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Abstract

In this note we have obtained a novel result on bilateral generating
relations involving extended Jacobi polynomials by group theoretic
method which in turn yields the corresponding results involving Hermite,
Laguerre and Jacobi polynomials.
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1. Introduction

Generating functions play a large role in the study of special functions. In
the investigation of generating functions, group theoretic method seems to be a
potent one in comparison with analytic methods because of the fact that the
unknown generating functions can only be obtained by group theoretic method
whereas the known generating functions can be verified and the corresponding
extension can be made by analytic method.

The aim at presenting this paper is to derive an unified representation of
bilateral generating relations for certain special functions in terms of F, (a, g+

n; x)—a modified form of E, (a, B; x)[ 3]:
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where D = o and A is a number such that e > 0.

The main result of our investigation is stated in the form of the following
theorem.

Theorem 1: If there exists a unilateral generating relation of the form:

oo

G(x,w) = Z aE,(a, B+n; x)w" (1.2)
n=0
then
{1 — (x — b)w} 1+ aw)f
b—a
yl
G X — ba_—a(x—b)w wz(1+ Aw)
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1-——x—-bw {1 —E(x—b)w}
= Z w g, (x,w), (1.3)
n=0
where

n

n
o,(x,2) = Z a, (p) E,(a, B —n+ 2p; x) zP.
p=0

The importance of the above theorem lies in the fact that whenever one
knows a generating relation of the form (1.2) then the corresponding bilateral
generating relation can at once be written down from (1.3). So one can get a large
number of bilateral generating relations by attributing different suitable values to
a, in (1.2).
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2. Proof of the theorem
Using the differential recurrence relation:
(x—a)(x — b)g—an(a,B + n; x)
+{n2x—a—-b)+p(x—a)+ (1 +a)(x—b)}

CO D @ +n-10) @D

E(a,f+nx) =
we find the following partial differential operator R:

~ ~ 3 72
n_ A [x—a)(x b)zi_l_(x a)zi+(2x—a—b) Z:Z

b—a y2 dx y 0y
+(1+a)(x —b) F] (2.2)

such that
R(Eu(a, B+ n;x)yPz™) = (n + DFpy1(a, B+ — 1;x)yF 22741, (2.3)

The extended form of the group generated by R is given by

e =1 G- 2
o x—(x-p)i 2 yz y(1+,1wi) | z(1+/1wiz) AP
1—(X—b)mﬁ 1_(x_b)bay2 { (x_b)E y_}

Let us assume the following unilateral generating relation of the form:

[00)

G(x,w) = Z a,E,(a, B+ n;x) wh. (2.5)

n=0

Replacing w by wz and multiplying both sides of (2.5) by y# and finally
operating e"® on both sides, we get

eWR (yﬁ G(x, WZ)) = eWR (Z an(Fy(a, B +m x)yﬁz")wn>. (2.6)

n=0
Now the left member of (2.6), with the help of (2.4), reduces to
Aw z) 1ok z\P
{1_(x_b)b—aﬁ} y3(1+/1wﬁ>
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x—(x—b);mT‘::i2 WZ(1+/1W12)
X G — >, —— (2.7)
j— —_— R — w z
I-G-hiZ s {i-G-ni% 5
The right member of (2.6), with the help of (2.3), becomes
oo n
— n n L-2p
= ap—p(W2) (p) E,(a,B +n—2p;x)y . (2.8)
n=0 p=0

Now equating (2.7) and (2.8) and then substituting ﬁ =1, we get

~1-a-p

A
i-Z—w-pw] «
ai
LG X — F(x_b)w, wz(1 + Aw) :
1—E(x—b)w {1_ti_a(x_b)w}
=S wro
n=0

on(x,2z) = Z a, (;l) E,(a, B —n+ 2p; x) ZP.

p=0
This completes the proof of the theorem.

3. Special cases:

We now discuss some special cases of the above theorem.
Special cases 1 ( On Laguerre polynomials):

Putting a = 0,41 =1 and b = § in Theorem 1 and then simplifying and
finally taking limit as § — oo, we get the following results on bilateral generating
functions involving Laguerre polynomials:

Theorem 2: If there exists a unilateral generating relation of the form:

G(x,w) = Z a, Lﬁf‘) (x) wh

n=0

(1—w) %exp ( il ) G ( ad vz ) = i w"a,(2), (1.3)
n=0

1—w 1-w 1—-w

then
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where

on(z) = Z ap (;l) zP,
p=0

which is found derived in [1, 5].

Special cases 2( On Hermite polynomials):
2

Similarly, putting ¢ = 8,—a =b = Va and 1 = NG in Theorem 1, then

simplifying and finally taking limit as @ — oo, we get the corresponding bilateral
generating relations involving Hermite polynomials which is found derived in [1,
4].

Special cases 3 (On Jacobi polynomials):

Again, if we Put —a = b =1, A =1 and interchanging «, § in Theorem
1, we get the corresponding bilateral generating relations involving Jacobi
polynomials found derived in [2].
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