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Abstract

In this paper, the author gives a simpler alternative approach to the LU factorization and 1-banded factorization of the
Vandermonde matrix, and obtains explicit formulas of the triangular factors and 1-banded matrices by using symmetric functions.
© 2004 Elsevier B.V. All rights reserved.

KeywordsVandermonde matrix; Symmetric function; LU factorization

1. Introduction

Expressing a matrix as a product of a lower triangular méataxd an upper triangular matrixis called an LU factorization.
Such a factorization is typically obtained by Gaussian eliminationidfa lower triangular with unit main diagonal akis an
upper triangular, the LU factorization of a matrix is unique. Using symmetric functions, Oru¢ and Hhjllgstablished the LU
factorization of Vandermonde matrix, and the lower and upper triangular matrices are, in turn, factored into 1-banded matrices,
and thus expressed the Vandermonde matrix as a product of 1-banded matrices. In this paper, using symmetric functions and
linear algebra, we find a shorter proof of the result on the LU factorization of the transpose of the Vandermonde matrix. This
leads to greater simplification of the further factorization into 1-banded matrices.

Letn be a positive integer. For integersi: < (n + 1), therth elementary symmetric function on the variableq sgtx1, . . .,
xn} is defined by

er(x0, X1, ..., Xp) = Z Xk Xkp * Xk (2)
0<ki<ko<-<k, <n

and therth complete symmetric function on the variables{sgt x1, ..., x,} is defined by

(X0, X1,y vy Xp) = Z Xy Xy =+ X, - (2)
0<k <k <<k <n
We seteg(xg, X1, ..., xn) = 1, ho(xg, x1, ..., xn) = 1. It is not hard to check that the elementry and complete symmetric
functions satisfy the following recurrence relations (Egg
er(x0, X1, ... Xp) = €p (X0, X1, - - ., Xp—1) + Xper_1(x0, X1, - - ., Xp—1), (3)
hr (X0, X1, .. Xn) = hp (X0, X1, . . ., Xp—1) + Xphp_1(x0, X1, ..., Xp). (4)
Let R,[x] be the vector space of polynomialsirover the real number fiel@ of degree at most, and letxg, x1, ..., x;—1
be arbitrary real numbers. Then the sBi{s={1, x, X2, ..., x"}andBy ={[x]o, [x]1. . ... [x],} are both bases fak,[x], where
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[x], =(x —x0)(x —x1) - - - (x —x,_1) for 1< r <n, and[x]g = 1. Considering the relation between the two bases, we can easily
get the following theorem.

Theorem 1. Form =0, 1, ..., n,

m
¥l = Y (=D Fep k(0. x1. ... xm—1)x*, ®)
k=0
m
x™M = Z hm,k(xo,X]_,...,Xk)[x]k. (6)
k=0

The(n + 1) x (n + 1) matricesQ,, = Q,[x0, X1, ..., X,—1]l andL,, = Ly[x0, x1, ..., x,_1] are defined as

1 ifi=j,
Qn(i,j)={(—1)’_fei_j(xo,X1sv-wxz‘—l) if i >j>0,

0 otherwise

1 if i = j,
L,,(i,j)={hi_j(xo,xl,...,xj) if i >j>0,

0 otherwise

Corollary 1. The transition matrix from the basi; = {1, x, x2,..., x"} of R, [x] to the basisBy = {[x]o, [x]1, ..., [x],} of
Ry [x] is the matrixQ,. The transition matrix from the basiBy back to the basi®1 is the matrixL,.

2. The LU factorization of the Vandermonde matrix

Let Vi, = Vy[x0, X1, . .., Xn] = (x;)ogi’j <n beam +1) x (n+ 1) Vandermonde matrix with distinat, x1, . .., x» € R.
In [1], the symmetric functions have been used for the LU factorization of the transpose of the Vandermondg&matom
Eq. (6) we haverl = Y ieohi—k(x0, x1, .. S x)lxjlk. i, 7 =0,1,2,...n. Thus we have the following modification of the
Theorem 2.1 of1].

Theorem 2. The(n + 1) x (n + 1) Vandermonde matri¥,, can be factorized a¥,, = L, U,,, whereL,, = L, [x0, x1, ..., Xn]
is a lower triangular matrix with units on its main diagondhe (i, j)-entry of Ly, is L, (i, j) = hj— j(x0, X1, - -+, Xj),i > j,
and Uy, = Uplxo, x1, ..., x,] is an upper triangular matrixand the(, j)-entry ofU, satisfyU, (i, j) = [x;]; = (x; — x0)
(xj —x1) - (xj —xi—1), i< .

Example 1. Forn = 3 we have

1 1 1 1
| x x1 x2 x3 _
V3= xcz) x% x22 x§ and V3= L3Us,
¥ ap %3 a3
where
ho(xp) 0 0 0
L= h1(x0) ho(xo, x1) 0 0
ha(xo) hi(xo, x1) ho(xo, x1, x2) 0
h3(xp) ha(xg,x1) hi(xg, x1,x2) ho(xQ, X1, X2, x3)
1 0 0 0
NE 1 0 0
- xcz) x0 +x1 1 ol
xg xcz)—l—xoxl—l—x% x0+x1+x2 1
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[xolo [x1lo [x2lo [x3lo
0 [x1l1 [x2]l1 [x3]1

Us=1 o 0 [x2l2 [x3l2
0 0 0 [x3l3
1 1 1 1
10 x1—x0 X2 — XxQ X3 — X0
—{o 0 (x2 — x0)(x2 — x1) (x3 — x0)(x3 — x1)
0 0 0 (x3 — x0)(x3 — x1) (x3 — x2)

We define the(m + 1) x (n + 1) matrices H,[xg, x1, ..., Xp—11, Tnlx0, X1, - - -, Xn1, Ly—1[x0, X1, - .., X—2],

Up—alx1, x2, ..., xp] by

1 if j=i
H,,[xo,xl,...,xn_l](i,j)={Xj if i=j 41,
0 otherwise
1 if j=i=00rj=i+1,
Tn[xo,XL---,XnJ(i,j):{x,’—XO if j=i>0,
0 otherwise

— 1 0 1 0
Ln-1= (0 Ln—l>’ Un-1= <0 Un—l[xly---,xn]>.

Lemma l. (@)L, =L, _1Hy; (b) Uy = T,U,,_1.

Proof. (a) We show that th&, j) entries on both sides are equal. Since the product of the two lower triangular matrices is again
lower triangular, it suffices to considep ;.

If i =0, then(L,_1H,)(0,0)=1= L,(0,0).

Ifi>0,

whenj =0, (L,—1Hn) (i, 0) = Ly—1(, 00 Hp(0,0) + Ly, —1G, D Hp(1, 0) = 0+ hj_1(x0)x0 = h; (x0) = Ln (i, 0);

whenj =i, (Ly—1Hy)(i,i) = Ly—1G, ) Ha(j, j) = 1= Ln (i, i);

when j <i,(Ly_1Hn)(G.j) = Ly—1G, DHn(.j) + La—1G.j + DHu(G + Lj) = hi_j(x0.x1.....xj_1)
+hi—j-1(x0, x1, ..., xj)xj = hj—j(x0, X1, ..., xj) = Ln(i, j).

(b) To show the equality of thé&, j) entries on both sides, it suffices to considet;. If i = 0, then(7,,U,,_1)(0, j) =
T, (0, 00U, —1(0, j) + T,(0, HUp-1(1, j) =1=Un(0, j).

Ifi >0,

whenj =i, (T,Up—1) (i, i) = Tn(i, ) Up—1G, i) = (x; — x0)(x; —x1) - (x; —x;-1) = Un (i, i);

when j >i, (ThaUp-1)(, j) = Ta(Q, ))Up-1G, j) + Tu(,i + DUp—1G + 1,j) = (x; — x0)(x; — x1)(x; — x2) -+~
(xj—xi—1)+ (x; —x)(xj —x2) - (xj —x—)(xj —x;) = (xj —xp)(x; —x)(x; —x2) - (x; —x;—1) = Un(i, j).

O

From Theorem 2 and Lemma 1, we have the following modification of the Theorem RL]L of

Theorem 3. The Vandermonde matri¥, can be factorized into d-lower banded matrices and hrupper banded matrices

such that
Vo =LPL@ ... LWy™ . yPuD where for 1<k <n,

1 if j=i,
Lf,">(i,j)={xj_n+k ifi=j+Llizn—k+1,

0 otherwise

1 if j=i,j<n—korj=i+1 j>2n—k+1,
ula, jy= {x,» —xy_y =i, j>n—k,

0 otherwise

Thus Ly, = LVLP ... L™ andu, =0 ... uPuv.
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Example 2. V3 = L3U3, andL3 is factorized into 1-lower banded matricés; = Lél)Léz)Lég), where

1 0 O 1 0 O 1 0 O
1D 01 0 O 1@ _ 0 1 0 O 1@ _ | o 1 0 O
3 7lo o 1 o) 3 710 xg 1 0 3 710 x4 1 0
0 0 xp 1 0 0 xx 1 0 0 x 1
Similarly, U3 is factorized into 1-upper banded matric&'s,= U§3) Uéz) Us(,l), where
1 1 0 0 10 0 0
u® _ 0 x1—x0 1 0 U@ _ 01 1 0
3 7 1o 0 X2 — XQ 1 ’ 3 710 0 xp—x1 1 ’
0 0 0 X3 — XQ 00 0 X3 — X1
1 00 0
@m_|0 10 0
Us™ = 0 0 1 1
0 0 0 x3—x2

Thus,V3=L3U3= LD L@ LOyO®uy@yd),
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