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1. INTRODUCTION

It is always fascinating to see what results when seemingly different areas of mathematics
overlap. This article reveals one such result; number theory and linear algebra (with the help of
orthogonal polynomials) are intertwined to yield complex factorizations of the Fibonacci and
Lucas numbers. In Sections 2 and 3, respectively, we derive these complex factorizations:
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Along the way, we also establish the general forms:

e sinfrcos(-4))

Fo=y V22 2 s 13
g sin(cos™(-£)) ” (1.3)
and
L,=2i"cos(ncos(-L)), n>1. 1.4

A simple proof of (1.1) can be obtained by considering the roots of Fibonacci polynomials
(see Webb and Parberry [7] and Hoggatt and Long [3]). This paper proves (1.1) by considering
how the Fibonacci numbers can be connected to Chebyshev polynomials by determinants of a
sequence of matrices, and then illustrates a connection between the Lucas numbers and Cheby-
shev polynomials (and hence proves (1.2)) by using a slightly different sequence of matrices.
(1.3) and (1.4) are not new developments (see Morgado [4] and Rivlin [5]); however, they are of
interest here because they fall out of the derivations of (1.1) and (1.2) quite naturally.

In order to simplify the derivations of (1.1) and (1.2), we present the following lemma (the
proof isincluded for completeness).

Lemma I: Let {H(n),n=1,2,...} be a sequence of tridiagonal matrices of the form:

hl,l hl,2
h2,1 hZ,fZ h2,3
H(N) = hj,z h3’3 . . . (1 S)
. . hn—l,n
hn,n—-l hn,n

Then the successive determinants of H(#) are given by the recursive formula:
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|[H(D| = h1,1,
|H(2)| = hl, 1h2,2 - hl, 2h2, I (1.6)
|H() | =h, ,|Hn-D| -h,_h, . |HE-2)].

Proof: We prove Lemma 1 by the second principle of finite induction, computing all deter-
minants by cofactor expansion. For the basis step, we have:

lH(l) |= I(h1,1)| = hl,l’

h h
[H(2)|= (h;’i h;j) =l dna=hahn,
hy, h, O My By
H3) =[5y My Bzl =kl HQY ~Bys)| o = hy 5| H(2) | — By 305 | H(D) |.
0 A
0 hyy by, 2

For the inductive step, we assume |H(k)|=/h; . |H(k-D| -~y 1/, |H(k-2)| for 3<k<n.
Then

hl,l h1,2
h2,l h2,2 h2,3

hy, Mg
|H(k+D|= Pz k1
Meikr Mo P

gt M Pora

hk+1,k hk+1, k+1

(hl,l h1,2 )
h2,l hz,z hz,s
hs,z h3,3
= k+1,k+1|H(k)|“hk,k+1 ., hk_2 i
hk—l,k—2 hk—-i,k—l hk-—'l,k
0 hk+1,k

= hk+l,k+1|H(k) l - hk,k+1hk+1,k|H(k - l)l o

2, COMPLEX FACTORIZATION OF THE FIBONACCI NUMBERS

In order to derive (1.1), we introduce the sequence of matrices {M(m),7=1,2,...}, where
M(n) is the n x n tridiagonal matrix with entries m, , =1, 1<k <m and my_,, =m , =1, 2<
k<n. Thatis,

i1 i

M@= i 1 - | (2.1

14 [FEB.



COMPLEX FACTORIZATIONS OF THE FIBONACCI AND LUCAS NUMBERS

According to Lemma 1, successive determinants of M(n) are given by the recursive formula;
(M) [=1,
IM(Q2)|=P~i*=2, (22)
|M(7) | =1|M(z—1)| - | M(n-2)| = | M(n~ 1) | + | M(n~2) .
Clearly, this is also the Fibonacci sequence, starting with F,. Hence,
E=\Mr-1)|, n22 23)

There are a variety of ways to compute the matrix determinant (see Golub and Van Loan [2]
for more details). In addition to the method of cofactor expansion, the determinant of a matrix
can be found by taking the product of its eigenvalues. Therefore, we will compute the spectrum
of M(n) in order to find an alternate formulation for | M(n)|.

We now introduce another sequence of matrices {G(n),n=1,2,...}, where G(n) is the nx n
tridiagonal matrix with entries g, , =0, 1<k <m,and g,_;, =g, 41 =1, 2<k <n. Thatis,

6 1
10
1

1
G(n) = o | (2.4)

L1
1 0
Note that M(n) =1+iG(n). Let A,, k=1,2,...,n, be the eigenvalues of G(n) (with associated
eigenvectors x,). Then, for each j,
M(n)x; =[I+iGm)]x; = Ix; +iG(n)x; = x; +id ;x; = (1+id;)x,.

Therefore, 1, =1+id,, k=1,2,...,n, are the eigenvalues of M(z7). Hence,
|M(@m)| =[[(+id,), n>1L (2.5)
k=1

In order to determine the 4, 's, we recall that each 4, is a zero of the characteristic polyno-
mial p, (1) = |G(n)— AL|. Since G(n)— Al is a tridiagonal matrix, i.e.,

-1 1
1 -4 1
G(n)— L= 1 -4 - (2.6)
S
1 -4

we use Lemma 1 to establish a recursive formula for the characteristic polynomials of {G(n),
n=12 ..}
) =-4,
nH=2-1, 27
P = =P, (D)~ p,-o(D).

This family of characteristic polynomials can be transformed into another family {U,(x),n>1} by
the transformation 4 = —2x:
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Uy(x) = 2x,
Uy(x) = 4x% -1, (2.8)
U, () = 2xU,4(x) = U, ().
The family {U,(x),n 21} is the set of Chebyshev polynomials of the second kind. It is a well-
known fact (see Rivlin [S]) that defining x =cos@ allows the Chebyshev polynomials of the

second kind to be written as:
U,(x)= ——(-—-——S“‘[S:; “;1)‘9 (2.9)

From (2.9), we can see that the roots of U,(x) =0 are given by §, =2 k=1,2,...n, or x, =

086, = cos— H, k=12,..,n Applying the transformation 4 =-2x, we now have the eigen-
values of G(#):
Ay =-2c0s—— kl, k=12..,n (2.10)
Combining (2.3), (2.5), and (2.10), we have
L . wk
FE. = |M@m)| —5(1—21 cosm), nxl, (2.11)

which is identical to the complex factorization (1.1).
From (2.6), we can think of Chebyshev polynomials of the second kind as being generated by
determinants of successive matrices of the form

2x 1
1 2x 1
An, x)= 1 2x - , (2.12)
o
1 2x

where A(n, x) is n x n. If we note that M(n) = iA(n, — 1), then we have:

(n "fz;) "U( ) 2.13)
Combining (2.3), (2.9), and (2.13) yields

, sin((n+ 1) cos™!(- —))
sin{cos™(-4))

IM(m)|=1"| A

E =i n>1 (2.14)

Since it is also true that

F=1=p Snleo (5)
sin{cos (- £))’

(1.3) holds.

3. COMPLEX FACTORIZATION OF THE LUCAS NUMBERS

The process by which we derive (1.2) is similar to that of the derivation of (1.1), but it has its
own intricacies. Consider the sequence of matrices {S(m),n=1,2, ...}, where 8(n) is the n x n tri-
diagonal matrix with entries s,; =4, 5, , =1 2<k<m, and 5, ; =5, =1, 2<k <n. Thatis,
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3 i
i 1 i

According to Lemma 1, successive determinants-of S(») are given by the recursive formula:
SI=14,
IS@)|=4~i*=1, (3.2)
[S()| =1|S(n-D| - |S@-2)| = [S@-D| + [S(r-2)|.
Clearly, each number in this sequence is half of the corresponding Lucas number. We have
L,=2|8(m)|, n=1. (3.3)

Unlike the derivation in the previous section, we will not compute the spectrum of S(n)
directly. Instead, we will first note the following:

|S()] =1 (1+eel) S|, (3.4)

where e; is the j® column of the identity matrix. (This is true because |I+ee{ | =2.) Further-
more, we can express the right-hand side of (3.4) in the following way:

%l(l+e1elT)S(n)| = 2| E+i (G +ee])], 3.5

where G(#) is the matrix given in (2.4). Let y,, £ =1,2,...,n be the eigenvalues of G(n)+ee]
(with associated eigenvectors y, ). Then, for eachj,

(I+i(G(n) +eleg))y1' = ij' +i(G(n)+ele;)y]' =y, +iy; ¥y, = @ +i7j)yj-
Therefore,

| T+iGe)+ee])| =5 [ [ +ir,). (3.6)
k=1

In order to determine the y,'s, we recall that each y, is a zero of the characteristic polyno-
mial g,(y)=|G(n) +eel —yI|. Since |(I-1eel)| =1, we can alternately represent the charac-

teristic polynomial as
9,(r) =2| (1=} el G + ee] -yD)] 37

Since g,(r) is twice the determinant of a tridiagonal matrix, i.e.,

/4
9,07y =2| (1~} eI XG(m) +eef -1D)| =2 S T €2

we can use Lemma 1 to establish a recursive formula for ¢,(y):
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q()= “%,

B0 =51, (3.9)
4.(7) = 19,1(r) — 4,2().

This family of polynomials can be transformed into another family {7 (x), » 21} by the transfor-
mation y = —2x:
Li(x)=x,
L(x)=2x?-1, (3.10)
T,(x) = 2xT,_(x) = T, o(x).

The family {7 (x), n>1} is the set of Chebysilev polynomials of the first kind. Rivlin [5] shows
that defining x = cos @ allows the Chebyshev polynomials of the first kind to be written as

T(x) = cosnb. 3.1
From (3.11), we can see that the roots of 7,(x) = 0 are given by
-4 -1
6, =n—(kn—2), k=12,.,n or x,=cosf, = cosﬂ(kn 2), k=12, .., n

Applying the transformation y = —2x and considering that the roots of (3.7) are also roots of
| G(n)+e,e] —7X| = 0, we now have the eigenvalues of G() +e;e] :

-1
}’k=-—2005@, k=12,..,n (3.12)
Combining (3.3)-(3.6) and (3.12), we have

n 1
L,,:!’_]l(hz"cos@), nxl (3.13)

which is identical to the complex factorization (1.2).
From (3.8), we can think of Chebyshev polynomials of the first kind as being generated by
determinants of successive matrices of the form

x 1
1 2x 1
B(n,x)= 1 2x - , (3.14)
Lo
1 2x

where B(n, x) is n x n. If we note that S(n) = iB(n, — %), then we have

W (L
B(n, '—E)I—l ];,( 2) (315)
Combining (3.3), (3.11), and (3.15) yields

L,=2i" cos(n cos™! (— —;—)), nx1 (3.16)

1S@)| ="

which is exactly (1.4).
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4. CONCLUSION

This method of exploiting special properties of the Chebyshev polynomials allows us to find
other interesting factorizations as well. For instance, the factorizations

2 k
Pz = [[|3-2c0s——|, n>1
A g( cosn_H), n>1 “.1n
n=1
n= H(Z - 2cos7[—k), nx2, 4.2)
k=1 hr
and
n _1
2" = (1 - COSM), nxl, 4.3)
k=1 h

can be derived with judicious choices of entries in tridiagonal matrices (Strang [6] presents a
family of tridiagonal matrices that can be used to derive (4.1)). It is also possible to compare
these factorizations with the Binet-like general formulas (see Burton [1]) for second-order linear
recurrence relations in order to determine which products converge to zero, converge to a non-
zero number, or diverge as n# approaches infinity.

One final note; an interesting (but fairly straightforward) problem for students of complex
variables is to prove that (1.3) is equivalent to Binet's formula for the Fibonacci Numbers.
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