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1 Introduction and preliminary results

The concept of the usual Laguerre-Hahn polynomials were extensively studied by several authors
[1, 2, 4, 6, 8,9, 10, 15, 18]. They constitute a very remarkable family of orthogonal polyno-
mials taking consideration of most of the monic orthogonal polynomials sequences (MOPS)
found in literature. In particular, semiclassical orthogonal polynomials are Laguerre-Hahn
MOPS [15, 20]. The Laguerre-Hahn set of form (linear functional) is invariant under the
standard perturbations of forms [2, 9, 18, 20]. It is well known that a usual Laguerre-Hahn
polynomial satisfies a fourth order differential equation with polynomials coefficients but the
converse remains not proved until now [20]. Discrete Laguerre-Hahn polynomials were studied
n [13]. These families are already extensions of discrete semiclassical polynomials [19]. In liter-
ature, analysis and characterization of the ¢g-Laguerre-Hahn orthogonal ¢-polynomials have not
been yet presented in a unified way. However, several authors have studied the fourth order
g-difference equation related to some examples of g-Laguerre-Hahn orthogonal g-polynomials
such as the co-recursive and the rth associated of g-classical polynomials [11, 12]. More gener-
ally, the fourth order difference equation of Laguerre-Hahn orthogonal on special non-uniform
lattices polynomials was established in [4]. For other relevant works in the domain of orthogonal
g-polynomials and g-difference equation theory see [3, 21] and [5].

So the aim of this contribution is to establish a basic theory of g-Laguerre-Hahn orthogonal g-
polynomials. We give some characterization theorems for this case such as the structure relation
and the g-Riccati equation. We extend the concept of the class of the usual Laguerre-Hahn
forms to the g-Laguerre-Hahn case. Moreover, we show that some standard transformation and
perturbation carried out on the ¢-Laguerre-Hahn forms lead to new ¢-Laguerre-Hahn forms;
the class of the resulting forms is analyzed and some examples are treated.

*This paper is a contribution to the Proceedings of the Conference “Symmetries and Integrability of
Difference Equations (SIDE-9)” (June 14-18, 2010, Varna, Bulgaria). The full collection is available at
http://www.emis.de/journals/SIGMA /SIDE-9.html
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We denote by P the vector space of the polynomials with coefficients in C and by P’ its
dual space whose elements are forms. The action of u € P’ on f € P is denoted as (u, f). In
particular, we denote by (u),, := (u,z™) , n > 0 the moments of u. A linear operator 7" : P — P
has a transpose T : P’ — P’ defined by

(Tu, f) = (u,Tf), weP, feP.

For instance, for any form u, any polynomial g and any (a,c) € (C\ {0}) x C, we let Hyu, gu,
hau, Du, (x — ¢)"tu and ., be the forms defined as usually [20] and [16] for the results related
to the operator H,

<Hqua f> = _<U?qu>7 (gu, f> = <U,gf>, <hau> f> = <U, haf)a
<Du7f> = _<u7f,>7 <(a:—c)_1u,f> = <U,90f>, <6cvf> = f(C),

Whereforallfepandqe(azz{zE(C, 2#£0, 2" #£1, nZl} [16]

Ran) = J@ (@) = flaa), () (a) = T,

(qu)(flf): (q—l)x ’ T —c

In particular, this yields to

(Hqu)n = —[n]q(w)n-1, n >0,

g"=1
q—1"

where (u)_1 =0 and [n], := n > 0 [15]. Tt is obvious that when ¢ — 1, we meet again the
derivative D.

For f € P and u € P’, the product uf is the polynomial [20]

(wh)() = (w, T =Ty S50, gy | o)

z = i=0 \ j=i

where f(z) = > f;z'. This allows us to define the Cauchy’s product of two forms:
i=0

(wo, f) = (u,vf),  feP.

The product defined as before is commutative [20]. Particularly, the inverse u~! of w if there
exists is defined by uu™' = d.
The Stieltjes formal series of u € P’ is defined by

S(u)(z) =-Y ifﬁq

n>0

A form wu is said to be regular whenever there is a sequence of monic polynomials {P, }n>0,
deg P, = n, n > 0 such that (u, P,Py,) = mp0n,m with 7, # 0 for any n,m > 0. In this case,
{P,}n>0 is called a monic orthogonal polynomials sequence MOPS and it is characterized by
the following three-term recurrence relation (Favard’s theorem)

Po(l‘) = 1, Pl(m) =T — ﬁo,
Poia(2) = (# = Bri1) Pata (2) = ynpa Pa(2),  n 20, (1.1)

Whereﬁn:%E(C,’ynH:%E(C\{O},nZO.
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The shifted MOPS {]3” = a""(hePp)}n>0 is then orthogonal with respect to u = h,-1u and
satisfies (1.1) with [20]
Br

> ~ Yn+41
Bn = 77 Tn+1 =

2 n > 0.
Moreover, the form wu is said to be normalized if (u)g = 1. In this paper, we suppose that any
form will be normalized.

The form w is said to be positive definite if and only if 5, € R and v,4+1 > 0 for all n > 0.
When w is regular, { P, },>0 is a symmetrical MOPS if and only if 8, = 0, n > 0 or equivalently
(u)ont1 =0, n > 0.

Given a regular form u and the corresponding MOPS {P,},>0, we define the associated

sequence of the first kind {P7(L1)}n>0 of {P,}n>0 by [20, equations (2.8) and (2.9)]

Pn(l)(x) _ <u’ Pn+1(1'1): : §n+1(£)> _ (UGOPn+1)(33), n>0.

The following well known results (see [16, 17, 20]) will be needed in the sequel.

Lemma 1. Let u € P'. u is reqular if and only if A, (u) # 0, n > 0 where

Ay (u) = det ((u)/””):jwzo’ n >0
are the Hankel determinants.

Lemma 2. For f,g € P, u,v € P, (a,b,c) € C\ {0} x C%, and n > 1, we have

(z—c)((z— o) 'u) =, (z — ) (z — c)u) = u — (u)gde, (1.2)
(ufo f)(z) = anx™ ' (u)g + lower order terms, flz) = Z apz®, (1.3)
ubo(fg) = g(ubof) + (fu)bog, (1.4)
ubo(fPrp1) = FP,  k+1>degf, (1.5)
Op — 0. = (b—c)bp o0, 0y 00, =06.00,, (1.6)
ha(gu) = (he-19)(haqu), ha(uv) = (hqu)(hgv), ha (ac_lu) = az 'hqu, (1.7)
hy10Hy=H,1, Hyohy1=q 'Hy, in P, (1.8)
hg10Hy=q 'Hy 1, Hyohy1 = H,1, in P, (1.9)
Hy(f9)(x) = (hqf)(x)(Hqg)(x) + g(2)(Hyf)(2), (1.10)
Hy(gu) = (hy-19)Hqu + ¢~ (Hy-19)u, (1.11)
Hy-1(ubo f)(x) = q(Hqu)0o(h —1f)( ) + (b Hy-1 f) (), (1.12)
S(fu)(z) = f(2)S5(u)(2) + (ubo f)(2), (1.13)
S(uv)(z) = —25(u)(2)5(v)(2), (1.14)
S(x7"u)(z) = 2T"S(u)(2),  S(uT)(2) = 27 (S(w)(2) 7, (1.15)
S(Hqu)(2) = ¢ H(Hy1 (S(w))(2),  (hg-18(w))(2) = qS(hqu)(2). (1.16)

Definition 1. A form w is called ¢-Laguerre-Hahn when it is regular and satisfies the g¢-
difference equation

Hy(®u) + Yu + Bz u(hgu)) =0, (1.17)

where ®, ¥, B are polynomials, with ® monic. The corresponding orthogonal sequence { P, },>0
is called ¢-Laguerre-Hahn MOPS.
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Remark 1. When B = 0 and the form u is regular then u is g-semiclassical [17]. When u is
regular and not g-semiclassical then w is called a strict ¢-Laguerre-Hahn form.

Lemma 3. Let u be a regular form. If u is a strict q-Laguerre—Hahn form satisfying (1.17) and
there exist two polynomials A and Q such that

Au+ Q(z7 u(hqu)) =0 (1.18)
then A =Q = 0.
Proof. The operation A x (1.17) — B x (1.18) gives
QHy(Pu) + (Q¥ — AB)u = 0.
According to (1.9) and (1.11), the above equation becomes
Hy((hgQ)Pu) + (Q¥ — (H,Q)® — AB)u = 0.
Then A = Q = 0 because the form u is regular and not g-semiclassical. |

Lemma 4. Consider the sequence {ﬁn}nzo obtained by shifting P,, i.e. ﬁn(:c) = a "P,(ax),
n >0, a#0. When u satisfies (1.17), then u = hy,-1u fulfills the q-difference equation

Hy(0) + Ta + B(x'a(het)) = 0,
where ®(z) = a~98®P(az), U(z) = a'~9€?W(az), B(z) = a~ *?B(az).
Proof. With u = het, we have Wu = W(h,u) = hq((he®)u) from (1.7). Further,
H(80) = Hy(8(ha0)) = H, (ha (1)) = 0~ b (H, ((1s)2))

from (1.7) and (1.9).
Moreover, by virtue of (1.7) an other time we get

B(z  u(hqu)) = B(27 (hatl) (hagti)) = B(z ha(Theti)) = a™ hy ((heB) (7 1i(hg1r))).
Equation (1.17) becomes
ha(Hg(®(az)t) 4+ a¥(az)td + B(ax) (x_lﬂ(hqﬂ))) =0.

Hence the desired result. |

2 Class of a g-Laguerre—Hahn form

It is obvious that a g-Laguerre-Hahn form satisfies an infinite number of ¢-difference equations
type (1.17). Indeed, multiplying (1.17) by a polynomial x and taking into account (1.7), (1.11)
we obtain

Hq((hqx)¢u) + {X\Il — @(qu)}u + (XB)(x_lu(hqu)) =0. (2.1)

Put t = deg ®, p = deg ¥, r = deg B with d = max(¢,r) and s = max(p — 1,d — 2). Thus, there
exists u — h(u) C NU{—1} from the set of ¢-Laguerre-Hahn forms into the subsets of NU{—1}.

Definition 2. The minimum element of /(u) will be called the class of u. When u is of class s,
the sequence {P,},>0 orthogonal with respect to u is said to be of class s.
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Proposition 1. The number s is an integer positive or zero. In other words, if p = 0, then
d>2orif0<d<1, then necessarily p > 1.

Proof. Let us show that in case s = —1, the form wu is not regular, which is a contradiction.
Indeed, when s = —1, we have

O(x) = 1z + o, U(z) = ayp, B(x) = byz + by

with ¢; =1 or ¢; =0 and ¢y = 1, and where ag # 0.
The condition (Hy(®u) + Yu + B(z ™ u(hqu)),z™) = 0, 0 < n < 4 gives successively
ap+ b1 =0,
(gb1 —c1)(u)1 + by —co =0, (2.2)
(b1 = (1+ g)er) (w2 — (w)}) =0,
(@°b1 = (1+q+¢*)er) (ws + {(1+¢°)bo + q(1 + @)br(w)1 — (1 + g+ ¢°)co} (u)a

+ qu(u)% =0, (2'4)
(¢*b1 — 1+ ) (14 ¢*)er) (wa+ { (14 ¢°)bo + ¢(1 + ¢*)br (w1 — (1 + @) (1 + ¢*)co } (u)s
+ @%by (u)3 4 q(1 + q)bo(u)1 (u)s = 0. (2.5)

Suppose ¢%b; — (1 + q)c; # 0. From (2.3)

1 (u)1
()1 (u)2

Contradiction.

Suppose ¢?b; = (1 + ¢)c; = 0 implies by = 0 = ¢; implies (2.2) by = cg = 1. Thus (2.4)
(u)2 — (u)? = 0, hence A; = 0. Contradiction.

Suppose ¢?b1 = (1 + q)c1 # 0 with ¢; = 1. From (2.2) and (2.4), (2.5), we have

Ay =

(U)l = Q(CO - b0)7
(u)3 = q(co — 2bo) (u)2 + ¢*bo(co — bo)?, (2.6)
(u)s = (w)3 + b3 (w)2 — ¢'b3(co — bo)*.
On the other hand, let us consider the Hankel determinant
L (ur (u)
Ag=|(u)1 (u)2 (u)3.
(w2 (w)s (u)a
With (2.6), we get Ay = 0. Contradiction. [

Proposition 2. Let u be a strict g-Laguerre—Hahn form satisfying

Hy(®1u) + Uyu + By (2 'uhgu) = 0, (2.7)
and

H,(®ou) + Vou + Bay(z ™ uhgu) = 0, (2.8)

where ®1, Ui, By, @2, Uy, By are polynomials, &1, ®2 monic and deg ®; = t;, degV; = p;,
deg B; = ri, d; = max(t;,r;), s; = max(p; — 1,d; —2) fori € {1,2}. Let ® = ged(®y, P3). Then,
there exist two polynomials ¥ and B such that

Hy(®u) + Yu + Bz~ 'uhqu) =0, (2.9)
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with

s=max(p—1,d—2) =51 —t; +t =53 —ta +t, (2.10)
where t = deg ®, p = deg V¥, r = deg B and d = max(t,).
Proof. With & = ged(®;, ®3), there exist two co-prime polynomials &, ®, such that

B = 0Dy, Dy = DDy, (2.11)
Taking into account (1.11) equations (2.7), (2.8) become for i € {1,2}

(hg1®:) Hy(®u) + {W; + ¢ H,1®; }u + Bi(z tuhqu) = 0. (2.12)
The operation (h,-1 Dy) x (2.12—1) — (hq—l(il) X (2.12;—2) gives

{(hg=1®2) (W1 + ¢ B(H181)) — (hygmr®1) (W2 + ¢ @ (H,—135)) bu
+{(hq‘1&)2)Bl - (hq—1$1)32}($_1uhqu) = 0.

From the fact that u is a strict ¢-Laguerre-Hahn form and by virtue of Lemma 3 we get

(hq1®1) (o + 7 @ (Hy1 @) = (hg1®2) (V1471 0(H 1)),
(hg-1®1)Ba = (hy-1®2) By

Thus, there exist two polynomials W and B such that

Ui+ ¢ ' O(H 1 ®1) = (hy1®1)W, Uy + ¢ 'O(H,1P2) = (hy1$2) 7,
By = (hy1®1)B, By = (hy1$3)B. (2.13)

Then, formulas (2.7), (2.8) become
(hg-1®;) {Hy(Pu) + Yu + Bz 'uhgu)} =0, i€ {1,2}. (2.14)

But the polynomials hg -1 &)1 and hq_1<$2 are also co-prime. Using the Bezout identity, there
exist two polynomials A1 and Ay such that

Ay (hqfli;l) + AQ(hq—li;Q) =1

Consequently, the operation A; x (2.14;—1)+ Aa x (2.14;—2) leads to (2.9). With (2.11) and (2.13)
it is easy to prove (2.10). [

Proposition 3. For any q-Laguerre—Hahn form u, the triplet (®, W, B) (® monic) which realizes
the minimum of h(u) is unique.

Proof. If s; = s9 in (2.9), (2.10) and s; = s3 = s = min i(u), then ¢; =t = t5. Consequently,
‘I>1:<I>:<I)2,BlszBgand\Illz\I’:\I’Q. [ |

Then, it’s necessary to give a criterion which allows us to simplify the class. For this, let us
recall the following lemma:
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Lemma 5. Consider u a regular form, ®, U and B three polynomials, ® monic. For any zero c
of ®, denoting

O(z) = (2 = ) Pe(2),
qU(x) + Oc(x) = (v — cq) V() + Teq, (2.15)
qB(x) = (z — cq)Beg(2) + beg-

The following statements are equivalent:
Hy(®u) + Yu+ B(x 'uhgu) =0,

Hy(®ou) + Yequ + By (x_luhqu) + reg(2 — cq) "M+ beg(z — cq) 7t (a:_luhqu)
— {{u, W) + (7 uhqu, Beg) }oeq = 0. (2.16)

Proof. The proof is obtained straightforwardly by using the relations in (1.2) and in (2.1). W

Proposition 4. A regular form u q-Laguerre—Hahn satisfying (1.17) is of class s if and only if

II {Iq(hq\P)(C) + (Hy®)(c)| + lg(hg B)(c)]

c€Zg
+ (1 4(0eq ¥) + (0cq © 08) + (hqu(0o 0 6,B)))| } > 0, (2.17)
where Zg is the set of roots of .
Proof. Let ¢ be a root of ®: &(x) = (z — ¢)®.(x). On account of (2.15) we have
req = q¥(cq) + Pelcq) = q(hgV)(¢) + (Hg®)(c),  beg = qB(cq) = q(hgB)(c),

q) =
Weg(2) = q(0cg V) (2) + (Ocg®e) (x) = (0 V) () + (Ocq 0 0:P) (),
Beg(2) = q(0cg B) ().

Therefore,

(1, Weg) + (&7 uhgu, Beg) = (1, q(0cq®) + (g 0 0.P)) + (uhgu, qo 0 0y B)
= (U, q(Ocq¥) + (0cq © 6cP)) + (u, g(hqu(fo © 0y B)))
= (U, q(0cq¥) + (Ocq 0 0.P) + q(hqu(bp 0 0,4 B))).

The condition (2.17) is necessary. Let us suppose that ¢ fulfils the conditions
Teq =0, beg = 0, (U, q(0:q¥) + (0cq © 0.2) + q(hqu(bp 0 0.4B))) = 0.
Then on account of Lemma 5 (2.16) becomes
Hy(®ou) + Vequ + Beg(z  uhgu) =0

with s, = max(max(deg ®., deg B.y) — 2,deg ¥, — 1) < s, what contradicts with s := min A(u).
The condition (2.17) is suff1c1ent Let us suppose u to be of class s < s. There exist three
polynomials ® (monic) deg =1, U, deg d=p, B degB = 7 such that

Hq(<5u) + T + E(:U_luhqu) =0

with s = max(c?— 2,p—1) where d:= max(t,7). By Proposition 2, it exists a polynomial y such
that

=x®, U= (R 1x)¥—q (Hx)®  B=(h,1x)B.
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Since 5 < s hence degx > 1. Let ¢ be a zero of x : x(z) = (x — ¢)xc(x). On account of (1.10)
we have

q¥(x) + Pe(x) = (v — cq){(hg-1xe) (@) ¥ (2) — ¢~ (Hy-1xc) (2) () }.
Thus rq = 0 and b,y = 0. Moreover, with (1.8) we have

(U, q(0cq¥) + (Beq © 0.P) + q(hqu(by 0 04B)))
= (u, (hg1xe)¥ = g (Hy1xe)® + (hqu)0o((hg-1xc) B))
= <u, (hq*XC)‘I’ — (Hgo hq*Xc)cf) + (hqu)eﬁ((hq*XC)E»
= (Vu, hg-1xe) + (H,(Pu), hg-1xe) + (E(:B_luhqu), hg=1Xc)
= <Hq(<I>u) + Tu + E(x_luhqu), hg-1xe) = 0.

This is contradictory with (2.17). Consequently, s = s, ®=®,¥=10Uand B=B. |

Remark 2. When ¢ — 1 we recover again the criterion which allows us to simplify a usual
Laguerre-Hahn form [6].

Remark 3. When B =0 and s = 0, the form u is usually called g-classical [16]. When B =0
and s = 1, the symmetrical g-semiclassical orthogonal ¢-polynomials of class one are exhaustively
described in [14].

Proposition 5. Let u be a symmetrical q-Laguerre—Hahn form of class s satisfying (1.17). The
following statements hold

(i) If s is odd, then the polynomials ® and B are odd and ¥ is even.

(ii) If s is even, then the polynomials ® and B are even and ¥ is odd.

Proof. Writing
O(x) = ®° (1‘2) + z®° (xQ), U(x) =W° (x2) + z0° (:c2), B(z) = B° (x2) + xB° (m2),
then (1.17) becomes

Hy(@¢(2%)u) + 20°(2?)u + B®(2?) (2 uhgu)
+ H, (:U(I)O (x2)u) + U (:U2)u + zB° (m2) (:U_luhqu) =0.

Denoting
w® = Hy(®°(2%)u) + 20°(2%)u + B®(2?) (2 uhqu),
w® = Hy(z®° (22)u) + 0° (2?)u + 2B°(2?) (2 uhgu). (2.18)
Then,
w® + w® = 0. (2.19)

From (2.19) we get
(W), = — (W), n > 0. (2.20)
From definitions in (2.18) and (2.20) we can write for n > 0

(W)2n = (u, 2®" 10 (2%) — [2n]g@**19°(2?)) + (uhqu, 2*" 1 B°(2?)),
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(W)2nt1 = (u, 2*" 100 (22) — [2n + 1]@®" 19 (22)) + (uhgu, 2" B°(2?)). (2.21)

Now, with the fact that u is a symmetrical form then uhgu is also a symmetrical form. Indeed,

2n+1 2n+1
(whqu)onir = D (hqwe(Want1-k = Y ¢" (Wr(w)ani1-k
k=0 k=0
Zq% (n—k)+1 T ZCJ%H w)ok+1(W)2(n—k) =0, n > 0.
k=0
Thus (2.21) gives
(w)2ont1 =0= ()2, 71 =0. (2.22)

On account of (2.19) and (2.22) we deduce w® = w® = 0. Consequently u satisfies two g-
difference equations

H,y(®° (1‘2)’&) + x¥° (x2)u + B° (:U2) (x_luhqu) =0, (2.23)
and
Hy(2®°(2%)u) + ¥°(2%)u + 2B°(2?) (2 uhqu) = 0. (2.24)

(i) If s = 2k+1, with s = max(d—2,p—1) we get d < 2k+3, p < 2k+2 then deg(x¥°(2?)) <
2k +1, deg(®°(2?)) < 2k+2 and deg(B®(x?)) < 2k+2. So, in accordance with (2.23), we obtain
the contradiction s = 2k + 1 < 2k. Necessary ®° = B® = U° = (.

(i1) If s = 2k, with s = max(d—2,p—1) we get d < 2k+2, p < 2k+1 then deg(¥¢(z?)) < 2k,
deg(z®°(2?)) < 2k + 1 and deg(zB°(2?)) < 2k + 1. So, in accordance with (2.24), we obtain
the contradiction s = 2k < 2k — 1. Necessary ®° = B° = U® = (. Hence the desired result. W

3 Different characterizations of g-Laguerre-Hahn forms

One of the most important characterizations of the g-Laguerre-Hahn forms is given in terms of
a non homogeneous second order g-difference equation so called ¢g-Riccati equation fulfilled by
its formal Stieltjes series. See also [6, 8, 10, 15] for the usual case and [13] for the discrete one.

Proposition 6. Let u be a reqular form. The following statement are equivalents:

(a) wu belongs to the q-Laguerre—Hahn class, satisfying (1.17).
(b) The Stieljes formal series S(u) satisfies the q-Riccati equation

(hg-1®)(2)Hg-1(S(u))(2) = B(2)5(u)(2)(hg-15(u))(2) + C(2)S(u)(2) + D(2), (3.1)
where ® and B are polynomials defined in (1.17) and

C(z) = —=(Hy1®)(2) — q¥(2),
D(2) = —{H,~1(uby®)(z) + q(ubo¥)(2) + q(uhqu)(05B)(2) }. (3.2)

Proof. (a) = (b). Suppose that (a) is satisfied, then there exist three polynomials ® (monic),
¥ and B such that H,(®u)+ Yu+ B(r ™ uhgu) = 0. From (1.11) the above g-difference equation
becomes

(hg—1®)(Hqu) + {¥ + ¢~ (H;~1®) }u + Bz uhqu) = 0.
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From definition of S(u) and the linearity of S we obtain
S((hg—1®)(Hqu))(2) + S(Yu)(2) + ¢~ 'S((H-1@)u) (2) + S(B(z 'uhqu))(z) = 0. (3.3)

Moreover,

S(wu)(z) ™ 1w (2) 8 () (2) + (ubo¥)(2),
L) L ) (2)S () (2) + g (ubo(Hy1 @) (2),
by (1.13)

S((hg-1®)(Hqu))(z) ~ =" (hg-19)(2)S(Hqu)(2) + ((Hqu)0o(hy-19))(2)

L) U @) (2) Hyoa (S () (2) + (Hyu)Bo(hy1®)) (2),
S(B(z ' uhgu))(2) by (L13) B(2)S (z 'uhgu)) (2) + ((z7  uhqu)0o B) (2)

by L19) 271 B(2)S (uhqu)) (2) + ((uhqu)05B)(2)
= —B(2)S(u)(2)S(hqu)(2) + ((uhqu)03B) (2)

= —q"'B(2)S(u)(2)(hg-1S(w)(2) + ((uhqu)03B) (2),

¢ S((Hy1®)u)(2)

and

(ubo(Hy—1®))(2) + q((Hqu)bo(hy-12)) (2) by (1.12)

Hy-1(ubo®)(2).
(3.3) becomes

(hg-1®)(2)Hy-1(S(u))(2) = B(2)5(u)(2)(hg-15(u))(2) — (Hg-1® + q¥)(2)S(u)(2)
— {Hy~1 (ufo®) + quio¥ + q(uhqu)03B}(2).
The previous relation gives (3.1) with (3.2).
(b) = (a). Let u € P’ regular with its formal Stieltjes series S(u) satisfying (3.1). Likewise

as in the previous implication, formula (3.1) leads to

S{Hy(®u) — ¢ ' (C + H1®)u + B(z 'uhqu) }
=q¢ 'D — ¢ 'uboC + ((uhqu)b3B) + ((Hqu)0o(hy—1®)),

which implies
S{Hy(®u) — ¢~ (C + Hy-1®)u + B(z 'uhqu) } =0,
D(z) = (uboC)(2) — a((uhqu) (63 B))(2) — a((Hqu)bo(hy-1®))(2).
According to (3.2) and (1.12) we deduce that
Hy(®u) + Yu + Bz 'uhqu) =0,
with
U=—q'(C+H;19). (3.4)
|

We are going to give the criterion which allows us to simplify the class of ¢g-Laguerre-Hahn
form in terms of the coefficients corresponding to the previous characterization.
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Proposition 7. A reqular form u q-Laguerre—Hahn satisfying (3.1) is of class s if and only if

[T {IB(ca)| +C(cq)| + |D(ca)l} > O, (3.5)

c€Zs
where Zg 1is the set of roots of ® with

s = max(deg B — 2,deg C — 1,deg D). (3.6)
Proof. By comparing (2.17) and (3.5), it is enough to prove the following equalities

|Cleq)] = [a(hq®)(c) + (Hy@) ()],

1D(cq)| = [, q(0q W) + (0uq © 0:D) + q(hqu(0p 0 OcgB)))|-

Indeed, on account of (3.2), the definition of the polynomial uf, the definition of the product
form wv and (1.8) we have

Cleq) = —(Hy-1®)(cq) — q¥(cq) = —(Hy®P)(c) — q(hg¥)(c),
and
D(cq) = —{Hy-1(ubo®)(cq) + q(ubo¥)(cq) + q(uhqu) (6> B)(cq) }

= —{Hg(ubo®)(c) + (u, q0cq¥) + (uhqu, gy o o4 B) }
= —{Hy(ubo®)(c) + (u, ¢0cq¥ + q(hqu(y 0 4B))) }.

Moreover,

Huy@)(c) ™ £ 7 ORI =Dy, fer

> = <u, Ocq © HC‘I>>.

Thus (2.17) is equivalent to (3.5). To prove (3.6), according to the definition of the class we
may write

s = max(deg B — 2,deg ® — 2,deg ¥ — 1). (3.7)

o If deg¥ # max(degB —1,deg® — 1), on account of (3.2) and (3.7) we get the following
implications

degC =s+1
< ’ — — -
degB_degCD:>{ deg D < s :>max(degB 2,deg C' l,degD) S,
degC < s+1, B
degB>deg(I’:>{ deg D — s jmax(degB—ZdegC’—l,degD)—s.

o IfdegV¥ = max(degB— 1,deg® — 1) and deg B > deg ® then s+1=degWV =degB—1 >
deg ® — 1. Consequently, max(degB —2,degC — 1,deg D) =s.

o [fdegV¥ = max(degB—l,deg(b—l) and deg B = deg ® then deg ¥V =deg B—1 =deg®—1
which implies degB — 2 = s, degC — 1 < s, deg D < s. Therefore max(degB —2,degC —
1,deg D) = s.

o If degV¥ = max(degB —1,deg® — 1) and deg B < deg® then deg¥ = deg® — 1 and
s = deg¥U — 1. Writing ®(z) = P! + lower order terms, ¥(x) = apa? + -+ + ag, by virtue
of (3.2) and (1.3), it is worth noting that C(z) = —([p + 1],-1 + gap)2zP~! + lower order terms
and D(z) = —([pl,-1 + qap)zP~* + lower order terms with [p + 1],-1 # [p],~1 assuming either
degC' = s or deg D = s. Thus, max(degB —2,degC — 1,deg D) =s.

Hence the desired result (3.6). [
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An other important characterization of the ¢-Laguerre-Hahn forms is the structure relation.
See also [6, 15] for the usual case and [13] for the discrete one.

Proposition 8. Let u be a regular form and {P,}n>0 be its MOPS. The following statements
are equivalent:

(i) u is a q-Laguerre—Hahn form satisfying (1.17).

(1) There exist an integer s > 0, two polynomials ® (monic), B with t = deg® < s+ 2,

r =deg B < s+2 and a sequence of complex numbers { A, }n >0 such that

n—+d
O(x)(HyPrs1)(@) — hg(BP) (@) = Y MwPu(@),  n>s, Anos 0, (3.8)

v=n—s

where d = max(t,r) and {R(ll)}n>O be the associated sequence of the first kind for the
sequence {Pp}n>0- -

Proof. (i) = (ii). Beginning with the expression ®(x)(HyPp+1)(z) — hq (BPT(LI))(I') which is
a polynomial of degree at most n + d. Then, there exists a sequence of complex numbers
{)\n’y}nzoﬂsysn_’_d such that

n+d
®(2)(HyPoi1)(x) — (hgB)(x) (he PV ( Z Anw Py (x n>0. (3.9)
Multiplying both sides of (3.9) by P, 0 < m < n + d and applying u we get

(u, @ P (HoPry1)) — (hqu, B(hg—1 P ) (uboPot1)) = Anm (u, Pr),
n >0, 0<m<n+d. (3.10)

On the other hand, applying Hy(®u) + Yu + B(z~'uhqu) = 0 to Pny1(hy-1Py), on account of
the definitions, (1.10) and (1.8) we obtain

0 = (Hy(Pu) + Yu + Bz~ uhqu) Poy1(hy-1Pn))
= (u, UPyy1(hy-1Pp) — ®Hy(Pri1(hy-1Pn))) + (hqu,ubo(BP,i1(hy-1Pn)))
= (u, {U(hy1Pp) — ¢ ' ®(H,1Pp) } Poy1 — PP (HyPot1))
+ (hqu, ubo(BPy11(hg-1Pn)))-

Thus, forn >0,0<m<n+d

(u, ® Py (HyPoi1)) = (u, {¥(hy-1Pp) — ¢ ' ®(Hy1Pp) } Pot1)
+ (hqu, ubg(BPys1(hy-1Pn))). (3.11)

Using (3.10), (3.11) to eliminate (u, ®Pp,(HyPr41)) we get forn >0, 0<m <n+d

(u, {U(hy-1Pp) — ¢ ' ®(H,1Pp)} Pot1)
+ (hqu, ubo(BPoi1(hy-1Pn)) — (hg—1Pu) B(uboPri1)) = M (u, P2). (3.12)

Moreover, by virtue of (1.5) we have B(ubfyP,+1) = ubo(BPn+1), n > s. Therefore, taking into
account (1.4) and definitions, (3.12) yields forn > s, 0 <m <n+d

(u, {U(hg-1Pp) — ¢ ' ®(Hy~1Pp) + B((hgu)0o(hg—1Pn)) } Pot1) = Apm{u, P2)
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with

deg{W(hy-1Pn) — ¢ ' ®(H,~1Pp) + B((hqu)o(hy-1Pp))} <m+s+1.
Consequently, the orthogonality of {P,},>0 with respect to u gives

Anm =0, 0<m<n—s—1, n>s+1, Ann—s 7 0.

Hence the desired result (3.8).
(13) = (7). Let v be the form defined by

s+1
v = Hy(Pu) + B(z tuhqu) + (Z aixi> u
i=0

with a; € C, 0 <14 < s+ 1. From definitions and the hypothesis of (i7) we may write successively
s+1 )
(v, Ppy1) = <Hq(<1>u) + B(a:fluhqu),Pn+1> + (u, Pt Z a;z")
i=0

s+1
= —(u, ®(HyPuy1) — (hqu)0o(BPoi1)) + (u, Pag1 > aia’)
=0

n+d s+1

= —<u, Z An7l/Py> + <U, Pn+1 Z aixi>
=0

v=n-—s

n+d s+1 .
= - Z )\n,u<uaP1/>+Zai<uaxlpn+l>a n>s.

v=n—s =0
From assumption of orthogonality of {P, },>0 with respect to v we get
(v, P,) =0, n>s+2.

In order to get (v, P,) = 0, for any n > 0, we shall choose a; with ¢ = 0,1,...,s+ 1, such that

(v,P;) =0, fori =0,1,...,s+ 1. These coefficients a; are determined in a unique way. Thus,
s+1 )

we have deduced the existence of polynomial ¥(x) = > a;x* such that (v, P,) = 0, for any

1=0

n > 0. This leads to Hy(®u) + Yu + B(z 'uhqsu) = 0 and the point (4) is then proved. [ |

4 Applications

4.1 The co-recursive of a g-Laguerre-Hahn form

Let 1 be a complex number, u a regular form and {P,},>0 be its corresponding MOPS sa-
tisfying (1.1). We define the co-recursive {PA“} }n>0 of {P,}n>0 as the family of monic polyno-
mials satisfying the following three-term recurrence relation [20, Definition 4.2]

Fl@) =1,  P@)=o—pBo—p,
Pr[fﬂQ(@ = (z— 5n+1)PT[Llﬂ1(SC) — Y1 P (), n > 0.
Denoting by ul its corresponding regular form. It is well known that [20, equation (4.14)]

ult = u(é — pa )_1.
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Proposition 9. Ifu is a g-Laguerre—Hahn form of class s, then ul" is a g-Laguerre—Hahn form
of the same class s.

Proof. The relation linking S(u) and S(ul") is [20, equation (4.15)] S(ul) = 1+Lq,f;2u) or
equivalently
S (ult)
Slu) = ————. 4.1
From definitions and by virtue of (4.1) we have
ho1S (k]
hy-1S(u) = 15
1 — phg-1S(ulk)
and
(hg—1S@H)(z) stz
1—p(h, 1 Sult))(z)  1-pS(ult)(2)
(Hg-15(u))(2) = : T =1)
_ (Hy-1S(ul))(2)
(1 g 1S ()) (1 — pS(ul) (=)
Replacing the above results in (3.1) the g-Riccati equation becomes
H,-1S(ul)
hg-—1® 1
(g1 @) (1 = phy-—1S(ul)) (1 — pS(ulk))
S (ult) hq,lg(u[u]) S(ult)
1= pS(uly 1 - phg—1 S (ulk)) 1 — puS(ul) '
Equivalently
(hg-1®)Hy1S(ul) = BS(ul)hy1 S(ul) + CS () (1 — phy1 S(ul))
+D(1— uhq_1S(u[“])) (1- ,uS(u[“])).
Therefore the ¢-Riccati equation satisfied by S(ult)
(hq71¢[“})Hq715(u[’”) - B[“}S(u[“})hqfls(u[“]) + M@y + pl, (4.2)
where
KoW(z) = ®(z) + (1 — q)a(hyD)(z),  KB¥(z) = B(x) — pC(x) + p2D(w),
KCWH(z) = C(z) — 2uD(x), KDW(z) = D(x), (4.3)

the non zero constant K is chosen such that the polynomial @1 is monic. ul¥ is then a g-
Laguerre—Hahn form.
On account of (3.2), (3.4) and (4.3) we get

KU =9+ 4u(¢7'D + hyD). (4.4)
As a consequence, the regular form w[¥ fulfils the following g-difference equation
H, (q)[u]u[u]) + wlulylul 4 plul (x_lu[“]hqu[“]) —0. (4.5)

We suppose that the g-Riccati equation (3.1) of u is irreducible of class s. With respect to the
class, we use the result (3.5) of Proposition 7 and get for every zero ¢ of ®l:
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e If D(cq) # 0, then DI (cq) = K~'D(cq) # 0 and equation (4.2) is not reducible.
e We suppose that D(cg) = 0. From the fact that ®#(c) = 0, the first relation in (4.3)
leads to ®(c) = 0 and the third equality in (4.3) gives C"(cq) = K~1C/(cq).

If C(cq) # 0, then the equation (4.2) is still not reducible. If C(cqg) = 0 = D(cq), then
B (cq) = K1 B(cq) # 0 since u is of class s. We conclude that

‘B["](cq)‘ + ‘C[“](cq)| + ‘Dw(cq)‘ > 0.

Consequently, the class sl of ul# is given by sl = max(deg Bl — 2 deg O — 1, deg DM).
Accordingly to the last equality in (4.3) and (3.6) we get sl¥ = max(deg B — 2 degCM — 1,
deg D). A discussion on the degree leads to sl = s. |

Example 1. Let u be a ¢-classical form satisfying the g-analog of the distributional equation
of Pearson type

Hy(du) +pu = 0, (4.6)

where ¢ is a monic polynomial of degree at most two and 1 a polynomial of degree one, the co-
recursive ul") of u is a g-Laguerre-Hahn form of class zero. ul* and the Stieltjes function S (ul"))
satisfy, respectively, the g-difference equation (4.5) and the g-Riccati equation (4.2) where on
account of (4.3), (4.4)

ko¥(o) = “10% 1 L0) 4t - 1) (F2 +a@)) b+ ot0),

KW (@) =002+ 60— e +1) (L2 + a0 0).

KBV (z) = p { ((q_1 + 1)H2(()) + qw’(0)> z+¢'(0) + q(0) — <¢>”2(0) + qw’(0)> u} ,
KCW (@) = (/0 + 7+ D2 ) o= 60 - w0+ 20 (S 4 '),
KW (@) = -3 — g 0),

4.2 The associated of a g-Laguerre-Hahn form

Let u be a regular form and {P,},>¢ its corresponding MOPS satisfying (1.1). The associated
sequence of the first kind {P,El)}n>0 of {P,}n>0 satisfies the following three-term recurrence
relation [20] -

PP@) =1, PY@)=z-p,
PO, (@) = (& = Bus2) P (@) = 1o PV (@), n>0.

Denoting by u(®) its corresponding regular form.

Proposition 10. If u is a q-Laguerre—Hahn form of class s, then vV is a q-Laguerre—Hahn
form of the same class s.

Proof. We assume that the formal Stieltjes function S(u) of u satisfies (3.1). The relationship
between S(uM)) and S(u) is [20, equation (4.7)]

1

71S(U(1))(Z) = —W

— (Z — ﬂo)
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Consequently,

1
S(u)(z) = TS0 (2) T (2 = Bo)’ (4.7)

From definitions and by virtue of (4.7) we have

1
Nhg-1(S(wM)(2) + ¢~z = Bo

Byt (S()(2) = —

and

YiH 1 (S(uM))(z) + 1
Nhg—1(SM))(2) + ¢z = Bo) (1 S(uD)(2) + 2z — Bo)

Hy-1(S(u))(2) = (

Substituting in (3.1) the ¢-Riccati equation becomes

NH 1 (M) (2) +1
Yhg-1(S(w))(2) + ¢z = Bo) (1 S(uM)(2) + z = Bo)
_ B(z)

(11hg—1 (S(uM))(2) + g~z — Bo) (1S (uM)(2) + 2 — o)

) o(2) )
(15 (z) = = o) TP

(hq—lq))(z) (

Equivalently

71{(11 -1®)(2) + ( -1 l)z(C’(z) —(z— BQ)D(Z))}H 1(5( ))(Z)
=11 D(2)S () (2)hg-1 (SM))(2) + M {((¢" + 1)z - Qﬁo )D(z (2)}S(ul
B(z) + (q z— Bo)(z — Bo)D(z) — (qilz — BO)C — _1<I>)( )

Therefore the ¢-Riccati equation satisfied by S(u())
(hg1 @) H, 1 S(u®) = BYS (M) by 1S (M) + ¢S (wV) + DO, (4.8)

where

KoW(z) = ®(x) + (¢ — D)a{(gz — Bo)(heD)(z) — (heC) ()},
KBW(z) =y D(z), KCW(z)=v{((¢7" + 1)z —28)D(z) — C(x)},
B(z) + (¢ '2 = Bo)(x — Bo)D(z) — (¢~ '@ — Bo)C(x) — (hy—1®)(2). (4.9)

=
1
N

=
!

u() is then a g-Laguerre-Hahn form.
Moreover, the regular form v fulfils the ¢-difference equation

Hy(@WuM) + Wy 4 BO (1M p 0y =0, (4.10)
with
v = —¢ (W + H,10W). (4.11)

Likewise, it is straightforward to prove that the class of u(!) is also s. |
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Example 2. If u is a g-classical form satisfying the g-analog of the distributional equation of
Pearson type (4.6) then the associated u®) of u is a ¢-Laguerre-Hahn form of class zero. u(!) and
the formal Stieltjes function S (u(l)) satisfy, respectively, the g-difference equation (4.10) and
the ¢-Riccati equation (4.8) where on account of (4.9) and (4.11)

Ko (x) = qqy;(o):ﬁ + {q¢’<0) +(g-1) <qw(0> + B (¢//2(0) + w’«n)) } z+ (0),
K0O@) = g {0+ D552 0o + 0+ 16 0)

+*(0) + (¢ — g +2) <¢”2(O) + qw’(0)> Bo} ,
KB0(@) = - (D32 + '),

KCW(x) = 1 {=¢/(0)z + o(¢"(0) +2q¢/(0)) + g0 (0) + ¢'(0)} ,
KDW(z) = 9 (fo)x — 6(5o) — abot (Bo)-
4.3 The inverse of a g-Laguerre—Hahn form

Let u be a regular form and {P,},>0 its corresponding MOPS satisfying (1.1). Let {Rgl)}n>0
be its associated sequence of the first kind fulfilling (4.6) and orthogonal with respect to the
regular form u"). The inverse form of u satisfies [20, equation (5.27)]

?ul = —yu), (4.12)
The following results can be found in [2]

u Tl =6— (u_1)15' — ypz 2, (4.13)
In general, the form u~! given by (4.13) is regular if and only if A, # 0, n > 0, with

) " (P2 (0) — (u 1) PV (0)
An = <U(1)7 (Pél)) > {71 + ZZO 1<u(1)7 (p£1))2> N n > 07

where {B(f) }nZO is the associated sequence of {PS)} o- In this case, the orthogonal sequence

n>
{P’(L_)}nzo relative to w~! is given by

P @) =1, PT(@)= PP (@) + b,

P (@) = PUo(@) + b B (2) + an PO (@), n>0,
where
bo=p1— (u ),
s — B ((w=1), PV (0) — wlpﬁ)l(())i((ul)lpﬁl(O) — 1 PP (0)) s
ap = AA”?, n > 0.

Also, the sequence {P,(l_)}nm satisfies the three-term recurrence relation

P@ =1, P @)=2-8",
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P @) = (2= B P @) — P @), n>0,

with
5(()_) = (u™),, /37(7,4-1 Br+2 + by — bpt1, n >0,
_ _ A _ JANSIT VAN
7§ ) = _A()? f)é ) = ’YlAi;v 77(1+)3 A—gz Tn+2, n 2 0.
0 n+1

1

In particular, when v; > 0 and u(! is positive definite, then u~! is regular. When u( is

symmetrical, then u~! is a symmetrical regular form and we have

A, +1
agn = %’}Qn—&—% a2n+1 = VY2n+3, n > 07 (414>
— — V2n+27Y2n+3
r)é ) = -7, 7§n)+2 A2n, r)éni?, %7 n 2 07 (415)
n
with
Y2k+1
A1 =0, A, = , n>0, o = 1. 4.16
" Z ( ’Y2k+2> 7 ( )

-1 1

Proposition 11. If u is a q-Laguerre-Hahn form of class s, then, when u™" is reqular, u=" is

a q-Laguerre—Hahn form of class at most s + 2.

Proof. Let u be a ¢g-Laguerre-Hahn form of class s satisfying (1.17). It is seen in Proposition 10
that () is also a ¢-Laguerre-Hahn form of class s satisfying the ¢-difference equation (4.10)
with polynomials &1, ¥ B respecting (4.9) and (4.11).

Let us suppose u~ ! is regular that is to say A, # 0, n > 0. Multiplying (4.10) by (—71) and
on account of (4.12) and (1.7), the g-difference equation (4.10) becomes

Hy(2280 (@)u ) + 2230 (@) — ¢ 27 BO (2} () (ahgu 1)) = 0.
Consequently, the form u~! satisfies the following ¢-difference equation
Hy (@D u™) + 4™ + B (a7t Theu™t) = 0, (4.17)
with
Ko (z) = 22 {®W(2) + (1 — @)y "w(qz — Bo) (he BY) (2) },
KU (@) = 2 (g7 +1) (1 2D) (@) — 4780 (2)) — g Pw(H,-20)(2)
+y1 2 (20 g =g e — (14207 — ¢7%)50) BV ()
— (472 = )1 " a(gz — Bo) (hyBY) ()
— a2 (1 = i gw — o) (H,BY) () — 2CV ()}, (4.18)
KB (z) = =7 '¢ ?2*BY (x). u

Example 3. Let Y(b,¢?) be the form of Brenke type which is symmetrical g-semiclassical of
class one such that [14, equation (3.22), ¢ <+ ¢?]

Hy(zY(b,¢%)) — (b(g — 1)) (¢ %2* +b—1)Y(b,¢*) =0 (4.19)

for g € ((N:, b#£0,b#q, b#q 2", n>0and its MOPS {P,},>0 satisfying (1.1) with [7]
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Yong1 = q2n+2(1 . qun)7 Yonga = bq2n+2(1 o q2n+2)7 n>0. (420)

Denoting Y1) (b, ¢?) its associated form and Y~ (b, ¢?) its inverse one. Taking into account (4.19)
we have

O(x) ==z, U(z)=—(b(g—1)) (¢ %a* +b-1), B(z) =0. (4.21)
Also, by virtue of (3.2) and (4.21) we get
Cx) = (blg—1))'q e’ +qla - 1) (1-07) ~ 1, D(x)=(bg(q—1) 'z (4.22)

According to Proposition 10 the form y(l)(b, ¢?) is g-Laguerre-Hahn of class one satisfying the
g-difference equation (4.10) and its formal Stieltjes function satisfies the g-Riccati equation (4.8)
where on account of (4.20)7(4.22) we obtain for (4.9), (4.11)

W(z) =
K‘I’(l)(w) ( (q—1) "2 +qlg—1)" (A -b"") = (gb)" - 1,
W(z) = ( —1)qlg— 1)z
W) =q2bg-1) "2’ +1-qlg-1)"(1-b7"),
) =

D(z) =¢7(blg - 1)) "z (4.23)

On the one hand, y(l)(b, ¢?) is a symmetrical regular form, then Y ~1(b, ¢?) is also a symmetrical
regular form and we have for (4.14)—(4.16) according to (4.20)

bil—l n+1 bq
A_1 :0, AO = 5 = b~ n > 1,
1 - g2 An ; (4% ¢?)

N =b-1), A=t

Zt2(] o) l+gq (1 —b)A,
1+ q2(1 - b)Anfl

S
Y
o

(=) _ 2t N2 14 ¢*(1 — b)An—1
72n+3_q ( b )1+q(1—b)A )

n >0,

with [7]

n

(@qo=1 (=[]0 -ad*"), n>L
k=1

On the other hand, according to Proposition 11, (4.18) and (4.23), the inverse form Y~1(b, ¢?)
is symmetrical ¢-Laguerre-Hahn satisfying the ¢-difference equation (4.17) where
K& (z)=p71 ( qm2)
KV @) =" g—1)"2"(b—g—q*(g—1)+ (=207 +2¢° + ¢ > — ¢ " +q)2°),
KBS (z) = b~ 1q 3 (g — 1) 1P,
Thus, according to (2.17) it is possible to simplify by x one time uniquely. Consequently,
by virtue of (2.16) the inverse form Y~1(b,¢?) is g-Laguerre-Hahn of class two fulfilling the
g-difference equation
Hy(@*(2® =g )Y (0,6") —q 'a{l+qlg— 1) (b—g—q (g - 1))
+(qlg—1) (-2 +2¢ 2 +q 2 — ¢t +4q) —@)2*}Y (b, )
+a (g = 1) @Y b, 6 RV (b,67)) = 0.
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