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ABSTRACT

In this manuscript, we introduce for 0 < ¢ < 1 a new deformed g¢-binomial dis-
tribution by virtue of the normalized ¢-Krawtchouk orthogonal polynomials. We
call this g-discrete probability distribution g-binemial distribution of type I, say
B(n,p,q) with p > 0. Interpretation of this g¢-discrete probability distribution is
provided by considering, for suitable values of ¢, n—dimensional vector spaces over
the finite field of 1/¢ elements. Furthermore, we study its asymptotic behaviour
for n — oo by showing that is compatible with a standardized Stieltjes-Wigert
distribution.

1. INTRODUCTION

Let v, be a discrete probability measure in S = {z;,i = 1,2,...,n; n =
0,1,...} with finite moments of all orders. Then it is well known that their
exist a sequence of normalized discrete orthogonal polynomials { P, ()} with
respect to the measure v, satisfying the orthogonality relation

Z vl @) Ppla)Py(a) = /\nyém,r/- (1)

TES

where &, the Kronecker delta and A, a non-negative sequence of n and v
and the three term recurrence relation

;ijpm(;t.’.} = Pm+1('r) + a'mpm(r) + bmpm—l(a:) (??l 2 ]-) (2)

where a,, € R and b,, > 0 and with initial conditions Py(x) = 1 and
Pi(z) = ¥ — ag. Conversely, Favard’s theorem ensures the existence of a
discrete probability measure v, on 5 for which the sequence of polynomials
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determined by the recurrence relation (2) are orthogonal. The mean value
and the variance of the discrete random variable X in the discrete spectrum
5 with probability function v,(2) are given respectively by g = ag and
a? = by. If a,, = 0 then all moments of odd order are zero.(see Saitoh and
Yoshida (2000}, Christiansen (2004)).

Saitoh and Yoshida(2000) introduced a ¢-deformed binomial distribution for
0 < g < 1, by virtue of a g-deformed sequence of Krawtchouk orthogonal
polynomials and studied its asymptotic behaviour by showing that is com-
patible with a ¢-deformed Gaussian distribution in a quantum probability
space.

Various g-analogues for 0 < ¢ < 1, of the classical binomial distribution have
also been studied by many authors. Among them we refer to Kemp(1992,
2002), Sicong(1994) and Charalambides(2005).

In this manuscript, we introduce for 0 < ¢ < 1 a new deformed g-binomial
distribution by virtue of the normalized ¢-Krawtchouk orthogonal polynomi-
als. Interpretation of this ¢-discrete probability distribution is provided by
considering, for suitable values of ¢, n—dimensional vector spaces over the
finite field of 1/g elements. Furthermore, we study its asymptotic behaviour
for n — oo by showing that is compatible with a standardized Stieltjes-
Wigert distribution.

2.INTRODUCTORY DEFINITIONS AND NOTATIONS

For the needs of this manuscript we recall some usual definitions and
notation used in g-analyvsis (see Koekoek and Swarttouw (1998)).
Let 0 < ¢ < 1,  a real number and k a positive integer. The ¢-shifted
factorial is defined by

1

(aiq)n:= [[(1—ag’™")
j=1
and the general g-shifted factorial is given by

(e ]

(a5¢)ee = [T(1 —ag’™), (aiq)o=1.
j=1
Also,
(a,b:q)n = (a5 9)n(b: q)n-
The g-number is defined by

xr

I—g¢q
I—g¢g

[2]g =
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and the g-binomial coefficient by

(n) __ (@
k q' () q:q)n—r

7 iy [T
(9, o),
S 1fq 7

—tiq) = ") (25,
(—t:q) ;Z:%a ( " qfi
3. ¢-BINOMIAL DISTRIBUTION OF TYPE I-ASYMPTOTIC
BEHAVIOUR

Let 0 < ¢ < 1 be a rational number such that 1/¢ be an integer larger
than 1. Also, let V), be an n—dimensional vector space over the finite field
GF(1/q) of 1/q elements. Then V,, contains a total of 1/¢" vectors and the
number of z-dimensional subspaces of V,,, @ =0,1,...,n is given by (:)lfq
(see Exton(1983)).
Supposing that each z-dimensional subspace assigns a weight, say g,(x:V,,),
with

Also

41
gl Vi) = q( 2 )p'x, p>0, x=0,1,....,n

we have that the probability of appearance of a a-dimensional subspace of

Vi, is given by
z+1

(Z?)qu( s p-
n n [r"'l) (3)
Zx:O I)lf;rq 2

T

fx(x) =

P T
or

i

fx(x) = (t) q(ﬁ)(p‘lq‘”)x H(1+p_l eyl e =001, (4)
q

=1

with 0 < g< 1, p>0.
Next, we define the following deformation of the g-analogue binomial dis-

tribution (4) considering the random variable ¥ = ¢~* with probability
function
-2 ny
( L) q( 2Q)an e
Ty g -0 -1 -
uy (y) = Y=q g i q " (5)

Ll +aggtt) T
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where

Gy =P_1fi_n~. p>0 (6)
such that

a, > 1., a,¢" =0 (7)
and

Qy — 00 as n — 00, (8)

Proposition 3.1.  The probability function uy(y) is induced by the nor-
malized g-Krawtchouk orthogonal polynomials, say p(y;p,n,q), 0 < g <1
given by

(_pqm; q )m
where y = ¢, x = 0,1,...,n and K, (y; p,n,q) the g-Krawtchouk orthogo-

nal polynomials with parameter p = a;tq™".

prlysp.n,q) = Ky p.n,q), (9)

Moreover the random variable Y has the following rth order moments

T H::l(l + a';-lqi)
(1 + ag gt

e =y yuy(y)=q° (10)

YES)

Proof. The normalized g-Krawtchouk orthogonal polynomials p,.(¢~"; p, 1, q),
0 < ¢ < 1 with parameter p = a, '¢™" satisfies the orthogonality relation

(7). . .
Y (1) pulg T o q)pl g pa s )
=0 (¢:9):

1 - 1 - 2 _gntly
Z'Tnv(]-‘i‘anlq n)(_anlq n+l?f1)n&2qn q ( 2 )émy

where é,,,, the Kronecker delta and +,, a non-zero sequence of n and v (see
Koekoek and Swarttouw(1998)). Thus their weight function, say u(x; n,q),
can be written as

(q_“;q]r(_l)x T nT

7:9) = Y

w(ein,q)= (11)

. ~ — 5 1yt
(l+ﬂnlq_n)(_arzlq_ﬂ+1§q]?iagqﬁzq "z)

Using the identities
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and

- _ o (nly e .
(L+ ot ") (—a; g i g), = a7 g2 ) (1 + ang?)
i=1

we have from { 11)
u(@in,g)=uy(y), y=q "

Moreover, by the probability function ( 5) the rth moment of the random
variable Y is

S yruv(y)

yES)

Hr

_ny In gy
]nq -
Zyesl y'( M) fi‘( ) no?
Ing g

[Tic (1 + ang=t)
- oq'“(ﬁ)qq(j)a;‘i
3:]_(1 +“nqé_1)
[T (1 +ang' ™)
=11+ anqi_l )
(1+a,g " )1+a,q "y (IT+a, ¢ ) (1+a,4""

1
- . z 2)
(1 + an—l ) t ( I+ {}.nqn—r+1 )(1 + &nqn_r ) t '( 1+ auqn_l)

From the last expression the equation { 10) is obtained.

Definition 3.1. For 0 < ¢ < 1, the g-discrete probability distribution
with probability function uy(y) defined in the spectrum 57 = {¢~ %, k =
0.1,...,n} and based on normalized q-Krawtchouk orthogonal polynomials
is called g-Binomial of type I distribution and is denoted by B(n.p,q).

Remark 3.1. Using the moments of rth order ( 10) the random variable YV
of the ¢-binomial of type I distribution has respectively the following mean
value and variance

1+a’lq
R -7l i1
Hy = ¢ 1+ a;]q_n_i_l (13)
and
1 Ot_l -1 1 —

" (14 ay gt 3(1—!—051(;‘“"'2)
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Equivalently, since the ¢-binomial of type I distribution is induced from
the normalized ¢-Krawtchouk orthogonal polynomials p,(y;p,n.q), y =
¢~ % p = a;l¢7", the mean value and variance of the random variable ¥
can be derived from the recurrence relation of these polynomials. Analyti-
cally,the recurrence relation of the orthogonal polynomials p,..(y; p. n, ¢ ) with
p= a'lq'“ is
WPy Py q) = Prga(yiponeq)+ T py (yip,n,g)
+ b(p,n Q]pm—l(y; Pty (.7)(??3' Z 1) (15)

m

with initial conditions

polyip.n,q)=1, puyip,n.q)=y — ao,

where
0P =1 = (A + Cr)y BE™D = Ay O (16)
and
A (1= g™ )1+ atg™ ")
T (ka1 ag gt
(17)
O, = —atgimmn (l‘l'fk;lqm )1 —q™)

(l—I-Cr Zm —r— 1](l+a—1q2m )

(see Koekoek and Swarttouw (1998)).
So,
Hy = 1-— ;40 — CO-. CF%— = _4[](_;1

and on using (17) we recapture ( 13) and ( 14).
Theorem 3.1. The limit distribution for n — oo of the standardized q-

binomial of type I distribution B(n, p,q) is the standardized Stieltjes- Wigert
distribution with probability density function

2logyg

V2rlog g1 '

y > —¢"13(1—¢q)7V% (18)

Csw Y1 = ) Py 4 g ) T pes(atPi—g) Py )
uS (y) = e

Proof. Shifting so as to have zero mean in the ¢-Binomial of type I distribu-
tion with mean value piy, its orthogonal polynomials are p,, (y + py: p, 1, q),
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p=a;l¢g " The coefﬁcient.s of the recurrence relation of p,.(y+ py:p,n, q)

are represented as am nep:2) —py = Apg+Ch— (A, +C ) and b{ﬁ’p’q] = A, 1C,.
In addition, to standardized so as to be of variance 1, it can be realized by
replacing the recurrence relation coefficients respectively by

an®? — py Ao+ Co — (A + Cri)

= 19
o Nz we (19)
and ( ]
bﬂ?:p.q “_17?1— C"“‘J’Tf.
— = L (20)
(TY ;40(:1

where A, and ', are defined in ( 17).

Thus the orthogonal polynomials, say @Q,.(y:p,q.n),p = a;t¢g™", of the
standardized g¢-binomial of type I distribution are determined by the recur-
rence relation

-‘4-0 + C'TO ( 4-771 + ('m)

Y@m(yip g.n) = Quet(yip.g.n)+ = Qumly:p.g.n)
Apl
Am (-]’TJ. P
+ QY pagon), (m > 1) (21)
ApgCh

with initial conditions

Qo(yip,g.n)(y)=1 Quly:p,g.n)y) =y
Using ( 13), ( 14) and ( 17) the coefficients (19) and { 20) respectively become
aL’f’p ) — ny
ay
(1 qm_”](l-i-cen qm—n) + lqdjm_}"_l[1+a;1qm_"){l—qm]
(l-l-cequ‘Jm_“)(l-l-a_l 2 — ﬂ+l) (1+a—1qzm—n—1)(1+a,;1q_3m—n)

g~ +1/2¢ ~1/2 (1+ay )1 /2 (g7 1) /2 (1-g)! /2
" (e g (a2 12

q—n 1+a£1g
- Ca i i (22)
g-nt1/2a; 12 ey )t (gTn 1) 2 (1) /2
(Can g 1) (Than Tq—mt2) T2

and _
(pa) (g™ )1 tai g (a1
b ™ ane2 Uan P (140 T PT  R(ha 2T) g
ol (1+az'g)g="—1)(1—g) '

(1+ay, g=ntl)2(14ay g—n+2)
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Taking the limit n — oo of ( 22) and {23) and using { 7) and (8) , we obtain
the recurrence relation of the orthogonal polynomials, say Q..(y), for the
limit distribution, as

YQm(y) = Qumyarly)
+ PP =) 1+ g — ¢ ) — ¢ HQm(y)
+ ¢ =) (1= ¢ )Qm-1(y). (m > 1) (24)

with initial conditions

Goly) =1 Quy)=uy.

The continuous Stieltjes-Wigert distribution with probability density fune-
tion

i 1;'(8 1 !logr)z
LFSHI(JL’) — q—_e 2logg o > )] [25)

1 2rlogg—la
with
p=q" o’ =q¢1-q), (26)

is based on the normalized Stieltjes-Wigert orthogonal polynomials, say
pﬁlw{;r)‘_ satisfying the recurrence relation

ap’ (@) = papa (@) + ¢ T U g = "l ()

ki

+ gt = qm]jjs"",l(';r] (m>1) (27)

r—-

with initial conditions
SWy v SWoeon =1
po (x) =1, p"(x)=x—q

(see Christiansen (2003)).
By standardizing (27) and (25) we obtain respectively (24) and (18) which
complete our proof.

ITEPIAHVH

Yy epyuoia auth, etodyetar e 0 < ¢ < 1 pla petaoynpatiopévy ¢-8iovup
waTavopy péan Tev xavouxononpévey ¢- Krawtchouk oplloywviey toivwvipny. H
g-Braxprtt| auth) xatavour ovopdletar g-Srovuuer xatavou) titov I xot gupforl-
Ceton pe B(n,p,q) pe p = 0. Exlong. didetan pla cgpnvela authc tne ¢-Sraxptic
watavopfs flewpdvrag, yra xatdiinhes 1pés tou ¢, n—ddotatous davuopatixodc
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yopoug enl memspuopévey guvdhey pe 1/q otoryeie. Emnhéov, peretdton 1 aou-
UTTOTON TG GUURERLPORE Yia i1 — 00 anodetvioviag Tt ¥ avTioTolyn TUToTOoLn-
wevn g-Brwvup xatavopr tonou I ouyxhivel oty tunonoruévy Stieltjes-Wigert
HATAVOWRY).
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