,8 - p,| € 2.
Using Lemma 4 and (4.2), it follows that

1 o
lim(k1€n+ (anL - xn) + kZane - pnt) = o - B
nrw

€ Z.

Thus, we have k; = 0 (since o ~ 8 is irrational) and, by (4.1),
k1=k0=0,
since o = (p + /E)/Z is irrational. This concludes the proof.

Example: Zm: —Li ¢ 9(/5).
2"1

n=20

Corollary: Let r be a positive integer. With the hypotheses of the theorem, we
have:

1) 6, =

® eh

7 is an irrational number;
n=0 Yr.2"

2) If Vd is irrational and |B] <1, then 1, a, 6, are linearly independent
over &.
Define the sequence {V]!} by
Vi = Vpp = (@")™" + (B7)".

{V)} is the Lucas generalized sequence, with real roots oY and 8%, which is
associated with the recurrence
who= (a” + BIW) 1 - QPBPWé_z =V, W, _, - QW e
We can apply the result of the Theorem to the sequence {VJ.}. In fact, we
have
V. 2V =p =1, [B|" <1 (since |B] < 1)

and the discriminant d' of the recurrence is

d' = V2 - 4g” = (a¥ - B2 = (a - B)2UZ.
From this, we have

/dT = (a = B, = /EUP.

Thus, Vd' is an irrational number because Vd is.
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