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Abstract

In this study, we introduce a new generalization of the second order
polynomial sequences. Namely, we define the Horadam polynomials se-
quence. Afterwards, we investigate the some properties of the Horadam
polynomials.
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1 Introduction

For n > 0, the second order linear recurrence sequence h,(a, b; p, q), or briefly

h,, is defined by
hnta = phpt1 + qhn, (1)
recurrence relations and
ho=a, hi=b (2)

initial conditions.
This sequence was introduced, in 1965, by Horadam [2, 3], and it generalizes
many sequences (see [7]). Examples of such sequences are Fibonacci numbers
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sequence (F),),>0, Lucas numbers sequence (L,),>0, Pell numbers sequence
(Py)n>0, Pell-Lucas numbers sequence (Q,),>0, Jacobsthal numbers sequence
(Jn)n>0 and Jacobsthal-Lucas numbers sequence (j,)n>0-

The characteristic equation of recurrence relation (1) is

t? —pt—q=0. (3)
This equation has two real roots;
= PEVPHA PV ()
2 ’ 2 '
The generating function of Horadam sequence is

a+t(b— ap)
1 —pt—qt?’

g(t) = (5)

Using the generating function (5), the Binet’s formula for A, is obtained as
follows

2 " _ 2 "
hn:Aa”+Bﬁ”:A<p—+ Ve +4q> +B<p—p +4q> (6)

2

where
b—af B ac — b

A=W g 7Y
VP? +4q \/p? + 4q

In [6], the authors give the summations of Horadam numbers as follows

(7)

1
hy=————(h, + qhp_1 + —a—0b). 8
Zk p+q—1( q 1 Tpa—a ) ()

where p+q # 1 and p,q > 0.
The explicit formula for Horadam sequence is given as

5] |25
h, = a (n;k)pn—ﬂchz + (Q _ a) Z (nf]l:fl)pn—ﬂﬁqkz (9)

k=0 p k=0

where n > 1 and a, b, p,q € Z (see [1]).
In [9, 11], the authors investigate the some properties of Horadam numbers
and give the relations between Chebyshev polynomials and Horadam numbers.
Now, We define the Horadam Polynomials which is generalized Horadam
numbers and second order polynomials sequences.
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2 Horadam Polynomials

2.1 Definitions

For n > 3, Horadam polynomials sequence h,(z,a, b;p, q), or briefly h, (), is
defined by

hy () = prh,—1 () + ghp—2 (x) (10)
recurrence relations
hy(xz) =a, he(z)=bx (11)

initial conditions.
The characteristic equation of recurrence relation (10) is

t* — pwt —q = 0. (12)
This equation has two real roots;

&_px+\/p2x2+4q ﬂ_px—\/p%?—l—élq
— 5 = .

’ 2

From (10, 11), we give the following table.
n | ha(z,a,b;p, q)

a

bx

bpx? + aq

bp*a3 + (apq + bq) x

bp’x! + (ap?q + 2bpq) 2* + ag?

bp*a® + (ap®q + 3bp*q) 23 + (2apq® + bg?) x
(
(

bp°z® + (ap'q + 4bp3q) x* + (3ap®q® + 3bpg?) =* + ag?
bp®z™ + (ap®q + 5bp'q) x° + (dap®q® + 6bp?q?) x® + (3apq® + bg®) x

00 N O O W N

Table 2.1. Horadam Polynomials
Particular cases of Horadam polynomials sequence are

e If a=b=p=q=1, the Fibonacci polynomials sequence is obtained

F,(x)=2F,—1 (z)+ F,2(z); Fi(x)=1, Fp(z)==.

e Ifa=2 b=p=q=1, the Lucas polynomials sequence is obtained

Ly (x)=aLlyo(x)+ Ly_3(x); Lo(x)=2, Ly (x) ==x.
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Ifa=qg=1, b=p=2, the Pell polynomials sequence is obtained

P,(z) =2xP, 1 (x)+ P2 (x); P (z)=1, Py(x)=2x.
Ifa=0=p=2, g=1, the Pell-Lucas polynomials sequence is obtained
Qn-1(2) =22Qn 2 (2) + Qns(x); Qo(r) =2, Q1 (x) =2z

Ifa=b=p=2x=1, q =2y, the Jacobsthal polynomials sequence is
obtained

In () = Ina () + 2002 (y); L(y)=1, J(y) =1

Ifa=2 b=p=ax=1, q =2y, the Jacobsthal-Lucas polynomials
sequence is obtained

In-1(Y) = Jn-2 ) +2yjn-3W); Jo(y) =2, j1(y) =1

Ifa=1, b=p=2, ¢ = —1, the Chebyshev polynomials of second kind
sequence is obtained

Up-1(x) =22U, 5 () = U,_3(x); Uy(z)=1, U (x) =2x.

Ifa=0=1, p=2, ¢ = —1, the Chebyshev polynomials of first kind
sequence is obtained

To1(z) =22T, o (x) —Ths(x); To(x)=1, Ty (z) = =.

If x =1, The Horadam numbers sequence is obtained

Bt (1) = phu_s (1) + qho_s (1); ho(1) =a, hy (1) =b

We can find the more information associated with these polynomials se-
quences in [4, 5, 7, 8.
We obtain the generating function of Horadam polynomials sequence as

a+ xt (b — ap)

. 13
1 — pat — qt? (13)

g(x’t) =

Binet’s formula for the Horadam polynomials sequence h,, () to be represented
by the roots a and (3 of equation (12)

by (z) = A"+ Ap87 71 (14)
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where

bxr — af ac — bx

M e T Ueera )
Taking x = 1 in (13,14), we have the generating function and Binet’s
formula for the Horadam numbers sequence which is given in (5,6). Similarly,
using (13,14), we have the generating functions and Binet’s formulas for the
Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, Chebyshev
polynomials (see [4, 5, 7, 8, 11]).
We have the expilicit formula for the Horadam polynomials as

3] 5]
n— n— b n—k— n—
oo (0) =0 () 0o e+ (§-a) 30 G0 10
k=0 p k=0
Now, we give the following Lemma associated with expilicit formula.

Lemma 1 Forn>1

O @ =2 @ = 3 () @ ()

[e=]

It’s note that, taking x = 1 in (16), we obtain the explicit formula for
Horadam sequence which is given in (9). Using (16,17), we have the explicit
formula for the other second order polynomials sequences as follows;
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3 Some properties

Proposition 2 Let h, (x) be nth Horadam polynomial. Then

i hy () = hn () + qhp—1 () —a — x (b — ap)‘ (18)

pr+q—1
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Proof. Using the Binet’s formula for the Horadam polynomials, we have
n—1 n—1
Z hy (z) = Z At 4 Ay BEY
k=1 k=1
n—1 n—1
_ Al Z&k_l + A2 Zﬂk_l
k=1 k=1

n—1 n—1
- () ()
Ay + Ay — (A1 + Asa) — (Ara™ 4 A7) — q (Ao % + Ay 0777)
1—pxr—q
hi(z) —a(a® = %) + bx (0 = B) = ha () — gha (2)
1—pr—q

Therefore, we obtain

th )—i—qhnl()—a—x(b—ap)'

pr+q—1

Some particular cases are;

e Taking z = 1 in (18), we obtain the sum of Horadam numbers as
th 1= L ——(hp+ qhyp_1 +pa—a—0).
ptg—1

e Taking a = b =p = ¢ =1 1in (18), we have the sum of the Fibonacci
polynomials as

ZFk ()_'_Fnl()_l'

X

e Takinga =1, b =p =2 and ¢ = —1 in (18), we have the sum of the
Chebyshev polynomials of second kind as

n—1

o1 - Ul Lt o1
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Proposition 3 Let h, (x) be nth Horadam polynomial. Then

g B (z) = (hn+1 (@) (M1 (%) — ¢Phy (1’)))

pPa+2q—q¢* =1

k
A A, (2% + (—q)k> — 22 (b — ap)® + a2

P22 4+2¢—¢2—1

Proof. Using the Binet’s formula (14), the proof is clear. H

Proposition 4 (Catalan’s Identity) Let h, (x) be nth Horadam polynomial.
Then

()" (brhyiy (2) — ahyys (2))

19
b2x? — abpx? — a?q (19)

h?z (@) = by (@) By () =
wheren > 0 and n > 7.
Proof. Using the Binet’s formula (14) to left hand side (LHS), we have

(LHS) = (Aloénil +A2ﬁn71)2 . (Alan+r71 +A2ﬁn+r71) (Alanfrfl +A2ﬁnfr71)
= A A, (Ozﬂ)nil (2 — Q"B — ﬁrofq«)

= Ay (=" (2 _e g)

ﬁr o’
-1
— A A _qnfl Tar_ﬂTQ
T T 2
— (1222 — abpr? — a2 _nfrflu ‘
(b*z* — abpz® — a’q) (—q) "
From
a" — " brhyy (x) — ahq12 (2)
a—pf b2x? — abpx? — a2q
we obtain
n—r—1 2
) (-9 (bxh,y1 () — ahyys (7))
h; () = hpyr (2) By () = R — }
[ |

As applications of the above proposition we obtain the following results.
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Corollary 5 (Cassini’s Identity) Let h,, (x) be nth Horadam polynomial. Then
hZ () — Pyt (2) hpey (2) = (—q)"f2 (b23:2 — abpz? — a2q) (20)
where n > 0.

Proof. Taking r =1 in Catalan’s identity (19), the proof is completed. H
Some particular cases are,

e Taking z = 1in (20), we have the Cassini’s identity for Horadam numbers
as

hi — hpprhpy = (_Q)m2 (62 — abp — GQQ) .

e Taking a = b =p =g = 1 in (20), we have the Cassini’s identity for
Fibonacci polynomials as

F2 (@) = Fpat (2) By (2) = (<)

e Takinga =¢ =1, b=p = 21in (20), we have the Cassini’s identity for
Pell polynomials as

P2(2) = Py () Py () = (1)

Proposition 6 (d’Ocagnes’s Identity) Let h,, (x) be nth Horadam polynomial.
Then
bxhpy,—ni1 () — ahp—nio (T
b () s (1) = s () By ) = st D) S a8

where n < m integers.

It’s note that, taking n — 1 instead of m in (21), we obtain the Cassini’s
identity for Horadam polynomials (20).

Also, taking a =b=p =g =11in (21), we obtain the d’Ocagne’s identity
for Fibonacci polynomials as

En () Fogr (2) = Fga (2) Fy (2) = (_1)n_1 Frpp ()
(see [7]).
Proposition 7 (Honsberger’s formula) Let T = hpy, 1y, (x) and h, (z) be nth

Horadam polynomial. Then

_ ((bp)a® — ap*a® — aq) hypia (x) + qz (b — ap) hyy (2)) hy, (%)
= b2x2 — abpx? — a?q (22)

4 (@ (b = ap) honss (2) — aghn (2)) has (2)

b2x? — abpx? — a2q

+

where n,m > 2.
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Some particular cases are:

o If we take a = b=p=¢=11n (22), we obtain the Honsberger’s formula
for Fibonacci polynomials as

Frin (7) = Frpa (2) By (2) + Fo () Fru ()

o If we take a = ¢ =1, b=p =2 in (22), we obtain the Honsberger’s
formula for Pell polynomials as

Pryn () = Py (2) P () + Py (2) Py (2)

o If we take @ = 1, b =p = 2 and ¢ = —1 in (22), we obtain the
Honsberger’s formula for the Chebyshev polynomials of second kind as

Untn (x) = Up (2) Up (x) = Up—1 (2) Up—1 (2)

Proposition 8 Let K = hy, (z) hy, (2) — by (2) hgr (z) and hy, (z) be nth
Horadam polynomaials. Then

(bxhyia (7) = ahyya (7)) (bThngr—mi1 (T) = @hpgr—my2 (2))

K = r—m-+1
(—q) b2x? — abpx? — a%q

(23)

where n, m,r nonnegative integers.

Proof. The proof is clear by Binet’s formula. W
Identity (23) is generalized of Cassini’s, Catalan’s and d’Ocagne’s identities.
Namely;

e If we take n + 1 instead of m, n — 1 instead of n and r = 1 in (23), The
Cassini’s identity (20) is obtained.

e Taking n instead of m in (23), we obtain Catalan’s identity (19).

e Using m instead of n, n+1 instead of m and r = 1 in (23), the d’Ocagne’s
identity (21) is obtained.

o If wetake z =a=b=p=¢q=1in (23), we have
FoF, — meanJrr = (_1)m—r Fan+rfm

which is given for Fibonacci numbers by Spivey in [10].
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