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Abstract

Orthogonal polynomials for the multinomial distribution m(x, p) of N balls
dropped into d boxes (box i has probability p;) are called multivariate
Krawtchouk polynomials. This paper gives an introduction to their proper-
ties, collections of natural Markov chains which they explicitly diagonalize
and associated bivariate multinomial distributions.

Introduction

This paper relates orthogonal polynomials, Markov chains and statistical
modeling. Bill Studden loved all of these topics and their interactions. The
setting is a d-category multinomial distribution of N balls dropped into
d boxes with probabilities p = (p1,...,pq). Throughout p; > 0 and the
multinomial distribution is

N d d
’ i=1 i=1

» Ld

Systems of orthogonal polynomials for the multinomial are defined in/Griffithd
(@) They generalize Krawtchouk polynomials for the Binomial and are
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called multivariate Krawtchouk polynomials. A self contained development
of these along with properties and pointers to an emerging literature is in
section two.

There is not a unique set of orthogonal polynomials in higher dimensions
than one because the ordering of powers " - - -z} is not unique within a
fixed degree |n| = ny + --- + ng. The definitions here lead to constructing
a unique set of polynomials by choosing an orthonormal basis of functions
on {1,2,...,d}, see the definitions in section 2.1. Further orthogonal poly-
nomials in a particular set are uniquely defined by their multiple leading
coefficients (lemma 1 in section 2.1). This allows us to show that the poly-
nomials suggested by |Grunbaum and Rahmanl (IM) and [Xu (@) fit into
our definition.

Multivariate Krawtchouk polynomials appear as the eigen-functions of
a variety of natural Markov chains generalizing the classical Ehrenfest urn.
Consider an urn containing N balls in d colours. A ball is chosen at random
and its colour changed to j with probability p;. This can be generalized
in various directions. The balls can be partitioned into groups in a gen-
eral way. Balls in the o group have their colours changed in a general
way: a ball of colour i is changed to colour j with probability P, (i, 7).
With appropriate choices, all of these chains are diagonalized by multivari-
ate Krawtchouk polynomials. This work captures chains previously stud-
ied by [Hoare and Rahman M), Khare and Zhou (Iﬂmg), Zhou and Langé
(2009) and Mizukawa (2010), Mizukawa (2011). Multivariate Krawtchouk
polynomials also have a universal quality, diagonalizing symmetrized prod-
ucts of general Markov chains. These topics are explained in section three.

The third central topic is bivariate distributions with multinomial mar-
gins. This topic has a long history going back to work of Lancaster (llf)_(ﬂ)
Bivariate Lancaster distributions with multinomial margins have an expan-
sion

P(@,y) = m(,p)m(y, p){1+ > pnhnQn(®@)Qn(y) }.
with @Q),, the multivariate Krawtchouk polynomials, and h,, given by

E [QW(X)QH (Y)] = 5mnhnpn-

The p,, are called generalized correlations. A basic problem, the Lancaster
problem, is what values of p,, are admissible to have P(x > 07. This
problem was solved in the Binomial case by (Eé%.é) A useful
necessary and sufficient condition appears in section three. This leans on
the multinomial hypergroup property which may be of independent interest.



There are natural choices of py,; if K(x,y) is a reversible Markov chain with
Krawtchouk polynomial eigenfunctions, then

P(z,y) =m(z,p)K(z,y)

has a Lancaster expansion with p,, the eigen-values of K. This paper is
a d-dimensional version of [Diaconis and Griffithd (2012) which works out
the connections between generalized Ehrenfest urns with two colours, Lan-
caster expansions and one variable Krawtchouk polynomials. The theory is
more complete (and simpler) in this case and the reader might find it useful
motivation.

As usual, new developments raise new questions; what are the extreme
points of the d x d stochastic matrices with P as stationary distribution?
Find a full solution of the Lancaster problem. What is the connection to
Schur-Weyl duality and Bosonic Fock space? We are sorry not to be able to
call on Bill Studden’s expert help.

2.1 Definitions and Background

The multinomial distribution associated with dropping N balls into d boxes
having probabilities p = (p1,...,pq) is

d d
N |
m(w,p) = <a:1 xd) [[r7, 0<a;, > 2=N. (1)
) ) ]:1

=1

\Griffithd (1971) defines orthogonal polynomials for m(a,p) by choosing
a complete set of orthogonal functions {ug-l)} with respect to p, for [ =

0,1,....d—1,57=1,2,...,d. Insist throughout that ug-o) = 1. Thus, for all
k,1=0,1,...,d—1,

d

Zugk)ug-l)pj = Oiag. (2)

j=1
In this paper we usually take these functions to be orthonormal when a; = 1,
k=1,...,d—1, unless indicated. Examples of natural choices of {u(l)} are
given in the following section 2.2. Often {u!'} is a basis of eigen-functions
for a Markov chain on [d] = {1,2,...,d}. Writing u for {u®},
(@) defines a collection of orthogonal polynomials

{Qn(m,u)} with n = (n1,...,n4-1), In| <N (3)



1

as the coefficient of wj™ - - - w:ﬁ’l in the generating function

d d—1 _
G(z,w,u) = H{1+Zwlu§l)}%. (4)
j=1 =1

For integer x;, expanding each term in the product by the binomial expan-
sion gives a polynomial in x; so the coefficient of w™ is a polynomial in x.
It is easy to see that @y, is a polynomial of degree |n| =ny + -+ +ng_1.
For example:

n =(0,...,0) Qn=1

n =(0,...,1;...,0) Qn:Z?21u§l)xj1):ofSl 5
=0, L L, 0) Qp= 258 — 5 00w ul™ ©®)
n =(0,...,2,...,0) Qn=157-1 lexi(ul(-”)z.

It is straightforward to show, using (), that the {Q,} are orthogonal:

B[Qn(X, 1)@ (X, ] = b ) ('"')dila;”. (6)

In|/\n /-
7j=1

In (@), X has a multinomial m(x,p) distribution. (@) also
gives a related construction of multivariate orthogonal polynomials on the
negative multinomial distribution via a generating function approach.

The {Qy} also have an easily verified stability property: their definition
does not depend on N, as long as |n| < N the same {Q,} work for all
sufficiently large N.

As defined, it is not so clear how to express (), as a polynomial. Recent

work of [Mizukawa and Tanaka (2004) and (Grunbaum and Rahmanl (2011)

clarifies this. They use hypergeometric notation. Let

ki) =1 (=25 ) ks
j=1 J/E-; Huijjv (7)

Z‘?j

3

M) H?:l(_
Y (=m, —x; —N;u) -—I;S:N IL; ki (=N) ..y

where a - in an index means sum, eg k.; = Ef:—ll kij,
a(n) :a(a+1)(a—|—n—1), a[n] :a(a—l)(a_n+1)

and the sum is over all n x n matrices (k;;) with non-negative integer entries
with sum of entries at most V.



Proposition 1. Let {v](-l)} be an orthonormal basis, 0 <[ < d—1,1 < j <d,

with fuc(ll) =1. For all [, let u;; =1 — vj(»i), i,j € [d— 1], then with Qm(x,v)
defined in (@3l), )
N! _
Qm(z,v) = T @ (o, —@; — N ).
i=1 M-

Proof Reduce the variables to 1, ..

,Tq_1 by letting x4 = N — ZZ | i,

then
d d—1 .
i J
G(zr,w) = H (1 + wa](- ))
j=1 i=1
d—1 d—1 d—
D\ i N-Y‘"ix
= <1—|—Zwiv§))Jx(1+w) =t
j=1 i=1
d—1 d—1 d—1
x N>,z
= <1+w.—Zw,~u”) (1—|—w) j=1%3
j=1 i=1
d—1 d—1
w; x; N
= <1— 4 1+w'u”) X (1+w.)
j=1 =1
d—1
= (1 + w.) wfl H(—uij)kl H — x
ki i=1 ij j=1 [Tizy Fig!
The coefficient of Hlel w" in () is
d—1
> o [Tew™ [ =
k.<N Lli=1 (m; — ki.)! ij j=1 [Tz Kis!
N 3 T2 (=ma) ey T3 (=) e T
I mil =y [T kig (=N r. L1t

Equating coefficients now gives the result.

O

A well known and easy to check conditional product binomial construc-

tion is
d—1
=[] b(xs,p/1

J=1

m(z; p)

—|pj-1l), N

(8)

— |zj-1),



where b(z,p, N) = (M)p®(1 = p)N =%, a), = (21,...23), |2k = 21+ - + 25,
with similar notation for the p; terms. The way that a set of multi-
dimensional orthogonal polynomials is constructed using (&) is to use 1-
dimensional Krawtchouk orthogonal polynomials on the conditional distri-
butions. (@) gives a unified treatment of multivariate Hahn, Jacobi
and Krawtchouk polynomials which are constructed from product condi-
tional distributions. In his treatment there are natural constructions begin-
ning with multivariate Jacobi polynomials which lead to Hahn polynomials
via a multinomial-Dirichlet mixture and then from multivariate Hahn poly-
nomials to multivariate Krawtchouk polynomials as a limit when the index
parameters in the multinomial-Dirichlet tend to infinity with the ratios tend-
ing to p. We show in the next theorem that his multivariate Krawtchouk
polynomials are a special case of the multivariate Krawtchouk polynomials
in this paper. A general preliminary lemma is needed.

Lemma 1. Let {Qn(az)} be a d-dimensional orthogonal polynomials set
on a random variable X . Then the polynomials are uniquely determined by
their leading coefficients.

Proof. Take the orthogonal polynomial set to be orthonormal without loss
of generality. Denote the reproducing kernel polynomials by

Qn(z.y) = > Qn(®)Qn(y), n=0,1,....

n|=n

The reproducing kernel orthogonal polynomials are invariant under all choices
of multidimensional orthogonal polynomials on the given distribution. Let
the leading coefficient of Qn(x) be Sy, (x). Then for |n| = |n/|

E[SW(Y)QTL’(Y)] =E [Qn(Y)Qn’ (Y)] = Onn/,

because Q,,/(Y) is orthogonal to polynomials in Y of degree less than |n/|.
Thus

E [Sn(Y)Qn(m7 Y)] = Qn(m)y

uniquely determining Q,, () by Sy (x) among all orthogonal polynomial sets
on X. O

Because of Lemma 1 to check that two orthogonal polynomials sets on
the same distribution are identical (up to normalizing constants) it is suf-
ficient to check that the leading coefficients are proportional. We now cal-
culate the leading coefficients in (@)’s orthogonal polynomials on the



multinomial and show an identit W1th our multivariate Krawtchouk poly-
nomials. The notation 1n- ) is adapted to agree with notation in this
paper. In our orthogonal polynomials @y, (x,u) has a single leading term
proportional to

d—1 d
= H S;Lj, where §; = Z u,(g):nk,
j=1

k=1

with {u)} a set of orthogonal functions on p = (p1,...,pq).
We now describe the conditional binomial constructed polynomials in
). The 1-dimensional Krawtchouk polynomials there are defined
by
Kp(z:p,N) = oF (—n,—z;—N;p~ ), n=0,...,N,

where, with a standard definition,

[e.9]

oFi(a,b;c;z) = Za

r=0

The scaling is such that K, (0;p, N) = 1. The conditional binomial multidi-
mensional Krawtchouk polynomials are defined by

1)l a1 P ,
Kn(z:p.N) = (=N ]+ [n? )
" )(Inl) 1;[ 1—!1’] 1)) ! (rs)
x Ky, (xj; D N e - ), ()
1= |pj-1
where for j < d, n/ = (nj,...,n4-1), |n?| = nj+---+n4_1 and for notational

convenience [n?| = 0.

Proposition 2. The conditional binomial construction of multidimensional
Krawtchouk polynomials, @ (M ), is a special case of the multidimen-
sional Krawtchouk polynomials where the orthogonal basis is the (unscaled)
Irwin-Lancaster basis: u© =1 and

0 k<7,
u =S —Ip;)/p; k= (10)
1 k=j+1,...,d

forg=1,....d—1;k=1,...,d.



Proof. By lemma 1, it is sufficient to show that the leading terms in both
sets of orthogonal polynomials are identical. Using the hypergeometric ex-
pansion

” |
Ko, (273 = N = o] = 07 ) (=N [y |+ [ )
1—|pjl &

’flj k‘
_ (—n5) (k) (—=25) (k) (1 - ij-1|> 1

< (=N + |zj | + [0+ ) pj k!
X (=N + |zja| + [0/ ) o)) (11)

The leading coefficient in
(=N +[zja| + [P ),y
(=N + |zja| + /) )
= (=N +|xj 1|+ [T+ k) (=N + |z | + |07 +n; — 1)

is
(=N +|aj_q]) "
The leading coefficient in (Il is therefore

n; i k
Z(—nj)(k)(_$j)k <w) (—N—|— |mj_1|)nj—k%

k=0 pj

nj
, 1—|p;—
J

Uz
, 1—
:(_1)%(— Pil 4 gyt d)

Py

d nj
(o)

k=1

The leading coefficient in K, (x;p, N) is then seen to be

d—1 nj i
uy T
)(inl) 1—!1)] 1) (Z g )

Jj=1

l:l

which completes the proof. O



We now calculate the proportionality constants in the two systems. If
x = Ney the generating function () for the multivariate Krawtchouk poly-

nomials is

d—1 N d—1 N

j=1 j=1
SO N

Qn (Ned7u)
(N ’n’)'Hg 1"]
As a comparison
1 |n| d—1 )
Kn(Ned;pw]V) = H ( N+ |’I’L]+ |)(nJ

)iy 571 1—!1)] 1))

— (_1)|HH<1 |p] 1|>

Comparing the two polynomials at © = Negy1 gives the next corollary.

Corollary 1.

Kn(x;p,N) = N 1:[ <1_|p] 1|> Qn(z,u).  (12)

The generating function definition makes it easy to compute various trans-
forms of (), as a product of linear forms

{H¢ Q)] = (o) (W) i o Taa oo 19

in|/\ n
where
d .
Ti(¢) = > éjpjul’, 0<i<d—1.
j=1
Using random variable notation can provide elegant formulae. Let Z1,..., Zn

be independent identically distributed random variables with P(Z = k) =
Pk, 1 < k <d. Set X; = [{k: Zy = i}| so (X1,...,X4) has a m(x,p)
distribution. Then (@) gives (with both sides random variables)

N d—1
G(X;w;u) = H <1 + wa%}i). (14)
=1

9



Expanding the right hand side gives

QuXw =3 [ i) I 5" (15)

{Al} k1€A kqg_1€A4-1

where the summation is over all partitions of N into subsets {A;} such that
|A;] = ny, I =1,...,d — 1. This shows that Q,(x,u) is a polynomial of
degree n — |n| in (Si(x),...,S4-1(x)) with

d
Sie) =S ulay i=1,...,d-1
j=1

whose only term of maximal degree is HZ;% Spk(x).

General 1-dimensional orthogonal polynomials {P,(z)} satisfy a three
term recurrence for z P, (x). A similar recurrence holds for S;(x)Qn (z;u).
Scale Qn(x;u) so that the leading coefficient of Hfz_ll Si(x)™ is unity by
taking Q5 (z;u) = H?:_ll n!Qn(x;u). Let c(i,l, k) = Z;l:l uy)ug-l)ug»k)pj.
Then a generating function argument shows that

Sz(w)Q;(wfu) = Q;—i—ei(a}v u) + (N - ‘n‘ + 1)@:—67; (m7u)
d—1

+ Z C(ivl’k)Q;—el+ek (mvu) (16)

1k=1

2.2 Three Examples

This section develops three detailed examples; the first gives an ‘always
available’ basis {u(!)} for general p. This turns out to diagonize a Metropolis
algorithm and satisfy a hypergroup property developed further in section
2.4. The second involves group characters and ‘explains’ the hypergroup
nomenclature; the third is a development from physics. It offers ways of
generalizing the construction of section 2.1 to general space.

Example 2.1 One simple closed form choice of {uV} is given by Irwin-
Helmert matrices (ILM@S@L M).The basis is a scaled version of (I0).
Given p, let a? = p;, A? =pg+ -+ p;. Define a d x d matrix U with first
row (1,...,1) and i*" row

d—i

’-0 “0 —Adgyo; Ad4-1—i Ad4-1—i 9<i<d

yee ey Uy A ,A A ,...,A A 5 ST s a.
Ad4+1—iAd+1—i d+2—iAd+1—i d+2—i4dd+1—i

10



Thus when d =5, U is

1 1 1 1 1

__As aq
0 0 0 wiAi Auds

0 0 Ay as as
azAs A3Ay A3Ay

0 A3 as as ag
a2A2 A2A3 AQAS AQAS

A ai ai a1 a1

L a1 A1 Az A1 Ao A1 Az A1 Az

i =1 =0 —2 =i (17)
a;

AiAi+1 ] > 1.

These matrices were used by Lancaster and Irwin to decompose the usual
chi-square test for goodness of fit to a multinomial model into d orthogonal

pieces. See [Lancaster (1969). [Saltzman (2010) has observed that the u(®)

diagonalize a natural Markov chain. We state this formally:

Proposition 3. (Saltzman) Let p; > - -+ > py be a probability distribution
on [d] = {1,2,...,d} and u¥) be defined by [[T). Let K (i,5) be the ‘random
scan Metropolis’” Markov chain on [d]: From ¢, pick j uniformly in [d]. If
J <, move to j. If j > i, flip a p;/p; coin. If heads, move to j; else stay at
i. This is a reversible Markov chain with stationary distribution p. It has
u®) as (right) eigenfunctions: Ku(® = u(®) and Ku® = gu® with

2
5l:1_%,1§l§d—1.
a

Proof The diagonalization of the random scan Metropolis chain is a special
case of a theorem of [Liu (@) His result gives similar eigen-values and
eigen-vectors for the Metropolis chain with general proposal. O

The hypergroup property of an orthogonal basis {u(l)} allows delin-
eation of all Markov chains and all (Lancaster) bivariate distributions ad-
miting {u)} as eigen-bases. Section 2.4 below shows that the multivari-
ate Krawtchouk polynomials satisfy the hypergroup property provided the
underlying {u(l)} do. To provide examples, we now give a necessary and
sufficient condition on the Irwin-Helmert basis for this property.

11



One way to state the property is to transform {u(l)} into an orthogonal

/2

matrix H by multiplying each column by p; ; thus suppose {u(l)} satisfies

(2.2) and define

H;; = uy—l)p;ﬂ for i, j € [d]. (Thus hy; = pjl-/2 for j € [d]).  (18)

For a general orthogonal H, the hypergroup property is

d
s(, k1) = highighi/hig > 0, for all j,k,1 € [d]. (19)

i=1
For this to be defined, h;q # 0 for i € [d]. This property is equivalent to
the usual conception of a hypergroup if we take (without loss of generality)

hiq > 0 because
d

hijhir = hiq Z s5(j, Ky Dhi.
=1
That is, the product h;;jh;, can be expressed as a linear combination of
terms h; with non-negative coefficients. The property (I9) is satisfied by
the Irwin-Helmert matrices and will be assumed throughout this section. A

familiar example, with d = 4 and p = (%, %, %, %) is
1 1 1 1

(-1 1 -1 1
21 1 1 -1 -1
-1 1 1 -1

H = (20)

However the reader will find it impossible to construct a 3 x 3 orthogonal H
satisfying (I9]) with first row (%, %, %) Indeed Bakry and Huet (2008)
show that a dx d orthogonal H satisfying (I9]) with constant first row exists if
and only if d = 2¥ for some k > 1. This raises the question: what (py, ..., pq)
admit ©) and H satisfying ([3)? The proposition below gives examples if
p satisfies a monotonicity property. Say that p is strongly monotone if

Pd < Pd—1; Pd + Pd—1 < Pd—2,---,pd+ - +p2 < p1. (21)
For example when d = 3, (%, %, %) and (%, %, %) are strongly monotone.

Proposition 4. Suppose that p is strongly monotone. For the Irwin-Helmet
matrix (7)) define an orthogonal matrix H by (I8]). Then H satisfies the hy-
pergroup property. Further the strongly monotone p form a full dimensional
(dimension d — 1) compact-convex simplex with extreme points

11 111 1 1 1 1

0,...,0,1),(0,...,0,=,=),(0,...,0, =, =, =),... e, =)
( Y g )7( I ) 7272)7( 9 I 747472)7 7(2d_172d_172d_27 72)

12



Proof It may help the reader to have an example. For d = 5, a? = p;,
A? =pa+pi—1+ -+ pis (s0o Ay =1),

ay az as ay as
_4s asas
0 0 (11 Ay AsAs
= 44 aszaq azas
H - O 0 A3 A3A4 A3A4 ° (22)
O _ @ azas3 a2a4 asas
Ay AxAz  AyAs;  AgA3
_A aiaz aias alaq ajas
L 2 A2 AQ AQ A2 i

Observe that s(j, k, 1) is invariant under permutation of indices, so without
loss of generality take j < k < [. The following argument shows that

s(j,k,1) > 0 if any of j,k,l = d,

indeed 5(j, j, d) = s(d,d,d) =1, 5(j,d,d) = s(j, k,d) = 0; (23)
(i1, 4) > 0 (24)
s(i,5,4) = 0; (25)
s(j,k,l)=0for 1 <j<k<l<d. (26)

Inequalities (23)-(28) hold for any a;. Strong monotonicity is not needed.
This covers all choices except s(i,i,i),i € [d]. The positivity of these
quantities is in a one to one correspondence with the linear inequalities
P+ +pit1 <pi, 1 <i<d-—1. To prove 23] observe eg s(j,k,d) =
Z?Zl hijhg, = 61 > 0. The other cases are similar. Thus without loss of
generality 1 < j < k <[ < d for the rest of the proof. For (24]), observe that
for i < j, s(i,i,7) is the sum of positive terms.

The proof of ([28]) is by induction on d. It is basic to check for d = 2, 3.
For larger d, first consider

2 2
. aia; ala; Ay
8(17]7]) = (Idj — Ay <—A2J> t1ay = 0.

Next consider the matrix H with the first column and last row deleted. This
isa (d—1) x (d —1) matrix of the same form with the first row divided by
As. By induction

Pd _ Pd-1 Dd + Dd—1 < Pd-2 Dd+ -+ Dj < P2
Ay — Ag’ Ag - Ay B Ag _Ag'

This finishes the proof of the hypergroup property. The final claims are
about the set of strongly monotone probabilities. Observe that pg + --- +

13



po < pp is equivalent to p; > From this py < % Also ps + p3 <

1

5.

Along with ps < po, this gives py < %. Continuing gives p; < %,2 <
i < d. From this the claimed extreme points are all extreme. They can
be seen to be all of the extreme points with unique representation by a

D=

similar greedy algorithm. Given strongly monotone (p1,...,pq), subtract off
pd2d_1(2d%1, 21%1, ce %) The difference is positive and normalizing gives

a strictly monotone probability with the first entry zero. Continuing gives
p as a linear combination of extreme points. The representation is unique
because the extreme points

11
1,0,0,...,0),(5,5,0,...,0
(7 g 7)7(2727 Y 7)7(

DO =
e
] =

are linearly independent. O

Proposition 4 suggests a question about the Irwin-Lancaster bases. {u(")}

posesses the GKS property, Bakry and Huetl M), if for all I, r

aOu) = 37 ek ul®),
k

where cf‘j, >0forl,r,k=0,...,d — 1. The GKS property insures a variety
of probabilistic inequalities hold. Do the Irwin-Helmert bases (7)) satisfy
GKS under the assumptions of Proposition 47 The next proposition affirms

that this is true.

Proposition 5. The Irwin-Lancaster bases possess the GKS property if
and only if p is strongly monotone.

Proof The GKS property holds if and only if for 0 <[ <m <d—1

.l)ug-m)uy)pj > 0. (27)

<
<O~

It is convenient to define

(ry ArAr-i-l (r)

_Pritetpd se o
{ o ifj=nr

28
1 ifj>nr (28)

14



Then (27) holding is equivalent to

d
c(lym,r) Deva](lv (-T pj > 0.

Evaluating the triple sum

c(l,m,r) = W—ltﬂld)pr“‘pr—i-l‘i' “+pa =0, ifl<m=r
(pr+1-; +pa) (pr (pr+1 4. +pd)2) > 07 fl=m=r.

(29)

Positivity in the last case holds if and only if p is strongly monotone. O

Hypergroups for Groups. Let G be a finite group with conjugacy classes
Cl,Cg,.. ,Cq and irreducible characters xi,...,xq. Label those so that
= {id} X1 = = 1 (the trivial character). Background can be found in

|ls&a£;§ (|19_9_4| (IlM) Define p; =

ICi|/|G]|, for i =1,...,d. It is a classical fact that

sz xi(Cr)xa(C) > 0 for all j, k.1 € [d],

see eg IBakry and Huet (IME), Proposition 2.6. This implies

Proposition 6. Let G be a finite group with d conjugacy classes. Suppose
that all of the characters are real valued. Then the matrix H

hij = xi(Cj)v/py> (i = IC5/1G])

is orthogonal and satisfies the hypergroup and GKS properties.

Example Let G = C¥, the group of binary n-tuples under commutative
addition. This is an abelian group so the conjugacy classes are single points.
For x € G, let x.(y) = (—=1)*Y. {xz}zeg are the irreducible characters and
G is real. Here |G| = 2", and p; = 1/2". When n = 2 the relevant basis is

displayed in (20]).

Example Let G = S3, the symmetric group. There are three conjugacy
classes

G = {(172)7 (173)7 (2’3)}7 Co = {(1’273)7 (173’ 2)}7 C3 = {ld}

15



Thus p; = %, Py = %, p3 = %. The character table and associated H are

(bordered rows and columns)

1 1 1
X1 1 1 1 V2 $ @
X2 0 -1 2 H = 0 ~ 75 (30)
xs | —1 1 1 _ 1 € 1

V2 V3 V6

The orthogonal matrices H in these examples also have a probabilistic
interpretation; they are the eigenvectors of any random walk on G which is
constant on conjugacy classes, see (Iiy@), chapter 3.

Example Bosonic Fock space and second quantization.

The multivariate Krawtchouk polynomials are closely related to a basic
construction in modern physics. This connection illuminates the construc-
tion, suggesting natural generalizations to infinite spaces and to varying
numbers of particles. Good references for physics are Ei ), chapter
3, Reed and Simon (M), chapter X.7 and [Feynman (IL&?Q), chapter 6.7.

We begin with the general story — symmetrized tensors, then symmetrized
to the multinomial, finally discussions and generalizations.

Let V be a vector space VOV the N-fold tensor product and VS@N the
elements in V®V invariant under the symmetric group Sy. If < -|- > is
an inner product on V then VN becomes an inner product space with
<@ Qay | ®-- @by >=<ay|by > -+ < an|by >. Further, VS@N
inherits an inner product. If a1 ® -+ ® ay denotes symmetrization,

<a1]b1>...,<a1\bN>
<G ® - ®an | b ®- - ©by >= per 7
<CLN“)1>...,<CLN“)N>

Feynmarl (1972), (6.3). If {u()},c, is an orthogonal basis for V (dim V = oo
is allowed,) then V&N has u() @ .- @ ™) = u) as an orthogonal basis
with [; € L. Symmetrizing these gives

ﬂ(l) — Z u(lal) ® e ®u(l0'N)

geSN

Because of the symmetry, a® only depends on n;,,n,,..., with n; the
number of ¢ such that [; = [. The @® are an orthonormal basis for Vs@w. In
the physics literature they are often denoted by |ny,ng--- >. Specialize to
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the case where V = L?(u) for p1 a probability measure on (¥, B). Let {u®}
be an orthogonal basis with u(?)(z) = 1. The basis elements are

N
f(l)(y17y27"'7yN) = Z Hf(ll)(ya(z))

ceSy i=1
The degree of f(™ is |n| =ny +ng + ---. Thus the degree 0 element is
f(o) =1

The degree one basis vectors are (up to the proportionality constant (N —1)!)

f(l)(ylv"'vyN) = Z f(ll)(yo(z))

geSN

Now suppose that the underlying space X = [d] with = P. If {u} is
chosen as in ([2)) and z1,...,zy has ¢ appearing x;(z) times

d
Flen — Zuy)xj, 1<i<d-—1.
j=1

These are the linear Krawtchouk polynomials. Similarly, the higher degree
basis terms are the multivariate Krawtchouk polynomials.
In the physics literature if A is a self adjoint operator on V', then

AI® - N+(IRA® Q)+ +([IRI® - -®A)

operates on VS@N . It is called the second quantization of A. If V = L?(u)
is our d-dimensional space and A is the transition matrix of a p-reversible
Markov chain, the second quantization (divided by N) is just “pick a co-
ordinate at random, if it is colour ¢ change it to j with probability A(i, j)”.
See |Ee¥11m.fm| (llf)lj), section 6.8, for the physics version.

The development above shows how to generalize from [d] to a general
space. The physics development has an additional feature; the creation and
destruction operators a*(-) and a™ (-). These translate into “add or subtract
a ball” in the multinomial picture. They necessitate working in the enhanced
state space Py _ VS‘?N (Bosonic Fock space). We will not develop the story
further, but believe there is a lot to be done translating between fields.
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2.3 Self Duality

The univariate Krawtchouk polynomials ),, satisfy the useful duality equa-
tion @, (z) = Qx(n). This section defines a d-dimensional extension, used
in section 2.4 to prove the hypergroup property which is a crucial ingredient
in section three.

Duality is the easiest to describe by considering a more general class
of polynomials @n+(m,H), where H is a d x d orthogonal matrix, n™ =
(nf,....nJ)with[n™| = N, @ = (21,...,24) has |€| = N. Define Q,+ (z, H)
as the coefficient of

in

Qe+ (x, H) is also the coefficient of

(N > li[wnJ+ in ﬁ{ihw}mz
nt j=1 ’ j=1 Li=1 T
or the coeflicient of
<N>ﬁzz] in ﬁ{zd:h z }ni+
T/ 4 Z i=1 \ j=1 v
There is an evident duality
Qne (@, H) = Qu(n™, HT), (33)

where H” denotes the transpose of H. The generating function ([32) is a
generating function for both systems in ([B3]). The variable is & with index
nt for the system on the left side, and the variable is n™ with index x for
the dual system on the right side. To make the connection to Krawtchouk
polynomials for {u("} set

1/2

i—1
hij = u§ )py

Lij € {l,...,d}, sohy=p)? (34)

and
nt = (N —|n[,n,...,n41), [n| <N.
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Then
. N -1 d z;/2
O (&, H) = (n+) Qn(z,0) [[ 77" (33)
j=1

with H from @). {Qp+} satisfy the orthogonality relations

;@m+(x,H)@n+(‘”7H)<N> - ‘5’""<N >_1

x nt
S owte i () = w(y)

This shows that {@n+} are orthogonal polynomials for the flat multinomial
{pi = 1/d}. A symmetrized product form is

Qe = (%) T b I b

{A YL ke keAq
where the summation is over all partitions of subsets of {1,..., N} , {4;}
such that |[4;| =n;, [ =1,...,d with {z1,..., 25} a multi-set containing z;

entries equal to 7, j =1,...,d.

2.4 The Hypergroup Property

Univariate Krawtchouk polynomials Qy, () with E[Q:,(X)Qy(X)] = dmnhn
satisfy the hypergroup property

N
Z hnQn(2)Qn(y)Qn(z) >0, for all z,y,2=0,1,...,N.
n=0

This property was discovered and exploited by Eaglgﬁgﬂ (IL%Q) in his so-
lution of the Lancaster problem for the Binomial distribution.

(1971) and Dunkl and Ramirez (1974) study group theoretic properties of

the hypergroup property of the Krawtchouk polynomials. In|Diaconis and Griffiths
(IE,) the hypergroup property is used to characterize reversible Markov
chains with (univariate) Krawtchouk polynomials as eigen-functions. Fol-
lowing Eagleson’s work, a host of univariate orthogonal polynomials have
been shown to satisfy the hypergroup property. A wonderful survey of this
work is given by (Iﬁ) The purpose of this subsection
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is to study the hypergroup property for multivariate Krawtchouk polyno-
mials. Applications are in section three. The main result shows that the
hypergroup property is equivalent to a hypergroup property for the chosen
underlying basis {u()}. This allows the examples developed in section 2.2
to be used for the multinomial.

It is convenient to consider scaled multivariate Krawtchouk polynomials

Qn(z,u)
nlru) = —F—"——. 37
Ol ) = g Nea o
Recall that w = {u(® ... 44~V is an orthonormal basis for functions on

[d] with respect to p. The scaling gives Q5 (Neg;u) = 1 (the choice of
coordinate d in eg is chosen without loss of generality). From the generating
function (@)

N d—1
Qn(Neg, u) = <n+> Hl b (38)
where ‘
b =ul) £ 0 (39)

is an assumption in force throughout. This is automatic if Irwin-Helmert
matrices are used. In general

E Q4 (X, 0)Q5(X, )| = b <]X N >_1 dﬁ by (40)
i=1

Denote

d—1
N 9,
h§:<n+>||bi . (41)

i=1
The appropriate hypergroup property is

S Q3 w) Q3 (3, u) Q5 (2, w)h, > 0. (42)

The first result shows that ([42]) is equivalent to a similar property for the
original basis {u)}. Define an orthogonal matrix as in (I8)) by

hi; =\ "V /B, i, € [d] (43)
and set
d
E(j, k’,l) = Zhijhikhilhi_dl- (44)
i=1
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Proposition 7. For an orthonormal basis {uy)} as in (2) with ug) # 0 for
l=0,1,...,d— 1, the hypergroup property (42]) holds if and only if

s(j, k,1) > 0 for all j, k,l € [d]. (45)

Proof A generating function proof now follows. Note that @n+ (x,H) =
Qz(mT, HT) is the coefficient of
d
()15
J
x)

J
in .
nt
T ho=) ™
i=1 j=1
Multiply the sum of the triple products in ([42]) by

d d d
N o (N vi (N .
<$>Hai <y>H5i]<z>H%’k (46)
=1 7=1 7j=1
and sum over &,¥, 2z to obtain
) N
(Y sk DagBen] (47)

Jik,l=1

The coefficients of ([{6]) in ([@7) are non-negative if and only if ([42]) holds.
The sufficiency clearly holds. For the necessity first note that for k,j # d

s(d,k, k) =1, s(d,d, k) = 1, s(d, k,j) =0, s(d,d,d) = 1.

The coefficient of o By (caBava)Y ~ in @T) is Ns(j, k,1), which is neces-
sarily non-negative. U
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2.5 A Linearization Formula

Linearization formulas for classical orthogonal polynomials express the prod-
uct of two polynomials as a linear combination

i+j

PPy = Z Liji Py.

k=0
Positivity and integrality of the L;;; is of particular interest. Background
motivation and references are in Ismail (IME) or Hounkonnou Belmedhi and Ronveaux
M) The celebrated Littlewood-Richardson rule (Macdonald, [1998) gives
a multivariate example. It expresses the product of two Schur functions.
The hypergroup property allows such a result for multivariate Krawtchouk
polynomials.

With notation as in section 2.3, let @5, be defined by ([B1). Set

Gy = m(2:D) Y Qp(:w)Qp, (45 u) Q5 (23 w5,

From Proposition 7, ¢zy(2) is a probability distribution in z if and only
if §(j,k,1) > 0 for all j,k,l € [d]. If this is true (ie when the hypergroup
property holds for the original basis {u(Y}) then

Qn(@, Q5 (Y, w) = B, |Qn(Z,)] . (48)

Expanding the right hand side gives a positive linearization formula.

3. Markov Chains with Multivariate Krawtchouk Polynomial Eigen-
vectors

This section gives many natural examples of Markov chains with multivari-
ate Krawtchouk polynomial eigenvectors. Section 3.1 reviews the work of
[Khare and Zhou (2009) and [Zhou and Langd (2009) on composition Markov
chains. These include generalized Ehrenfest urns, chains occurring in the
evolution of DNA, neutral theory of biodiversity and others. These authors
have used the polynomials to get sharp rates of convergence and to build
martingales to calculate moments of coalescent times.

Section 3.2 develops a non-reversible theory using bi-orthogonal expan-
sions. This is applied to generalizations of an urn model of (IMizulﬁwd, |2Qld,
). Section 3.3 offers further generalizations all of which are diagonalized
by multivariate Krawtchouk polynomials. Section 3.4 applies this construc-
tion to give a universal property of the Krawtchouk construction (and many
more examples).
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3.1 Composition Markov Chains

Begin with a Markov chain P(i,j) with stationary distribution p on [d].
This induces a variety of Markov chains on the product space [d]"". One
may ‘pick a coordinate at random and change that coordinate from ¢ to j
with probability P(7,7)’. One may change all of the coordinates in turn,
independently with P. More generally, one may pick a subset S C [N] with
probability p(S) which is exchangeable (so p(S) only depends on |S|) and
change the values of coordinates in S independently with P. The sym-
metric group Sy acts on [d]Y by permuting coordinates. The orbit of
a point x € [dY is n = (n1,...,ng) with nj(xz) = #{i : z; = j}. If
P,(x,y) is the chain constructed above on [d] then P, (x,y) = P,(x%,y )
for all o € Sy. It follows from Dynkins Criteria

Boyvd Diaconis Parillo and Xlad ulﬁ that P, induces a Markov cham on

the orbit space

d
d+N -1
= [P : < 7 T = 9 -
x(d,N)={n1,...,ng:0<n Z::n N} so |x(d,N)| < N )

with a multinomial m(x, p) distribution. These are the composition chains
of Khare and Zhoul (2 (Iﬂﬁ hou and Langé (Iﬂﬁ and |Khare and M]]khgr]gﬁ
). These authors give a detailed development of many examples using
the multivariate Krawtchouk polynomials to give sharp rates of convergence
to stationarity and to build martingales used to bound first hitting times.
To whet the reader’s appetite, here is a brief list.

Example (Ehrenfest Urns) Consider N labeled balls distributed in d
urns. At each stage, a set of s balls (say |s| = k is fixed) is chosen uniformly
at random and, for each ball, if in urn ¢, it is moved to urn j with probability
P(i,7). Some special cases due to Mizukawa are considered in section 3.2.

Example (Hoare-Rahmann chain) With N balls in d urns, attempt to
move all N each time as follows; balls in urn ¢ are left fixed with probability
«; and moved with probability 1 — «;; if moved, they are re-distributed with
probability (61,...,604).

Example (Evolution of DNA Chromosomes). Here a string of N nu-
cleotides labeled {A, T, C, G} undergoes independent mutation from a fixed
4 x 4 transition matrix (so d = 4).

Example (Lightbulb problem) There are N light bulbs. At time ¢,
choose a set Sy, and for ¢ € Sy, if the bulb is off, switch it on, if on, switch it
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off. Of interest are the total number of bulbs on at time ¢, and the first time
all bulbs are off. The Krawtchouk polynomials are used to build martingales
that give exact formulas for these distributions.

Example (Coalescence times for a multiperson random walk on
a graph) Fix a connected simple graph G with d vertices, distribute N
chips on the vertices. At each time, a randomly chosen chip picks a nearest
neighbour at random and moves. Of interest is the first time all the chips
are at a common vertex.

3.2 Non-reversible Chains and Biorthogonal Expansions

Markov chains with a Lancaster expansion are usually thought of as re-
versible. This section treats non-reversible chains using Biorthogonal ex-
pansions. Some examples of 1Miz1]kawd, M, QM) are treated.

Let P = (P;;) be a Markov transition matrix on [d| with stationary
distribution {p;}. Suppose that P is diagonalizable with left eigenvectors

{Piﬁi(k) i;é, right eigenvectors {ozg-k)}z;é and eigenvalues {Pk}z;é with pg =
1. Then P has spectral representation

d—1
Pijzpj{lJrZPkagk)BJ(»k)}, i,j=1,...,d. (49)
k=1

We may also call (@) a Lancaster expansion. Examples are given below
and a host of further examples of non-reversible chains with explicit real left
and right eigen-vectors are in [Diaconis, Pang, and Raml (2011). Of course,
without reversibility, the eigen-vectors may take complex values and need
not be othogonal, but they satisfy the biorthogonality relationship

d
sz'az(-k)ﬁi(l) = Op- (50)
i=1

Define two sets of multivariate Krawtchouk polynomials

{On(z, )}, {Qn(z.B)} (51)

using the generating function ().

Any of the schemes of section 3.1 can now be used to get a Markov
chain on X(d, N') with N particles and a multinomial stationary distribution.
These chains have spectral expansions with respect to Qn(x, &), Qn(x, 3).
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For example, if each of the N particles independently makes a transition at
each stage, the transition matrix from x — vy is

my;p) {1+ Y. mQn(®,)Qu(x, B)}, (52)

{n:1<|n|<N}

where

d—1
=110}
j=1

Example Mizukawa (2010, 2011) considered N balls distributed in d urns

arranged around a circle and moved to another urn in one of three schemes:

(a) a randomly chosen different urn;
(b) the next urn right (mod d); and
(c) one of the two adjacent urns (mod d) with equal probability.

All of these examples have transition matrices for a single ball change
which are circulants , ) Let P be a general d x d circulant
transition matrix with first row {g; };l:l and other rows rotated successively
from the first, so the " row is {qj_i}?zl with subscripts taken mod d.
P is doubly stochastic, with a uniform stationary distribution on [d]. An
eigenfunction expansion of P is

QU
—_

77k€27rik:(a—1)/de—27rik:(b—l)/d’ a’ b — 1’ . ’d’ (53)
0

Pab =

QU
bl
Il

where
d—1 '
M=) qriae”™H (54)
r=0

Here P is reversible if and only if it is symmetric. (eg cases (a), (c)).
Construct the multivariate Krawtchouk polynomials (BI)) by taking

all) = e2rilla=1)/d. ﬁél) — e 2milb-1/d 1 _( g1, abe [d].

a

Then the representation (52]) holds with

2
S
Il
=
=S
‘o
=



In this circulant case, the eigenfunctions @), are the monomial symmetric
functions as recognized by Mizukawa. To see this, label the balls so that
Z; =k if ball j is in urn k. Then from (24])

Qu(X,w) =3 T e@mi/d@-n... J[ elrid-D/a -1

{Al} k1€Ay kqg—1€A4-1

where the summation is over subsets of [n], {A;} with |4 = n;, 1 <
I < d. Let np = N —|n|, so {nj}?;é is a composition of N. Regard
(Z, — 1), as a partition 071172...(d — 1)®. Let ¢ = ¢*™/4 and E =

(o (1)) then

Qn(X,a) =my,(2). (56)

It is plausible that very similar results hold if P is a G-circulant (Im,
1990).

3.3 Further Generalizations

There is a natural generalization of the processes in sections 3.1, 3.2 that
leads to Markov chains with Krawtchouk eigen-functions. Fix a basis {u()},
orthonormal with respect to p = (p1,...,pq). Let L(B,u) = {(B1,...,B4-1)}
such that

d—1
Kp(i,j) =pi {1+ Auldl"} = 0. (57)
=1

This £ is a non-empty, compact, convex set, the Lancaster set for {u(l), p}

,@) Observe that 3 € £ implies that K3 is a reversible Markov
Kernel with p a stationary distribution and {u")} as (right) eigen-functions.
Since B are the eigen-values, —1 < ; < 1. L contains 1 in an open neigh-
bourhood of zero and if 8 = (1,...,1), Kg is allowable. Finally, £ is closed
under coordinate-wise product (Hadamard product) and so forms a com-
mutative semi-group with 1 as identity. Further KgK, = K, Kg = Kgo~.
Determining an exact description of £ is an ongoing research area. See
Bakry and Huet (2008) and Ismail (IZDD_H) section 4.7 and the references in
Diaconis, Khare and Saloff-Coste (2008). If the {u()} satisfy the hyper-
group property

ZRVUMUNU

2y 20

1=0 Uiy

26



for some fixed iy and all 7, 7, k € [d], then the extreme points of L are

1) 0)
_ W Uq_ _
ﬂ_< ),...,u(l)>,0§l§d 1.

(l
ui() 10

See [Bakry and Huef M) for a proof and section 2.2 for examples.

With £ in focus, a general class of Markov chains with multinomial
(N, p) stationary distributions and Krawtchouk polynomial eigen-functions
can be defined.

Let ;2 be an exchangeable probability on £V. Define K p(x,y) on X(N,d)
as the orbit chain on [d]"V derived from picking (B1,...,B3q) from p and
moving the j* coordinate with K B, (Js j'). The eigen-values of the product
chain are

- / Biy - B, i(dBs - dBy).

Because of exchangeability, this only depends on ¢ = (41,142, ...,iy) through
n1(2),...,nq(2). This defines
Ant.omg- (58)

Summarizing:

Proposition 8. Let {u)}!=! be an orthonormal set on [d] with repect to
p. Let ;1 be an exchangeable probability on £V. The Markov chain K 1
on X(N,d) has a m(x, p) stationary distribution, multinomial Krawtchouk
eigen-functions {Qn(z, u)}‘n|<N with eigenvalues {An }inj<n-

This construction includes all of the examples in section 3.1. It shows
that the multivariate Krawtchouk polynomials have a kind of universal qual-
ity, diagonalizing the orbit chains of arbitrary products of Markov chains
with {u)} as eigen-vectors.

The set of all exchangeable probabilities 1 on £V is a convex simplex
whose extreme points are straightforward to describe: put N balls in an
urn labeled with 8, 82,..., 8" with 8% € £ and draw them out sampling
without replacement (Diaconis and Freeman, [1980).
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