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GENERATING FUNCTIONS OF JACOBI POLYNOMIALS

I1ZUMI KUBO*

ABSTRACT. Multiplicative renormalization method (MRM) for deriving gen-
erating functions of orthogonal polynomials is introduced by Asai-Kubo-—
Kuo. They and Namli gave complete lists of MRM-applicable measures
for MRM-factors h(z) = e® and (1 — )~ ". In this paper, MRM-factors
h(z) for which the beta distribution B(p,q) over [0, 1] is MRM-applicable
are determined. In other words, all generating functions of Boas-Buck type
of Jacobi polynomials over [0, 1] are obtained. There are only two types

(p +qg ptgxl
2F 1\ —5 > &

2 2

work will be given together with an example.

;p;4x ) up to scaling. For the proofs, a general frame-

1. Multiplicative Renormalization Method

A probability measure p on R with density f,(z) is said to be applicable to
the multiplicative renormalization method for h(x) (or simply, MRM-applicable),
if there exists a suitable analytic function p(t) around ¢ = 0 with p(0) =0, r; =
p'(0) # 0 such that

Y(t,x) = Melh))

oy it 00 = / h(tz) dp(z) (1.1)

is a generating function of the orthogonal polynomials {P,(x)} in L?(u) with
leading coefficient of one. Then there exist Jacobi-Szegé parameters {cou,,wn}
satisfying the recursive relation

Poi1(z) = (x — an)Py(x) — wp Pr—q (2) (1.2)

with wg =1, P_1(z) = 0.
Let us suppose that an MRM-factor h(zx) is expanded as

h(z) =Y hpa", ho=1, hy #0, n>1
n=0

Then we have the expansion
Ut ) =Y b, Po(a)t". (1.3)

n=0
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h(p(t)z)
p(t
function of orthogonal polynomials if and only if

0(p(t), p(s))
p(t)p(s)

is a function J(ts) depending only on ts, where

Proposition 1.1. ([3]) ¥(t,z) = with p(t) = 0(p(t)) is a generating

O,(t,s) =

0(t,s) = /h(tx)h(sx) du(x).

In the previous papers, we have given complete lists of MRM-applicable mea-

1

sures for MRM-factors h(z) = €® and h(z) = A—ar (see [9] [11] [12] [13])
—x K

by using the proposition. Typical MRM-applicable measures for h(z) = e* are

Gaussian, Poisson, gamma, beta, negative binomial and Meixner distributions. In

1
the second case h(x) = —, we can show that x > ~5 and k # 0 must hold.

1-2)
The case k = 1 is extremal as seen [11]. Possible p and ¢-functions are
2t a + 28t + yt?
p(t) P Y. o(t) PR Y B vy popg TAYE (1.4)

By affine transform, the density f, of MRM-applicable measure p for h(z) =
(1 — 2)~! can be represented as

b1 — 22
Tul@) = (a2 + b2 —2a(1 — b)z + (1 — 2a)z2) (jaf < 1-0). (1.5)
2t 1+ ¢2

Then p and ¢ are standardized as p(t) and ¢(¢)

T 1t T 1 2at+ (1-2b)2°

1
For x > —3 Kk # 1, k’s are classified in two groups. For 3 > k> 5 there is

1
only one typical MRM-applicable measure. For x > ok k # 1, there are only three
typical MRM-applicable measures. (see [6] [13]).

1
Typical MRM-applicable measures for h(x) = ﬁ7 k#0,1
)k
p p(t) o(t) Y(t, )
n 1 1
(l) B(K+§a’{+§) 2t (1_|_t2)rf, 1
K> -1 1412 (1 — 2tz +t2)~
(i) B(k— %, k—1) 2t (14 2)" 1—¢2
)L 1+ | 1-¢ (1— 2tz + 2)%
(i) B(r+1i k-1 2t (1+#2)" 1—t
K> 1 1412 1—t (1 -2tz +t2)~
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Here E(p, q) is the beta distribution over [—1, 1] with the density

ra _ F(p+q) p—1 q—1
fra(x) = m(l +z)P (1 —2)T

Their orthogonal polynomials are given by Gegenbauer polynomials respectively:

n!T'(k) .

mcn (z),

(i)
nll(k — 1)

K—1
2"T(n+k —1) G (@),

(i)

nll'(k)

(iii) T+ 1) (Cr(x) = CF_y(x)).

They can also be expressed by using Jacobi polynomials as follows: (see Eq. (4)
in §132 of [15]):

P(a,,@)(x):mo‘+ﬂ+1)ni )" 04+5+1)n+k <x+1>k

(a+5+1) 2an % El(n — k) (a+ 8+ 1)k 2

In the footnote of [5], Boas and Buck wrote “Jacobi polynomials P\™?)(z) have

a generating relation of the form (1.1) only o — 3 = —1, 0 or 1 (Smith [18]),

but PP (z + 1) do have a generating relation (1.1) (Erdélyi (8] III, p. 264).”
However, on p. 264 of Erdélyi [8] III, only the formula

l+a+3 2+a+0
2 7 2

9) (11—t PR ( 1+ a;2t(x —1)(1 — t)—Q)

is shown without any comment. Here hypergeometric functions are defined by

o0
- (ap)n
F(&l,ag,...7a;b1,b2,... a;‘n,
p-q P nz:% (bq)nn'
where
r
(@n =ala+ Dla+2)-+-(a+n 1) =
1
Let us observe the affine transform x +— % Then we have the following

table corresponding to B(p,q), also. Here B(p,q) for p,q > 0 means the beta
distribution over [0, 1] with the density

F(p+Q) P 1

L'(p)L'(q)

fra(z) = (1-2)" for 0<z<1. (1.6)
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MRM-applicable beta distributions B(p, q) over [0, 1]
for h(z) = (1 — )"
Iz K p(t) o(t)
B(p,p) 1 4t 2p—1
’ — - 1+41)%
B(p,p) 41 4t (141¢)2+t
p>0 L (1+1)2 -2
B(p,p—1) 1 4t (1+¢)2r~1
p>1 L (1+1)2 1t
B(p,p+1) 41 4t (141¢)2H!
p>0 L 11172 1—¢

1-1¢

Here 4(t, z) is given by (11 2(1 - 22)t 1 £2)"

. Orthogonal polynomials of B(p, q)

are given by

X o TL'(p)n " (*1)”7}6(13 + q— 1)n+k ;L'k
Ftte) = (p+q—1)2, ;) ki n —k)!(p)k (1.7)
Dt ge1pe Tz —
(p+q— 1)2nP” (22 —1).

Bateman’s generating function is given by

oo

oFi(=ipitr) o Fi(—sqst(1—z)) = )

n=0

(p+q—1+n), P ()4

(see §133 of [15]). A generating function of the type of Eq. (1.1) can be given by
Boas and Buck’s footnote mentioned above. It is remarkable that Proposition 1.1
is applicable to show the orthogonality for the case.

Theorem 1.2. The beta distribution p,q over [0, 1] is MRM-applicable for

-1
() = oFy (P24 PEL Dy (1.9)
2 2
t
with p(t) = aroe and PU(t) = (1 + )P for p+q > 1. Moreover, the
generating function is given by
1 pt+q pt+qg—1 4t
P:d (¢ — F e
,l/} (7x) (1+t)p+q_12 1< 2 9 9 y D; (1+t)2x
o _1 .
S = e pagyen,

(p)nn!

n=0
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2. Another Generating Function for Beta Distribution

As seen in Section 1, the set of orthogonal polynomials for the beta distribution
B(p,p) over [0, 1] has only two generating functions of type (1.1) with the same

t) =
B(p, q) different from Eq. (1.9). We first calculate Jacobi-Szeg6 parameters.

. This fact shows the possibility of another generating function for

Proposition 2.1. Jacobi-Szego parameters {cu,,wn } of the orthogonal polynomials
{PP(x)} of Eq. (1.7) are given by

_ 2 +2(p+q—1n+ppt+q—2)

n orn >0, 2.1
ot o tarom) 1
np+n—1(g+n-1)(p+q+n-2)
= >1 2.2
w (p+qg+2n—-3)(p+qg+2n—22(p+q+2n—1) forn = (2.2)
and wyg = 1.
P By E 1.9 t) = ¢ d B(t) = ! = ! in Th
7"00f. y q. ( . )7 p( ) - (1+t)2 an ()_ Qﬁp’q(t) - (1+t)p+q71 mn €0-
rem 1.2, we have
-1
L (), e,
n - )
n!(p)n X X
b = B(0)=-p—g+1l, b=3B"0)=5p+e¢-1p+9),
1 1
ry = §p"(0) =2, r3= ép”'(O) = 3.
Obviously, we see that
hn (n+1)(p+n)
Pnt1 (p+q+2n—1)(p+q+2n)’
Pno1 n(p+n—1)
b, (p+q+2n-3)(p+q+2n-2)
hn-1  _ n(n+1)(p+n)(p+n-—1)
Pps1 p+qg+2n—=3)p+qg+2n—-2)p+qg+2n—1)(p+q+2n)
hn—z nn—1)(p+n—-2)(p+n—1)
hn (p+q+2n=5)p+q+2n—4)(p+q+2n-3)(p+q+2n-2)

Applying Lemma 3.4, we have Eq. (2.1) for n > 1 and Eq. (2.2) for n > 2. It is
easily seen that o and wy satisfy Eq. (2.1) and Eq. (2.2), respectively. Thus we
have the assertion. O

Theorem 2.2. The beta distribution B(p,q) over [0, 1] is MRM-applicable for

1
hﬁ_’q(x) =9I <p;- qv prat: g i ;s 4$> (2.3)
t 1 4+ t)Pta
with p(t) = e and ©(t) = % Moreover, we have the generating
function

1—t p+q p+qg+1 4t
p,q t — F N .
—+ ( 7x) (1+t)p+q 241 ( 2 9 2 7p’ (1+t)2x
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Proof. By Theorem 1.2, ¥29(¢, x) can be rewritten as
+

p7q 1-1¢ ptq ptg+1 4t
(t,2) (1+t)P+q2F1< 2 2 Paaee” )
= (1—tyyPiti(t, )
_ (1—t)27(p+Q)2"qu“( )r

— [ (p+q)2n . (p+ q)2n—2 41 ,
= 1+ ( gq—i_ xZ ——Pf;’q ) tL
2 (" @) = it @

o0 + e
= 1+ bt )2 2<(p+q+2n—2)(p+q+2n—1)P£’q+1(x)
n=1

D)nn!

—n(p+n— P (@)) e,

Here we see by Eq. (1.7)

(p+q+2n—2)(p+q+2n—1)PP" " (z) —n(p+n— )P4 (2)
— n'(p)n i (_1)n_k(p + Q)nJrk l‘k
P+ @)2n—2 El(n —E)(p)r

n—1

n!(p)n D" o+ Ok,
(0 + Q)2n—2 ,; Hin— k=D
= (p+qg+2n—2)(p+q+2n—1)z"
nl(p)n Z (=1)"*(p + @urns
P+ @om—2 = K(n—Fk) Pk
= (p+q+2n—-2)(p+q+2n—1)Pr%x).

k=0

(p+q+2n—1)zF

Thus ¢7%(t, z) is a generating function of {P??(x)} as
D,q _ - (p + q)Qn D,q n
(I

Theorem 2.3. For the beta distribution B(p,q) over [0, 1], there are only two
MRM-factors up to scaling given by

-1
i) =oy (P L P ) = (1o

and

; p+q ptqg+1 7 (1 +t)rta
) = (L e - O

with the common p-function p(t) = ek
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Proof. We will apply a general framework to be proved in Section 3 later. Suppose
that uP9 is the measure of the beta distribution B(p,q) over [0, 1] and that

= Z hna', Z rpt™ and B(t Z bnt". (2.4)
n=0 n=0

We may normalize as h(0) = hg = 1, B(0) = by = 1 and p(0) = rq = 0, p'(0) =
r1 = 1 as seen in Remark 3.5 (ii). Suppose that (¢, x) = B(t)h(p(t)x) is a generat-
ing function of {P, } with Jacobi-Szegd parameters {a,,w,} given by Proposition
2.1.

Define {W,,(z)} and {W,, ,,;n —1 > m > 0} by Eq. (3.9) and Eq. (3.10),
respectively. Since {a,,w,} are given by Proposition 2.1, recursion formulas in
Lemma 3.3 become

B = _(p+Q)517
— (by +7ron)(p+q+2n —2)(p+ q + 2n)h2 (2.5)
i —(2n?+2(p+q—1)n+plp+q—2))h,
+ (b1 +r2(n—=1)(p+q+2n—2)(p+q+2n)hy 1
b . (2’{12 + 2(]7 =+ q— l)n —|—p(p + q— 2))hn+1
n+1 — n

(p+aq+2n—2)(p+q+2n)h, (2.6)
np+n—1)(g+n—-1)(p+qg+n—2)hpt1

_(p+q+2n—3)(p+q+2n—2)2(p+q+2n—1)hn,1

n—1,

b hn—i—l
Tn+1 = an-‘rl mTm

2n? +2(p+q—1)n+p(p+q—2 nﬂzb .
(p+q+2n—2)(p+q+2n) o (2.7)

_ np+n-1)(g+n-1)p+qgn-2)

(pt+g+2n-3)(p+qg+2n—2)%(p+q+2n—1)

n—1
n+1 an 1-mTm-
Putn=1, n=2, and n = 3 to get
bi(br +7r2)(p+a)(p+a+2)

bi(b1 +r2)(p+9q)

h2: ) b2:

2p(p+1) 2p+q+1)
I Cbi(br +12) (b1 4+ 2r2)(p+ @) (p+ g+ 2)(p+ g +4)
6p(p+1)(p+2) ’
bs b1 (b1 +72)(b1 + 2r2)(p + q)
6(p+q+3) ’
vy b2 —(p+q)bira+(p+q+1)(p+q+2)r3

(p+qg+1)(p+qg+3)
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and
hy = bi(by +72)(by + 2r2)(by + 3r2)(p+ @) (p+ ¢+ 2)(p+ ¢+ 4)(p+ g+ 6)
24p(p+1)(p+2)(p+3) ’
by — by (b + 7r2) (b1 + 212) (b1 + 3r2)(p+ ¢)(p+ ¢ + 2)
4 24(p+q+3)(p+q+5) ’
(*b1+(p+q+2)r2)
, x (463 —2(p+q—Dbira + (p+q+1)(p+q+3)r3)
4 =

(p+q+1)(p+q+3)(p+q+5)

Then Wy 2 becomes

W, - _12@bi—ra(pt+q—1)2b —ra(pt+g+1))p+2)p+3)
42 (by + 279) (b1 + 3r2)(p+q+ 1)s .

Solving Wy 3 = 0 in 73, we have

! R
Cptg-—1 N EXES
By Egs. (2.5), (2.6), (2.7) and Remark 3.5, {h,, 7y, b,} are uniquely determined
up to scaling for a given value of by /r2. Thus we have only two triples {h(x), p(t),
B(t)}’s. From Theorem 1.2 and Proposition 2.1, we know these two triples. In
both cases, 12 = p”(0)/2 = —2. Since (¢79)'(0) = p+¢—1 and (¢?)'(0) = p+q+1
20 2b
! for the case of Theorem 1.2 and r, = o

+q—1 ptag+l
for the case of Theorem 2.2. Thus we conclude the assertion. In the following, we
will prove more directly using lemmas in Section 3.

T2 T2

hold, ro satisfies ro =

2b
(i) The case of rp = ————:
p+qg-—1
We see that
By — Ui+ a)s ,_ Uit ah py = 201
2(p + ¢~ 1)(p)2 2p+tq-1) pq-1
O (CR): _ _bilp+49)2 py— 0
6(p +q—1)*(p)s’ 6(p +q—1)%’ (p+aq-1)%
hy = bi(p+ q)7 _ bi(p+q)3 ry = 4by
24(p+q—1)3(p)s’ 24(p+q—1)% (p+q—1)3
by Lemma 3.3. Up to scaling, we may assume that
by=—(p+q—1).
Therefore,
(p+qg—1)4 1
R Gk Bnlio S N P s
2 2'(]9)2 ) 2 21 (p + q )27 T2 )
(p+q—1) 1
hy = —————— by = —= -1 =3
3 ( 3|(p)3 ) 3 3' (p+q )37 T3 )
p+q—1)s 1
hy = —F—7—> by = — -1 =4
4 4'(]9)4 4 4 (p + q )47 T4
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Recursively, we can obtain (h,41,bn+41,7n+1) uniquely by Lemma 3.3. Suppose
that

hy — (p+q— 1) (=) (p+q— 1)
F ) k! :

hold for n > k > 1. The first recursion formula in Lemma 3.3 can be rewritten as

(p+q+2n—1)h,

by, = e =—(—1)*k (2.8)

hn-i—l = (29)

n—1

7 .
(p+q+2n-3) L T an

Therefore,
(p+q+2n—1)h,
np+n—1) 202 +2(p+q—1)n+p(p+q—2)
p+q+2n—2 (p+q+2n—-2)(p+q+2n)
(ptag+2n—1)(p+qg+2n)(p+qg—1)2, (P+q—1)ant2
(n+1)(p+n) nlpln (A DIP)ngr
The second formula in Lemma 3.3 is rewritten as

ho, bp—1 hn
— h:l (an + wn?l hn1> by. (2.10)

hn+1

Since
bn-1 hn (p+aq+2n—-3)(p+q+2n—2)
Ay + Wy =y — Wp
(p+n-1+qg+n-2)

bn hn—l
_ <2n2+2(p+q—1)n+p(p+q—2) n(g+n—1) )

(p+q+2n—2)(p+q+2n) p+aqg+2n-2)(p+q+2n—-1)
__ (+n)pt+gt+n—-1)
(p+q+2n—1)(p+q+2n)’

we have

(pt+q+2n—1)(p+qg+2n) (pP+n)(p+g+n-—1)
(n+1)(p+n) (p+q+2n—1)(p+qg+2n) "

_ o awmetatrn =D +e-—1n (Pt Dan

= 1) n+1 n! =(=1) (n+1)!

by Eq. (2.10). Since the equations in (2.8) hold for n > k > 0, we have

bn+1 = -

m

m m —+ — ]_ m— m— +q—+ ]- m—1
>~ bt = (1) %kww e
(@t 1)n

. By the same reason,
m!

— (@)
for n > m > 1 by the formula Z s
k=0

n!

ibnﬂ—krk = (=" <(p+q+1)” —(n+ 1)> ~
k=0

Since
hoyi  (p+q+2n—1)(p+q+2n)
hn (n+1)(p+mn)

)
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b1 (p+ag+2n—3)(p+q+2n—2)(p+q+2n—1)(p+q+2n)

hn—l ’IL(TL + 1)(p+ n— 1)(p+ Tl) ’
we have
o =t oy (ELED o)
1 hapi P+ g+ 1D)n o hat1 (p+ g+ Dn—2
o _1 n—1 " + _ _1 n—2 n
A i P oY A i Y
(P+g+1)n—2

= —(-1)""n+1)+ (-1

(n+1)!(p—|—n)(l)+q+2n—2)x
(p(p+q+2n—2)(p+q+2n—1)(P+q+2n)
—n+D)p+n)p+qg+n—1)p+qg+n)(p+qg+2n-—2)
+n(p+qg+n—1)p+q+2n-1)2n" +pp+q—-2)+2n(p+q-1))
—n(n—1)((1+n—1)(P+q+n—2)(1?+q+2n)>

= —(—1)"*1(n+1).

By induction, we conclude that equalities in (2.8) hold for any n. Thus we have

o0

Z(p+q_1)2n ptg—1p+tgq
h = M 1 et n — F - -~ .4
(.’E) (p)nn' z 241 2 9 9 Py ax ),
n=0
> t
t — § -1 n+1 th =
T( ) nzo( ) n (1 + t)27
B(t) = Y (-1)* B
( ) n:O( ) <p+ q ) (1 +t)p+q,1
1 p+q—1 p+gq 4t .
Hence ¥ (t,z) = A5 prrat o Fy 5 L a th)Qx and it is a gen-
erating function of the beta distribution B(p, q).
2bq
ii) Th fro=—"7":
(ii) The case of ry P
Similar to the case (i), we may assume that
bi=-(p+q+1).
Then
(p+q)a 1
ho = by = — 3 —_9
2 2|(p)2 3 2 2 (p+q)(p+q+ )7 ] )
(p+ s 1
hy = by = —— 5 5 =3
3 3|(p)3 ’ 3 3|(p+q)2(p+q+ )7 3 ’
(p+a)s 1
hy = by = - )
) 1= 5@+ a)sp+a+T), T4
Suppose that
—1)* _ 2k —1
hk: (p‘|'Q)2k7 bk: ( ) (p+Q)k 1(p+q_|' )7 ’I“k:—(—l)k]{? (2.11)

k' (p)k k!
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hold for n > k > 1. Then by Egs.(2.1) and (2.5),
(p+q+2n+1)h,

hn+1 =

o
(p+q+2n-1) N -

(p+Q+2n—1)(piq+2n)h _ (Pt dons2
(Tl + 1)(p + n) " (n + 1)!(p)n+1 -

By Egs.(2.1), (2.2), (2.6) and (2.10),

_(ptg+2n)(ptg+2n+1)b,  (p+n)lptgt+n-—1)

(n+1)(p+n) (p+q+2n—1)(p+q+2n)
_ptatn-Dptgt+2nt+l),
(n+1)(p+qg+2n—1) "
D"+ @alp+g+2n+1)
(n—+1)!

b7L+1 =

By Eq. (2.11) and by, = (=1)*((p + q)r + k(p + q)k—1), we have

m m m—1
_ ym /fp+qu ym E(p+ @)m—r—1
> bmokri = D3 5T DD e T
k=1 k=1
(—1D)™ (p+q +2m—1)(p+q+2)m 5

(m —1)!
forn>m >1 and

(=D)"(p+g+2n+1)(p+qg+2)n_1

Z bn+1,krk = (—1)”+1(n + ].) + oy

By Egs.(2.1), (2.2) and (2.7),
(— 1)"(p+q+2n+1)(p+q+2)

Tne1 = (—1D)"(n+1)—
hng1bn ( 1) n Onhny (P+Q+2n—1)(P+CI+2)
hiho h (n—1)!

= —(-"*! (n+1)

+

By induction, we can conclude that the equalities in Eq. (2.11) hold for any n.
Then we see that

_ NPt o (ptaptatl
h(z) = Z_:O (P)nn! * =l (T e )
_ -1 n+1 no_
r(t) ;( "t =
= 1—t
B 1\ o n_ - "
B(t) = D> (-1)"(p+@n-1(p+q+2n—1)t T

n=0
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_ 1t p+q p+q+1 4 o
It follows that ¢ (t,z) = R oy ( 5 5 i D; s t)Qm , which is
a generating function of the beta distribution B(p, q) in Theorem 2.2. |

3. A General Framework

By Shohat’s theorem [16], a set of polynomials {P,} with leading coefficient 1
satisfies the recursion relation (1.2) with Jcobi-Szegd parameters {a,,w,} satis-
fying P_1(x) = 0,a—1 = 0,wp = 1, if and only if they are orthogonal polynomials
with respect to a singed measure p of bounded variation.

We now assume that p(R) =1 and that

= i hpx™, p(t) = i rot” and B(t i bnt™. (3.1)
n=0 n=0

We may normalize as h(0) = hg = 1, B(0) = by = 1 and p(0) = 0
r1 = 1. For convenience, we put b_; = 0. Suppose that ¢ (¢, x)
a generating function of {P,};

||
/\
>
—
)
—~
~ T~
—
S
N
»

Y(t,x) = Bt)h(p(t)e) = Y hoPu(a)t". (3-2)

Then

E) 0(t) = / Wtx)du(x) and () = 0(p(1).  (33)

Some terms of Eq. (3.2) (equivalently of Eq. (1.3) with 1 = 1) are

B(t) =

Zh P, (x)t™ + O(t%)

with
b ha(b b
P()(I) = 17 Pl(x):l"i’*l, PQ(I):I2+MI+72’
hl h2 h2
ho(by + 2 hi(bs +b b
Py(z) = 2*+ 2(b1 + T2)x2—|— 1(b2 + 1r2+r3)$ bs
h3 hd hg
P4(I) = ;p4 + h3(b1 + 3T2) IL'S + h2 (b2 + 2b1r2 + ’I"g + 2T3) 1-2
hy ha
+hl(b3 + bare + birg + 7’4)x N b74
h4 h4
Py(z) = a° haby+475) 4 ha (ba + 3bira + 378 + 3rs) 4
h5 h5
h2 (bs + 2bora + b17r3 4 2by7rs + 2rors + 2ry4) 2

hs
hi(bs+ b +b +b + b
n 1(4 372 273 174 Ts)x+ 5

hs hs’
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Lemma 3.1. Let P,( chmx and B(t Zan " m > 0.
m=0
Then
h— Z —Bm nz™ (3.5)
with .
= Z bn_k Z Tk Tk, (3.6)
k=m kit thm=Fk
and
bn,
- for m=0,
Cnym = hn (3.7)
2B for m>1.
hn ’
In particular,
by h hin—1
Cno = o = W kz_:bn_km, Cnn—1 = ™ (b1 + (n—1)rq9),
P
Cnn—2 = . (2b2 +(n— )(2b1T2 +2r3+ (n— 3)7‘%)) .
Proof. 1t is easily seen that
()™ = Z P gt®s Tk = Z Tky Tk, for k>m,
= ootk =
= Z bn—kTmk = Z bk Z Thy " Tk (3.8)
k=m k=m ki+-+kn=k
By convention, let B, , =0 (m >n) and 7, =0 (m > k). Then
hip(t)z) = Z hp(t)™a™ = Z Z B gt F 2™
m=0 m=0 k=m

and

n=0 k=0 m=0
oo n n
= E E E bn,khmrm kL t"
n=0 \m=0k=m

n=0 \m=0 k=
= > D hmBmn )
n=0
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Since Ay, By, n, = hy, holds for m = n, we have

n n hm
Pn = 7bn— m .
(2) mZ:O <k_zm h kT ,k) T
Thus we have Eq. (3.5) and Eq. (3.6). Therefore,
Cno = by,
hi
Gl =g Z brn—kTk>
, k=1
Cnym = hﬂBm,n (TL —-2>m2> 2)7
Cnn—1 = M zn: bn—k Z Tky Tk
El hn 1 n—1
k=n—1 kitthn_1=k
P
= 1(b1+(n71)r2),
hn—2 =
Chn—2 = hn Z bn—k Z Tky " Thy,
k=n—2 kit dkn_2=k

hn72
= + (1)2 Z Phy o Tho

kyteethn 2 =n—2

+b1 Z Thy " " Thky,_, + Z Thy * " Tk,;)

L s | kieetkn o =n
hp— — 9 (n — 3)r2
— h 2<b2+b1(n—2)7’2+<(n—2)7"3+W))
o hn_z 2
= o 2by +2(n — 2)(raby +7r3) + (n — 2)(n — 3)r3 |.
O
Define
Wyo(z) = Po(x) — (£ — ap—1)Pro1(2) + wp—1Pr—a(x) (3.9)
and let W, ,,, be the m-th coefficient of W,,(z) for n > m > 0. Then
Wn+1,m = Cn+1,m — Cn,m—1 + AnCnom + WnCn—1,m (310)

for n > m > 0. Since W,,(z) = 0 must hold by the recursive relation (1.2), all
Wy, m must vanish. Thus by Lemma 3.1, we have the next lemma.

Lemma 3.2.

bn+1 bn bn—l
W, — In
n+1,0 hn+1 + ap h, + wn, 1 ,
hq hi < by,
= —_— b _ o
Wh+1,1 Tt Tnt1l + Tovis ;;71 n+1—kTk Tln

h n h n—1
+anh71 Z L wnhil Z bp_1-kTk,
L] =13
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Wosim = h}::1 Byl — h;;zl Bo—1n—1+ay, ];L: Bpn—1+ wn%Bm,n—27
Wigin-1 = 2};zn+1 (2b2 4+ 2(n — 1)(bara + 73) + (n — 1)(n — 2)r3)
— Zhn (2b2 +2(n —2)(bira +13) + (n — 2)(n — 3)r3)
+hhn (b + (0 — 1)r2)an + wn,
Wptin = hn+1 (b1 4+ nrg) — hhn (b1 + (n — 1)72) + .

If w is MRM-applicable for h(z), then W, =0 forn —12>m > 0.

Lemma 3.2 yields the following lemma for given Jacobi-Szegd parameters.

Lemma 3.3. For given {a,,w,} and {b1,rs, 73}, we have the recursion formulas:
h%(bl + TLT‘Q)

hn = )
+ hy—1 (b1 +(n— 1)7’2) — hpo,
hn-‘rl hn-‘rl
bn = - nbn - nbn ;
i hn “ hn 1w !
bn h h =
Tn+1 = n+1 § bn+1 mTm — il Qp, § bp—mTm

b,

m=1

n+1 an 1-mTm,
b
forn>114f hn,l(bl +(n— 1)r2) — hpa, #0. hy = —a—l, if ag # 0.
0

In this paper, we have discussed the problem of determining all possible MRM-
factors for which given special measures are MRM-applicable. For this purpose,
we apply Lemma 3.3 for given Jacobi-Szeg6 parameters. In the previous papers
([9] [13]), we have determined MRM-applicable measures for given MRM-factors
h(z) = e* and (1 —x)~". For such a problem, the following lemma is very useful
and will be used in a forthcoming paper. Actually, we will see that Jacobi-Szegd
parameters {a,,w, } are determined from h(z) and fixed constants {b1, ba, 2,73}
Furthermore, b,, and r,, are obtained recursively by the next lemma.

Lemma 3.4. For given h(x) and fized constants {b1,ba,r2,73}, Jacobi-Szego pa-
rameters are uniquely determined by

hr, Ry
an = — (by 4+ nry) + —=L(by + (n— 1)ry)  for n > 1,
hn-i—l hn
Ry
wn = o L (2(03 — by + bira) + 2(n — 1)(bira — 73) + (n — 1) (n + 2)r3)
n+1
Ry
o, 2 (2by + 2(n — 2)(bar2 +73) + (n — 2)(n — 3)r3)

h,, 2
( N (b1 +(n— 1)r2)> for n>2,
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bl b% — b2 + bl’/’Q b% .
ap=——, wo =1, wy = =—————— — —. Furthermore, recursion formulas
h hes hi
are given as
Py Py
bpyr = — "L by — b1 for n > 2,
hn hn—l
n—1 n
o bnhn+1 hn+1
rn+1 - h h - § bn,me - h (67 Z bn,me
1lin m=1 n m=1
n—1
hn—i—l

— Wy Z bn—1—mrm for n>3.
hn—l m=1

Proof. Let W, 11, be as in Lemma 3.2. Solving W, 110 =01in hy; and Wy41 1 =
0 in r41, we obtain the last two formulas. Solving Wy, 11, =0 and Wy 41,1 =0
in (an,wn), we get the first two formulas. O

Lemma 3.3 (or Lemma 3.4) does not mean the existence of (h(x), B(t), p(t))
(or (B(t), p(t), {on,wn}, respectively,) satisfying Eq. (1.2) and Eq. (3.2) for all
{b1,7r2,73} (or {b1,bo, 71,73}, respectively). Classification of possible parameters
are our problem.

Remark 3.5. (i) We have normalized the quantities so that

h() = 1, bo = 1, T = 1. (311)
This does not give any essential restriction. Since 6(0) = h(0), we have B(0)h(0) =
boho = 1. Suppose that (¢, z) = B(t)h(p(t)x) is a generating function of orthog-

x) S~
~ h(0) and B(t) = h(0)B(t). Then

O(t,z) = B(t)h(p(t)z) = 1(t, x) is a generating function satisfying Eq. (3.11).

If 1 # 1, then put p(t) = p(%) and b(t) = B(%) Then ¥ (t, z) = B(t)h(p(t)z)
is a generating function satisfying Eq. (3.11).
(ii) Suppose that 9(t,z) = B(t)h(p(t)z) is a generating function of {F,}. For
given hy, 71 # 0, scale transforms

T(z) = h(Zm) 5(t) = %p(iiit) and B(t) = B(}Zﬁt) (3.12)

give a modified generating function

onal polynomials. If hy # 1, put ﬁ(m) =

3t.x) = BOMGO) = v (4, 2)

satisfying E’(O) = hi, 7(0) =71.

4. An Application

In this section, we apply Lemma 3.4 to an example in order to better understand
the lemma. We first make the following remark.
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Remark 4.1. For given h(x), we can discuss as follows in generic cases. By Lemma
3.4, we can obtain {an,w, : n > 0}, {b, : n > 3} and {r, : n > 4}, recursively.
From the condition W5 o = 0, we get r3. Thus we determine all parameters except
for b1, bs and ry. Those parameters satisfy

Wpm =0 for 5>n>m>0, Ws,, =0 for m=0,1,2,4,5,
Wpm =0 for m=0,1,n—-2,n—1.

The parameters must satisfy the over determining equations W, ,, = 0 for any
n > m > 0. It is not simple to determine by, by and 73, because we must solve
non-linear equations.

The case h(z) = (1 — x)~! is extremal and is not included by Remark 4.1.
However, it is a very nice example for determining Jacobi-Szegd parameters, p(t)
and B(t) by Lemmas 3.2 and 3.4. Since

1 o
n=0

we see that h, = 1. By Lemma 3.4, we see that ag = —b;, wg =1 and
ap = —(b1+nre)+ b1+ n—1)re)=—-ry (n>1),
1
Wy = 5(2(&)? — by +bire) +2(n — 1)(bira — r3) + (n — 1)(n + 2)r3)

+(2by +2(n — 2)(byra +73) + (n — 2)(n = 3)r2) — (b1 + (n — D)ry)°
= r2—ry (n>1).

By Lemma 3.2,
Wn,m = Bm,n - Bmfl,nfl - TQBm,nfl + (T% - T3>Bm,n72

vanish for n > 2 and so

Boo = 1, By1 = by, Bys = by,
By = 0, Bix = 1, Bis = b+,
BQ’O = 0, BQ71 = 0, BQ’Q = 1.
Therefore,
B(t)p™(t) — (14 bit + bot*) if m =0,
i B n B(t)p™(t) —t — (b1 +ro)t*  if m =1,
[ B M) _ 42 ; _
= n B(t)p™(t) —t if m=2,
B(t)p™(t) if m >3
Since

o oo o) o
Z Wn,mtn = Z Bm,ntn - Z Bmfl,nfltn — T2 Z Bm,nfltn
n=3 n=3 n=3

n=3 =

)
+(T§ - 7‘3) Z Bm,n—Ztn
n=3

oo oo oo
= Y Bunt" =t Bup_int" =712t Y Bpat"
n=3 n=2 n=2
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+(r§ — T3)t2 Z B, at" =0,

n=1
we must have

B(t) — rotB(t) + (r3 — r3)t*B(t)
(1 + byt + bot?) — rot(1 4 bit) + (r2 — rs)t?.

Hence ) )
14+ (by —ro)t+ (b —0 —r3)t
B(t) = + (b 7”2_) + (b2 2_17“2+27”2 3) . (@1)
1—rot+ (rs —r3)t
For m > 3, we have
B(t)p(t)™ = ratB(t)p(t)™ + (r5 — r3)? B(t)p(t)™ = tB(t)p(t)™ .
This implies that
t
(1) (4.2)

T 1t (P2 =g
For these B(t) and p(t) with m =1 and m = 2, we get

B(t)p(t) — tB(t) — rat B(t)p(t) + (r3 — 2r3)t* B(t)p(t)
= t+ (b +ro)t? —t(1+bit) — 1ot =0

and
B(t)p(t)? —tB(t)p(t) — rot B(t)p(t)* 4+ (r5 — r3)t>B(t)p(t)? = t* —t* = 0.

The results in Eq. (4.1) and Eq. (4.2) are the same as that in Eq. (1.4). However,
it is not easy to determine all corresponding probability measures. We need hard
calculus to obtain the explicit forms (1.5) of the corresponding densities as in [11].
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