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Abstract

For a given natural number s, we study s-Fibonacci sequences F§, and the cor-
. . . . anFs n— Fs n— .
responding s-Fibonomial coefficients (")F = <F Fl,; F( et - We obtain the Z
s K s ps

(2
transform of products of powers of s-Fibonacci sequences. Since the s-Fibonomials are

involved in this Z transform, we obtain from it some new results involving products of
sequences of the type FF +m together with s-Fibonomials.

1 Introduction

We use N for the natural numbers and N’ for NU{0}. We will be using without further
comments the basic formulas for the Fibonacci sequence F), and Lucas sequence L,, (A000045

and A000032 of Sloane’s Encyclopedia, respectively), such as F,, = \/Lg (" — ") and L,, =

o™ + 3", where a = % (1 + \/5) and [ = % (1 — \/5), together with the well-known relations
involving o and 5. What we use about Fibonacci identities is contained in the references [7]
and [14].

Throughout this work, s will denote a natural number.

For a given Fibonacci number F,, n € N, the s-Fibonacci factorial of F,,, denoted by
(FuY),, is defined as (F,!), = FoFsp1y---Fs. Given n € N and k € {0,1,...,n}, the
s-Fibonomial coefficient (Z) S defined by (S)F = (") r =1, and

n

|
(n> _ (B, k=12 ... n-1,
ro

k B, (Feil),’
that is
n _ anFs(n—l) .o Fs(n,kJrl) (1)
k F. FSFQS"’st .



(The 1-Fibonomials are called simply Fibonomials.) It is clear that (}), = (") p

From the identity Flg,—g)+1Fsk + Fop—1Fsn—r) = Fsn one can see at once that

n n—1 n—1
= Fy_ Fy._ , 2
<k)F s (k_ 1)FS o 1( k )F ( )

which shows (with a simple induction argument) that s-Fibonomials are integers. (See [5].)
Some examples are the following (as triangular arrays, where the lines correspond to
n € N'| the columns to k, 0 < k£ < n, and the array is filled-out with formula (1) and/or rule
(2):
(a) s =1 (the Fibonomials: A010048 of Sloane’s Encyclopedia):

s

1
1 1
1 14 1,
1 oIn 2 1
1 3 6, 3 1
1 5 15, 15 5 1

(b) s =2 (A034801 of Sloane’s Encyclopedia):

1
1 1
1 3x 1,
1 8 8 1
1 21, 56, 21 1
1 55 385, 385 55 1

1 144 2640, 6930 2640 144 1

(c) s =3 (A034802 of Sloane’s Encyclopedia):

1
1 1
1 Ay 1,
1 17 17, 1
1 T2 306, 72 1
1 305 5490, 5490 305 1

1 1292 98515, 417240 98515 1292 1

We have marked some patterns that can be recognized as general relations among the

s-Fibonomials (711) 7, (that is, among the quotients %, as s-sequences —with fixed n) as
follows:



* (a)

on Foon-1, Fou- on—1
— 2(2—1) — L2n—ls 2 s — LQn—ls 3
1 F‘S FS FS 1 E@

2n
< ) = LsLZS e L2”—1s' (3)
L) 5

and then

Thus, for n = 1 we have the sequence of Lucas numbers (?) m = % = L (corre-
sponding to the mark Y in previous tables), and for n = 2 we have the sequence
(%)F = % = LgLos = (3,21,72,...) (A083564 of Sloane’s Encyclopedia; correspond-

ing to the mark X in previous tables).

e (b)

3 3
gn—1lg gn—1lg
3" Fing (a ) B <B ) 3n—12 3n—12 gn-1s) Fyn-
(1)& F. F. (a MG F.
Snfl
fr— (Lgn—lQS + (_1)8) ( 1 > 3
Fs

and then

<31n)F = (Lan-195 + (—=1)%) (Lgn-295 + (—=1)°) - -+ (Los + (—=1)°). "

Thus for n = 1 we have the sequence (?)F = Fi = Los + (—1)" = (2,8,17,...)

}(;s
(A047946 of Sloane’s Encyclopedia; corresponding to the mark A in previous tables).

" 2m3 F F: 2m=13
nan 2(2m—13ns) 2m—13n 3
:—:me n—:me n
(), =5 = e ()7

2m3n 3"
( 1 ) — LmelgnsL2m723ns st L3n5( 1 ) . (5)
Fy Fs

Finally, note that for fixed s, the sequence (1, %, A", ...) corresponds to (”)F = fna

1 P
n > 1. Thus, for s = 1 we have the sequence % = F,,. For s = 2 we have the sequence

% = Fy, =(1,3,8,21,...) (A001906 of Sloane’s Encyclopedia), and for s = 3 we have the

sequence % = 3F3, = (1,4,17,72,...) (A001076 of Sloane’s Encyclopedia).

Remark 1. For fixed s, the sequence (g) = %ﬁ;’”, n > 2, (marked with b for each
s =1,2,3 in previous tables) is, in the case of Fibonomials (s = 1), the famous golden rect-
angle sequence (3), = F,F,_1 = (1,2,6,15,...) (A001654 of Sloane’s Encyclopedia). The
corresponding sequences for the cases s = 2 and s = 3 are also included in the mentioned
Encyclopedia (A092521 and A156085, respectively), but there are not references to the for-
mulas in which they appear in this work, namely (;)Fz = %anFQ(n_l) = (1,8,56,385,...)

and (}) B = 2= Fy, Fy,—1) = (1,17, 306, 5490, . . .), respectively.

and then
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We have found just a few references on s-Fibonomials, even though Hoggatt [5] considered
them in 1967. Besides the sequences of s-Fibonomials for s = 1, s = 2 and s = 3 included
in Sloane’s Encyclopedia mentioned above, Gould [4] studied divisibility properties of s-
Fibonomials.

The context in which s-Fibonomials are studied in this article is related to Z transforms
(and then to generating functions) of certain Fibonacci sequences. This story begins with
the works of Riordan [9], Carlitz [2] and Horadam [6] first, and Shannon [12] later. From all
these works we know that the Z transform of the sequence FF is

s Gy (k+1 i
Zf:o ijo (=1) 2 ( ] ) Fz]igzk
F

— 7 (6)
Zf:ol (_1)W <k + 1) k11—
F

7

Z(F) ==

(See also [10] and [11].) In a recent work [8], we proved the following formula for the Z

k1 ko
transform of the sequence F7},, F%,,.,:

z]‘ﬁ_gkz i' . (_1)% (kl + kQ + 1) Fk:1 Asz Azkl+k2_i
1= J= 1
F

j mi+i—j" mo+i—j

Z(Fh, FR )=z
( ) Zk1+k2+1 (_1)@ (kl + ]?2 + 1) Zk1+k2+17i
F

n+mi- n+mso

, (7)

=0 i

where my, mo € Z and ky, ko € N’ are given. So (6) became a particular case of (7). After
our work [8], we were able to find that (7) is in fact a particular case of a more general result:
it turns out that for given mq,my € Z,s € N and ky, ko, t1,to € N'| the Z transform of the
sequence F; kL Fk2 i

tisn+mi1+ tosn+mo IS
k1 ko
Z (Ft1sn+m1 Ft25n+mg) (8)
Zt1k1+t2k2 ‘ (_1) (sj+2(s-;1))(j+l) trky + toky + 1 k1 ke stikittoka—i
=0 7=0 ] m1+tls(i—j) mg—l—tzs(i—j)
= Z ) - - )
Ztlk1+t2k2+1 (_]-) (Sl+2(8+21))(1+1) tlkl * t2k2 T 1 Zt1k1+t2k2+1—i
=0 i
Fs

which means that for z € C outside the disk D = {z € C : |z] < a*("h1+2k2)} “the right-hand
side of this formula equals to

io: Ftlilsn-l-ml Ft’z2sn+m2
o .
n=0
We have to mention that Fibonomials can be seen as combinatorial objects (see [1]),
and it is natural to expect that s-Fibonomials could enclose more general combinatorial
interpretations. Formula (8) is the main result in this work. But we will see that some
interesting results are obtained as consequences of (8), so its proof is not our final goal. In
section 2 we introduce some basic facts about Z transform that will be used in the rest of
the work, together with some preliminary results to be used mainly in section 3. Is in section
3 where we prove (8). In section 4 we establish some corollaries of (8), and finally in section
5 we do some comments on the representation of s-Fibonomials as linear combinations of
certain “homogeneous terms”.



2 Preliminaries

We will be working with the so called “Z transform”, of which we recall some basic facts in
this section. (For more details see [3] and [15].) The Z transform maps complex sequences
(ag,ay, as, ...) into complex (holomorphic) functions A : U C C — C given by the Laurent
series A (2) = Y.°° ja,2~". This function A is defined outside the closure D of the disk
D of convergence of the Taylor series Y >~ a,z". We will also denote the Z transform of
the sequence (a,), -, by Z (a,). Some properties of the Z transform which we will be using
throughout this work are the following: (avoiding the details of regions of convergence)
(a) Z is linear and injective.

(b) Advance-shifting property. For k € N we have
a ag_
Z(amk):zk(Z(an)—ao—i—~~—ﬁ). (9)

Here a1 is the sequence a, = (ak, agi1,-..)-
(¢) Multiplication by the sequence \". If Z (a,) = A(z), then

Z(\ay) = A (;) . (10)

(d) Convolution theorem. If a,, and b,, are two given sequences, then
Z (an xby) = Z (a,) Z (by) (11)

where a,, x b,, = Z?:o a;b,,_; is the convolution of the sequences a,, and b,.

If A(z) = Z (a,), we also write a,, = Z7' (A (z)), and we say that the sequence a,, is the
inverse Z transform of A(z). Clearly Z7'is also linear and injective.

Observe that according to (10), if Z (a,) = A(z) then

Z((-1)"an) = A(=2), (12)
and
m z ma ([ *
Z (Lonsman) = a A(as) + 5 A(ﬁs). (13)
For given A € C, X\ # 0, the Z transform of the sequence \" is plainly
[e'¢) n 5
Z(\") = — = 14
WM=E Sy (14)

(defined for |z| > |A|). This is an important formula in this article since Fibonacci sequences
are combinations of sequences of the form \". In particular we have that the Z transform
of the constant sequence 1 is

Z(1) = . (15)

s+1pk1 pko
(Observe that if t; = t, = 0, formula (8) says that Z (F¥ FF2) = 25:1) TPl Ghich

is essentially (15).)



For given m € Z one has

2(Fpz+ (=1)" Fo_p)

Z (Fspam) = —, 16
( + ) 22 _L82+ (_1) ( )

and from this expression one can see that
F5F5n+m = FmFs(n+l) + (_1)m Fy mFon. (17)

(See [8].)

Now we begin with a list of preliminary results that will be used in sections 3 and 4.
Proposition 2. For given k € N’ we have
k k+1
. . sit2s+10))6+) (k41 .
1)+t ( s s(k—j)) _ ) ki 18
()jHOzaﬁ ;() i), (18)

Proof. We proceed by induction on k. For k = 0 the result is clearly true (both sides are

equal to (—1)*"" (z —1)). Let us suppose the formula is true for a given k. Then
k1
(_1)s+1 H (Z . asjﬁs(k—i-l—j))
=0

k
_ 1 s+1 . as(k—i—l) Bs(k+1) (is _ asjﬁs(k_j)>
(=)™ L Iy

J

k41 k41—i
it2s+1)) 6+ [k + 1 z
_ 1 s+1 _s(k+1) s(k+1) -1 s+1 -1 5 =
(1 (2 = aH0) gD (C1)7 3 () ) (5
1=0 s
G sit2s+)+) (k41
_ (Z_QS(k+1))§ :(_1)2< . ) 6sizk+1—z’
1
i=0 Fs

k42
sit2(s+1)6E+D) [k + 1 . ) (si—D+2(s+1))i [k + 1 , ,
Fy i=1 Fs

Fykt2)

k+1

=0

2

Gi2(s+) ) (k4 2 1 s —s(i s s(i— —i
- Z(_l) ’ ( i > (ﬁ Fykro-i + (—1) (D et t) gol nFSi) T
=0 Fs

k+2 ) )

Z (-Uw (k: + 2) 2

i=0 vR

as wanted. Here we used that
ﬁSiFs(k—&Q—i) + (_1)_S(i+l) QS(k+1)6S(i_l)Fsi = Fs(k+2)7

which can be proved easily by writing the s in terms of a and (.



We will denote the (k + 1)-th degree polynomial (—1)°*" H?:o (z - oﬁjﬂs(kﬂ'» as Dy 11 (2).

By combining pairs of adequate linear factors, it is possible to express Dy j11 (2) as product
of “Lucas factors” (quadratic factors in which the coefficient of the linear term is a Lucas
number, like in the denominator of (16); see also [13]). We have two cases:

(a) If k is even, k = 2p say, then

p—1
Dyoyin (9= (0 = (DN [ (- (V7 Loy +1) . (19)
=0
(b) If k is odd, k = 2p — 1 say, then
p—1 ‘
Daap(2) = (1" T (22 = (=% Luap-1-2p2 + (-1)°) (20)
j=0

Indeed, we have

2p
Ds,2p+1 (2) = (—1)S+1 H (z _ a$jﬁ$(2p7]))
7=0

p—1 2p
= (=1 (z = (=1)*) (Z _ asjgs@p—j)) (Z _ asyﬂs@p—j))
J=0 j=p+1
p—1 p—1
_ (_1)s+1 (Z - (_1)81)) H (Z . asjﬁs@pfj)) (Z . Cys(2p—j)ﬂsj)
=0 =0
p—1 A
= U = N (3 = ()Y Loz + 1),
=0
which proves (19). Similarly we have
2p—1
Dizp(z) = ()" [T (2 - ¥t 9)
=0
p—1 2p—1
= (-] (z _ asjﬂs(zpflfj)) 11 (z _ asjgs@pﬂﬁ))
j=0 j=p
p—1 p—1
= "] (z _ asjﬁs@p—l—j)) (2 — a*2=1=0) 3%
=0 =0
p—1 '
= (—1)5+1 H (z2 — (1) Lygp-1-2j)2 + (—1)s> )
=0

which proves (20).



Before we establish the next proposition, we would like to see how (18) and (19) have
some interesting identities (involving s-Fibonomials) hidden. First observe that we can write
(18) as follows:

k k+1 .
H (Z B asjﬁs(k—ﬂ) _ Z (_1)w (k + 1) Shl—i (21)
L /R

j=0 =0
Since

1)S(k+j)

aSJﬂS(k—j) 5

(_1)3(k+j) oS2i—k) — ( (Ls(gjfk) + \/ng(Qj*k)> )

(-1 s(k+37)

we see that the numbers a, ;, = 5 (Ls(gj,k) + \/ng(gj,k)), J,k € Z, form an abelian
multiplicative Group asj, ks jo ks = Qs jy+isks+ke, (With identity a0 and inverses as_’Jl-,k =
as—j—r). Thus, (21) together with Viete’s formulas tell us that

(_1)W—k3r+r 5 (’f + 1) (22)
r F,

_ Z (_1)3(J1+32+...+J7-) (Lzs(j1+j2+~~~+jr)—ksr + \/5F25(j1+j2+--~+jr)—ksr) ,

0<s1<ja<+<gr<k

where r € {1,2,...,k + 1} is given. Moreover, since the left-hand side of (22) is an integer,
we have

. . . r(s(r+1)+2(s+1)) k —|— 1
s(j1+jot-+ir) _ ——— " —ksr+r
> (—1) Los(js-tatetijr)—hsr = (—1) ’ 2( . )
0<j1<ja<<jr<k Fs

(23)
and o '
Z (_1)3(J1+J2+---+]r) F2$(j1+j2+---+jT)fksr —0. (24)

0<j1<g2<-+<jr<k

In particular we have the following identities, corresponding to (23) and (24) with r =1 :

k ks k
i (_ ) i
Z (=1)Y Lyaj_r) = 2 2Fsgr1y Z (=1)¥ Fyaj-) = 0, (25)
=0 § =0
and with r = 2 :
SNy 2(=1)° SLSyay
s(i+ s(i+
ZZ (=)™ Log(irjr) = oNo FoFogs1y ZZ (=)™ Fasiyjr) = 0
j=1 i=0 572 =1 i=0
(26)
On the other hand, observe that according to (18) and (19) we have
2p+1 p—1
(si+2(s+1))G+D) [ 2p + 1 _i B s oi
> (- () i o ) T ()7 L 1),
i=0 Fs §=0

8



which can be written as follows:

p ) . ) ]
) (G IS e O ) R S—— (2p-+1) (27)
1
=0 Fs
p—1
= (" = N (3 = ()Y Loz +1).
j=0

If s is even, s = 20 say (0 € N), and we set z = —1 we get from (27) that
p p—1
oili oili— 2p+1
S (0 i) () o] L)
i=0 Foej=0
That is, we have the identity
p P
2p+1
( . ) =117, (28)
i=0 e j=1

Similarly, if s is odd, s = 20 — 1 say (¢ € N), formula (27) can be written as follows:

p . ) )
S (=) s (o)) (2p " 1) (29)
i=0 ¢ Foo1
p—1 ]
= (=T (= -1 Laponyppz +1).
j=0

If in (29) p is replaced by 2p — 1 and we set z = 1, then we get

2p—1 2p—2

S (0 ) (VT o] (2 (1) L),
Fos 1 =0

1=0

from where we obtain the identity

fan i+ (4p — 1 i,
Z(—lw( | ) — (1 [ Loy (30)
g Fao—1 j=1

1=0

If now in (29) p is replaced by 2p and we set z = —1, then we get

2p 1) dp + 1 2p—1
Sha(-nptE (P = =2 T (2+ (-1 Lagr-iar-)
; t Fos 1 =0

from where we obtain the identity

2p 2p
iy (4p+ 1
N ( | ) R (31)
¢ Fao—1 j=1

=0



Proposition 3. Let t,k € N', m € Z be given. Then

(a)

sk sk
(8%
. 8

(si+2(s+1)G+1) [+ 1 . ) (si+2(s+1))@+1) [+ 1 , )

t+1 41— t+1 St 41—

S (1) e g (o 1) i
F, F,

i i
Loz + (—1)Sk+1 Lt—r+1)

) ) . (32)
Ztg_rz (—1) (si2(s+1)(i41) (t + 2) J2i
Fy

2

aersk 5m+sk

(si+2(s+1))(+1) [+ 1 . ) (sit2(s+1))G+1) [+ 1 ) )
t+1 e t+1— t+1 St t41—i
D e G B > [ 5z
Fy Fs

7 1
\/3 (Fsk-i-mz + (_1)sk+m Fs(t—k+1)—m>

(sit2(s+1)+1) [t + 2 -
t+2 B 42—
Zi:o (—1) 2 ( . Z !
Fs

2

(33)

Proof. Observe that, according to proposition 2, we have that

§<_1)<sz‘+2<s+1z+1> <t—|— 1) N e as(t+1)§(_1)<si+2m21>><i+1> <t+ 1) (iyﬂ_i

i=0 ! =0 ’ a
t .
— (=1 5+1 s(t+1) H ( B asjﬁs(t—j))
7=0
t
= (-] (Z _ as(j+1)ﬁs(t—j)> 7
3=0

and similarly

t4+1 , , ¢

Z (_1)% (t + 1) 5s7jzt+1—i = (-1 s+1 s(t41) H ( asjﬁS(t—j))
- l Fs 7=0

¢

— (—1)* H <z _ asjﬁs(tfj#»l)) '

J=0

10



Then

OéSk n ﬁSk
Zfié (— 1)M (t + 1> asizttl=i Zfié (—1)M (t + 1) 351yt
7 F, 2 F,
CYSk /BSk

= +

(_1)s+1 H;:o (z _ as(j-l—l)ﬁs(t—j)) (— 1)s+1 H] . <Z _ as;ﬂ —(j- 1)))
_ sk N ﬁSk

(=)™ L ( — a3l ) (-1 TS <z — qeigstt=G- 1)))

ab ( s(t+1) ) 4 ﬁSk . Oés(t+1))

5+1 t+1 <z i g(t1- J))

Loz + (—1)Sk+1 Lt—r+1)

(si+2(s+1))G+1) [+ 2 N
t+2 e e 42—
Zi:o (=1) ? ( - z ‘
Fs

2

which proves (a). The proof of (b) is similar. §

Lemma 4. For given i,t € N, the following identity holds
(=) FyuroiyFuer1—iy + Lsgesny Fara—iy Foi + (1) FyFyi1y = Fypro Fagsny.  (34)

Proof. Leaving the details for the reader, the proof is as follows: first, use a’s and #’s to
prove that Fyqi1—s) (—1)" + Lo Fsi = Fye144). Then write the left-hand side of (34) as
Fytqo—iyFot41+4) —i—(—l)s(tH) Fy;Fy;—1y. Finally use the standard identity F,, Fy,— Frn 1 Fnk =
(=1)" " Fpip_nFy, to obtain (34). §

Proposition 5. Let t € N be given. Then

42 ,
Sy e (T2 e (35)
1 F.

=0

t
s (sit2(s+ D)D) [ S f—i
= (= Lz + (1)) 30 (1) () (~1)
Fs

- 1
=0

11



Proof. We have

t

i (si42(s+1D))(+1) [F si _t—i
2’2 Ls(t+1)z+ (_1) (t+1)> (—1) 2 () (_1) zt
Fy

_ ' z
1=0
t (si+2(s+1) G+ [T o pioi t+1 (si—s+2(s+1))i t s(i—1) _t4+2—i
= Z (-1) : - (1) = — Ly(t41) Z (-1) ° : (1) <
i=0 Y/ F, i=1 =1/
) t+2 (si—2s+2(s+1))(i—1) t si 149
Py e )y
=2 t—2/)p,
142 _ _ (—1)* Fuuro—iyFar1-9)
(si+2(s+1))(+D) [T+ 2 1 i
= Z(—l) 2 ( ; ) N +Ls(t+1)Fs(t+2—i)Fsi 22
i—0 Fy Ls(t+2) 4 s(t+1) + (_1>s(t+z) FsiFs(i—l)
t+2
Git2(s+1)G+D) [t + 2 :
— Z(_l) FAHELIE ( + ) A2
i=0 v /)R,

as wanted. In the last step we used lemma 4. g

Proposition 6. For given i,t € N the following identity holds

! (sti—+2s+0)) =i+ [+ 1 8 (i 1\ as t
Z (_1) )+ ; Jt < + ) Fstj+m _ (_1) ) (i—1)+i+s+m <) Fis—m- (36)
Py Fs

1—7 1
=0 J

Proof. We proceed by induction on t. For ¢ = 0 we need to check that

Z<—1>(‘““‘”“‘?1”“‘””( ! ) F, = (—1)F (Db (0) Fom.
F )k,

L
i=0 J

If i = 0 we have a trivial equality (both sides are equal to (—1)*"" F,). If i > 1 we have

i

(s(i=§)+2(s+1)) (i—j+1) 1
Syt < ) Fo = (=1)"" Fy + (=1)" B = 0,
F

Z —
=0 J

12



as expected. Suppose now that (36) is valid for a given t. We have (by using (2))

: (s(i=PN+2(s+1N (=41 [T+ 2
Z (—1) 2 < ) Fit11)j4m
Fs

7 —
j=0 J

! (s(i=3)+2(s+ 1)) (i=j+1) t+1 t+4+1
= Z (=1) 2 Fst1)j+m (Fs(t+2—i+j)+1 ( . ) + Fyi—jy—1 ( ) )
— 1—7—1 P 1=7J)p,

7=0
1
i ( (s(i—g+1)+2(s+1)) (i—j+2)
P J— 2

t+1
FS(t-H)(j—1)+mFs(t+1—i+j)+1 ( )
Fs

i=1 1
: (s(i—3)+2(s+1)) (i—5+1) t+1
+ (—1) ? Fo1)jamPsii—j)—1 ( )
— =1/ F
J=0 s
— (_1)<S(i_j)+2(3§1w—j+l) (t + 1) ( (—1) Foe1)G=1)+mFst41-i45)+1 )
=0 t=71)p, +Fstr1)j+mEsi—j—1
(s(i+1)+2(s+1)) (1+2) t+1
—(=1) ° FS(t+1)(1)+mFS(t+li)+1( . > :
i )
Next we will use the identity
(=1 Fyinygonytm Fageat—ivirt + Fsrn)irm Faimg)—1 (37)
FS 1 s(i—1)—
= % (Fs(i—l)—lFstj+m + (_1) =11 Fs(t—i+1)+1Fst(j—1)+m> )

which can be proved in two steps (we leave the details for the reader): first use a’s and (’s
to prove that

(_1)S(i_j)+1 Fs(t+1)(j—1)+mFs(t+1—i+j)+1 + Fs(t—i—l)j—i—mFs(i—j)—l = Fs(t+1)Fst(j—1)+m+s(i—1)—17

and then use (17) to write

s(i—1)—1 F

1
Fat(j—1)+mss(i-1)—1 = r, (Fs(i—l)—lFstj—‘,-m + (—1) s(t—i+1)+1Fst(j—1)+m> ;

obtaining in this way (37).
Thus, by using (37) we can write

: (si+2(s+))G+D) [t + 2
> (1) 2 ( : ) Fiyt41)i—j)+m
F,

=0 J
Fytn : (sGi=p+2(s+ G5+ ({41 Fyi—1)y-1Fstjrm
= ja Z (_1) ? i + (_1)3(1'—1)—1 F ) F.
st §=0 ) F, s(t—i+1)+14st(5—1)+m
(s(i+1)+2(s+1)) (i+2) t+1
—(=1) g Fy@r1y—1+mFs@ri-i < ; ),

13



and by using the induction hypothesis (together with some simplifications), we get

(si+2(s+1)(G+1) [t 4+ 2
> (=1 2 ( ‘ ) Es(r1)i—j)+m
=0 ]/

Fyq : (s(i=)+2(s+1)) (i—j+1) t+1
— —FS i—1)— —]. 2 F +m . .
F, Lsa- 1;( ) il 5]

—_

71—

Fliq s(im1)— (s(i=j=1)+2(s+1)) (i=3) t+1
TG )Fs(t—z‘+1)+1 (—1) =0 (=1) ? Fstj+m<. )
Fs

Fst =0 1 —1- J
(s(i+1)+2(s+1)) (i+2) t+1
—(=1) ? For1)y(=0)+mFsp+1-i)+1 ( ; >
FS 1 s(i—1)— (si+2(s+1))(i+1) t+1
PO g ()00 ) (1)
st 2 F.

Fyt1) i (1) 4itstm [
= —FS i—1)— —1)2 . Fis—m
Fy 6-n-1(=1) t) g,

F s(i—1)— GDs i 14(2—i)s+m t
n (t+1) Fueisiyin (—1) (i-1)—1 (—1) 2 +i—14+(2—1)s+ . Fici)s—m
Fst 1 —1 Fs

F, S(im1)— (si42(s+1))(i+1)
(" ( B -y (1D (1) Fm)

(s(i+1)+2(s+1)) (i+2)
1 _ (_1) 2

5 (5 i+s+m t + 1 1
= (-1) 2 (imDfitst < ; ) . (Es—mFs(ifl)les(t7i+1) + FisF(ifl)sfmFs(tfi+1)+1)
s

t+1 i (i—1)+i+s+m <_1)Si+m ( <_1)8 Fs(t+1)F—st+m )
+ ) —1)2 —FS —i si+m
( ? ) ( ) Fy (i - (_1) " Fsth(t+1)(—1)+m

= (_1)%3(7;—1)'1‘1"5‘54‘777« <t + 1) Es—ma
1 F,

st D) (~1)+mFsr1-a41

as wanted. In the last step we used the identity

Es—mFs(i—l)—lFs(t—i+1) + ESF(i—l)s—mFs(t—i—&-l)-l—l

+ <_1)Si+m Fs(t—i+1)+1 ((_1)8 Fs(t—l—l)Ffster - FstF—s(t+1)+m)
= Fstﬂs—ma

which proof is an easy exercise left to the reader.

The proof of the following proposition is similar to the proof of proposition 6, with some
changes in signs and, of course, some F’s substituted by L’s. We leave it for the reader.

Proposition 7. For given i,t € N the following identity holds

NG s — (“1.) Latjim = (—1)FD(5+1)zistmes (t) Lism-  (38)
Fy Fs

11— i

=0

14



3 The main results

We begin this section by noting that we can write explicitly the sequence F*! +m1Ff,f o
(where my,mg € Z and ky, ky € N are given) as follows:

Fk ke

sn+mi* sn+mo

QSntm _6Sn+m1 k1 QSntme _ﬁsn—i—mz k2
() ()

_kitky < k1 sn+my\? sn+mq\ k1=t & ka sn+ma\J sn+ma\k2—J
_ 5 Z(i)(a ) (=g Z(.)(a ) (=)

i=0 J=0 J
ki+ke k (m1—ma)i+maj n
_ 5_k1;k2ﬁm1k1+m2k2 Z i:(—l)k1+k2_j (kl)( kf2 ) (g) 1—m2 27 <a5jﬁs(k1+k2_j)) .
— < i )\j—1) \B
7=0 =0

Then the Z transform of F*! Fke is

sn+mi - sn+mso

Z(FE . Fe ) (39)

sn+mi1+ sn+mo

—E1FE2 ks +moks Ea R kitko—j k1 ko @

=0 i=0

z
5 — asjﬂS(lﬂJrer)

> (m1 —m2)i+m2j

Our first main result says that this expression can be written in a special form.

Theorem 8. Let my,my € Z and ki, ky € N be given. The Z transform of the sequence
Fk FR s

sn+mi- sn+mso

k1+ke i 1 (Si+2(s+21))(i+l) ki + ka1 Fk1 sz k1+ko—1i
> i j=0 (=1) j my+s(i—7) L ma+s(i—g)©
k1 ko _ s
2 (FS"+M1FS"+’"2) —F (sit2(s+1))(+D) (k1 + ko + 1
Zk1+k2+1 (—1) 5 1 2 sk1tko+1—i
i=0 ;
Fs

(40)

Proof. We have to show that

ki+ks k mi1—m2)i+maj
5—7k1;rk2 6m1k1+m2k2 IZQ Zl kl k2 (_1)k1+k27j g (s 2 Z
2o 2\ i J\j i 5 e it
[ Gi+2(s+0)G+D [k + ko + 1 & k Ky ko —i
2ito 2o (=1) : ( j Fovstip Frmgrotin 2
Zl‘ﬂi-(i)-kz-i-l (_1)% (kl T ]?2 + 1) okitkot+1—i
i= 7 F,

We will proceed by induction on k; and/or ky. Observe that the case k1 = ko = 0 is (15).
Let us consider the case k1 = ko = 1 and then we construct the induction argument on k;

15



(note that (40) is symmetric with respect to k; and ky). For the case ky = ky = 1 we use
that Lo, + (—1)° = % to write

1 1 1 1 o mii+maj P
— L omitmo _1) (=
ey ()0) 0 (5) e

i=0 j=0

. (Qm1+m2 + ﬂm1+m2) P ﬁm1+m20528 o Oém1+m2ﬂ25 Oémlﬂmz + Oémzﬁml
= 5z — 5
22_L232+1 Z-(—l)

- 5_123 T Lot (1) 2+ (4 (=1 Lag) 2 — (—1F *

(@m1+m2 4 ﬂmlerQ o amlﬁmz o Oém2ﬁm1) 212

% | — (ﬁm1+m2&25+&m1+m2ﬁ28_(Oémlﬁmz +am2/6m1) (a25+ﬂ28)_’_<_1)5 (am1+m2+ﬁm1+m2)) >

+ (_1)8 ﬁmlerQOzQS 4 (_1)5 am1+m2ﬁ2s _ amlﬁﬂw _ am2ﬁm1
z

X
(—l)SJrl 28+ (—1)° %22 — %z +1

(1) By Foy 2?4 (= 1) (Fm1+sFm2+s - %FmFm> 2

+ (_1)S+1 FM1+28Fm2+28 + (_1)5 1;3’; Fm1+sFm2+s - %Fm1Fm2

< (si+2(s+1))G+D) (3
2 7 A T Lo T
S 3 (1) () P st Pt otios?
Fy
(si+2(s+1)i+1) ('3 ’
3 (si42(sH+1))(i41) 3
Zizo(_l) ? () zot
Fy

2—1

J
= z
)

which is (41) with k; = ky = 1. Suppose now that (41) is true for a given k;. We will show
that it is also true for k; + 1. We have

- X byttt - X k1+ko+1k1+1 k1 k1+1 k‘g
Z(Flin Flt,,) = 57 2 prlariimbe R 7 7yt (7 x
j=0 =0

1 ] —1
a (m1—m2)i+maj P
X | = ~.
3 y— asjﬁs(k1+/€2+1—3)

If we use that (kljl) = (k.l) + (ik_ll), separate in the corresponding two terms, and shift

7

the indices of the second term, we get

Z(Fhil FR ) (42)

sn+mi1* sn+mso

kyt+ks k ST N
= _5—%ﬁm1k1+m2kzﬁml 12221(_1>k1+1+/€2—j (k1)< ko >(g)( 1—mz2) 2] z |
7=0 =0 t J—1 5 % _ asyﬂs(kﬁ-kz—ﬁ
k‘1+/€2 k:l (m1*m2)i+m2j ;
_ kitkot1 miki1+mok m k1+ko—j kl l{2 6% —
po R by y e (MR ) (6 R
]Z_% zz_; v J—iJ\ % —a%f (k1+k2—j)

16



By using the induction hypothesis and proposition 3 (b), we can write (42) as

Z(Fof, Fl

sn-+mq sn+m2)

2 itk i (_1)7‘”“(321”““) <k1 +7§2 + 1) i ke (=)t
F,

o 8 =0 J=0 j mi+s(i—j)" mats(i—j) \a
53 okt (_1)7(““(521”("“) ki +Fky+1 (i)k1+k2+1—i
i=0 ; o
Fs
2 gk g (_1)7(”“(3;1))(1“) ki + ko +1 Fh e PAL
gm B% £=i=0 J=0 j ” mi+s(i—j) " ma+s(i—j) \ B°
52 ki4ko+1 (2i+2(+ 1)) (i) ki + ke +1 L\ Farthetl—i
S () Z. (%)
Fs
kitke 1 ) .
_ oz (—1) Git20et10)G+1) (kg + ko + 1 o ke »
5% ] mi+s(i—j)" ma+s(i—j)
i=0 j=0 F,
am1+si
Z{clgkgﬂ (_1)7@*2“;”)““) (/ﬁ + ko + 1> St pk1+ke+1—i
i= :
7
Fs
% Zkl-i-k’z—i
6m1+si
) Dartaas (_1)7(5”2“21))“*” ki +ky+ 1 3% phr-+ho+1—i
=0 7 7,
B Zk1+k2 (1) Git2(t0)G) (hy 4 ko +1 o ke
i=0 j=0 j mi+s(i—j) " ma+s(i—j)
S
= X

Zk1+k2+2 (1) (si2(s 1)) ki +ko+2 ka2
1=0 i
Fs

si+mq ki1+ko—1
X <Fm1+siz + (_1> Fs(k1+k‘27’i+1)fm1> z ! ?

z
= X
btk () (sit2(s+1)(i+1) (k1 + ko +2

k1+kao+2—1
> o i ) z
Fs

kitks i (si+2(s+0)G+D (k1 + ko + 1
Sy (e ()
= k g hoti—i

2 +ho+1—1
X vs(i=g) Fmastiog) o
X +

kithks i (it2t0)GHD (kg + kg + 1
I IICS ( - -
= = J Fy

k1 ko o si+m1 ] k1+ko—i
XFm1+s(i—j)Fm2+s(i—j) ( 1) FS(lirkgfz«H)fle

le—i—siz

17



Some further simplifications give us
ki1l ok
Z(Fsﬁjr_m1 FSVermz)
z
= X

Zk1+k2+2 (1) (20 1) (041) ki+4 ko +2 ks 2
1=0 i
Fs

kiths i Gi+2s+0)G+D) (ky + ko + 1
33 (e ()
Fi

i=0 j=0
k1 ko ki+ko+1—1
XE st Emats(iog)

X +
kidka+1 i (si=s+2(s+1)j (ky + ko + 1
3 (e .
Fs

Jg—1

Fm1+siz

i=1  j=1

k k
X Fm11+s(i—j)Fm22+s(i—j) (_ 1)

Si—S+mq k14ko+1—i
Fs(k1+k2—i+2)—mlz 1Rl
z
= X
Zk1+k2+2 (_1> (sz+2(s-§1))(l+l) ]{71 -+ kg + 2 ok +ho+2—i
1=0 i
Fs

bl (—1) CHAADIGD Pk ki + ko +2 1
% Z Z mi+s(i—j)" ma+s(i—j) j FS Fis(ky+kg+2) Stk —itl

o ” <F sy hat2—) Py + (1) B R s<k1+k2—z‘+2>—m1>

(sj+2(s+1))(G+1)
2

. ki + ko + 2 .
ki+ko+1 i k141 k 1 2 ky+ko—i+1
diso ijo (—1) B st ts(izg) ( j )F ZrT

g A s

St (=1 Cizepen (ky + Ky +2 ok +hat2—i
i=0 ;
Fs
as wanted. We used that
k1+ko+1

(sit26+0)G+D) (kg + ko + 1 & k
E (_1> ’ ( J ) Fm11+8(k1+k2+1—j)Fm22+8(k1+k2+1—j) =0,
i=0 e

(which comes from the induction hypothesis). We also used in the last step that
my+1+s(i—j
FS(k1+k2+2—j)Fm1+si + (—1) ) stFs(k1+k2—i+2)—m1 = Fs(k1+k2+2)Fm1+s(i—j)v
which is a direct consequence of the known identity F, F,,—F i x Fr—k = (—l)nfk Foip—nFr. 1
Our second important result of this section is the following theorem.

Theorem 9. Let mi,my € Z and t1,t3 € N be given. The Z transform of the sequence
Ftﬁ%sn«l»ml Ft’Z?sn+m2 Z.S giv@n by

Z (Ftlsn+m1thsn+m2) (43)

‘ (si42(s+1)G+D) (T + 9 + 1 _
o () ( j Fonystr5(i—) Frmattas(i) 20727

Fs

= z
St (_1)7(“”(3;1»(”1) <t1 tht 1) Stittatli
= 1
Fs

18



Proof. We will proceed by induction on the parameters ¢; and/or t,. Observe that case
t1 =ty = 0 is trivial (it is essentially (15)) and in the case t; = t5 = 1 the result is true by
theorem 8. Suppose now the result is true for a given t; together with all its values < ty,
and let us prove it is also true for ¢; + 1. (As in the proof of 8, we have a symmetry property
that allows us to proceed in this way.) We will use that

F(t1+1)sn+m1 - Elsn+m1Lsn - (_1)811 F(tlfl)anrmla
(easy to prove). Then we have that

Z (F(t1+1)sn+m1 thsn+m2) = Z ((Ft13n+m1Lsn - (_1>sn F(tlfl)sn%»ml) Ft25n+m2) (44)
= Z (Lsnﬂlsn+m1 thsn-l—mz) - Z ((_]—>Sn F(t1—1)sn+mlﬂgsn+m2) .

Now we use (10) and (13), together with the induction hypothesis to write

Z (F(t1+1)sn+m1 Fiysnmy )

byt i ] (it2eG) (1 + 1y + 1 P 3 2 \bitta—i
. > im0 §=0 (—1) . ma+tis(i—j) mattas(i—j) (E)
Fs

J
o t1tta+1 Gir20)+D) () + 19 + 1 2 \tiHta1—i
>oiso (-1 : ( ; . (&)
£t i (s5+2(s+1))(G+1) tl 4 t2 +1 . t1+to—1
ST ()R (V) b Py ()
Fs
+Bs t1ttatl (si+2(s<‘;1))(i+1) tl + t2 +1 . t1+to+1—i
SLrt ey ) (F)

z

> Fm1+(t1—l)s(i—j)Fmg—I—th(i—j) ((_1)8
Fs

(s542(s4+1)) (j+1) (t1 + t9
2

-1 i

Lt e (1) ;

(—=1)° 1+t (si+2(s+0))G+1) (T + Ty L\t
i () ) (&)

) t1—1+to—1

1

2

ti+ty i
—— (si+2(s+))G+D) [(H) + 19 + 1
= z (—1) 2 . le—i-tls(i—j)sz—i-tgs(i—j) X
i=0 j=0 J Fs
OéSi
Zt,l'gtz—kl (_1) (Si+2(sgl))L+U <t1 + t2 + 1) asizt1+t2+1—i
1= ;
)
F
X Zt1+t27i
ﬁSi
+
ot ] ittt (g + 1y +1 51 41+ bgt1—i
Zi:o <_1) . Bz 2
Fs

st t1—14+ta2—1

(si+2(s+1))G+D) [T + 19
2 ( : ) Foy (1 -1)s(i—5) Frng ttasigy (1) 2
Fy

> e (1) ;

Zl?l-gtg (_1)(3%'—2(3-;w (tl + t2) (_1)32 stitta—t
1= )
Fs

1
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Next we use proposition 3 (a) to obtain that

Z (F(t1+1)sn+m1 Ft25n+m2>

z
= X

titta+2 (4 (26D (T + by + 2 t1+ta+2—i
, z
Fs

1=0 i

t1+ta 7

(sit2(s+0)G+D) [t +t9 + 1

X § § <_1) 2 ( . ) Fm1+t13(ifj)Fm2+t28(ifj) X
i=0 j=0 J Fs

X <Lsiz + (—1)Si+1 Ls(t1+t27i+1)> Fhtte—

1 e Gi+2(+))G+) [t + to
Sl (s (0

S (S () gy
F

STty —14ta—i

) Foit(t1-1)s(i—j) Finattasi—j) (—1)7 2
F.

—z
]

and then, by proposition 5 we have

z (F(t1+1)sn+m1 thsn+m2) (45)

Z
_ X

i+2(s+1)) (41
Zt1+t2+2 (_1) (si+2(s . ) (i+1) (tl + t'2 + 2) St +2—i
Fs

=0 i

t1+ta @

(-1) (o5 +2(s+ 1) +1) (tl + t.2 +1
J

) Fm1+t18(’i—j)Fm2+t25(i_j) X
Fs
" (Lsiz + (=) Ls(t1+t2—i+1)) Stitta—i

i=0 7=0

tifte—1 ¢ (sit2+)G+D) [t + ty
3y (0
i=0 j=0 J

) Fm1+(t1fl)s(ifj)szthgs(ifj)><
Fs
% (_1)SZ Zt1—1+t2—i <Z2 . Ls(t1+t2+1)z =+ (_1)5(t1+t2+1))

We have now the expected denominator (of (43) with ¢; replaced by t; +1). Let us work
with the numerator of (45), z (A — B) say, where

ti1+ta @
(it2+)6+) [t + 19 + 1
R 9 Ml (N RS SE
Fs

i=0 ;=0 J

X (Lsiz + (_1)Si+1 Ls(t1+t2*i+1)> ZtlthQiia

and

t1+to—1 4@

Git26+))G+) [t + to

B = E E (_1) ? < . ) FM1+(t1—I)S(i—j)Fm2+t28(i—j) X
i=0  j=0 J Fs

« (_1)si L=l (z2 — Lty stai1)2 + (_1)s(t1+t2+1)> .
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We have that
t1+ta
i=0

tittotl i
A & (sa st26+1) () + 1y + 1
X
F,

+2;

(-1) (s +2(s+ 1)) (t1 +ity+1

t1+ta+1—1
. ) Fm1+tls(ifj)Fm2+t25(ifj)LsiZ L
J F,

Jj=0

Jg—1

s(i—1)+1 i
XFm1+t15(i—j)Fm2+t25(7j—j) (—].) =1+ Ls(t1+t2—i+2)2tl+t2+1
- tl—i_tzfrl i ( 1)% (tl + 12 + 2> Fm2+t28(i*j)Fm1+t1S(i*j) X
i=0 j=0 j Fy Fs(t1+t2+2)

X (Fs(t1+tz+2—j)Lsi + (=170 stLs(t1+t2—i+2)) gttt
But we have the identity
Fyty4to42—j) Lsi + (—1)5(1_]) Foi Lty t0—iv2) = Ls(i—j) Fo(t+t2+2)

thus

tital i
Sy 1) (IR <t1 +i2+2 t1H14ta—i

% 5C j

Now let us work with B :

) sz—f—tgs(i—j)Fm1+tls(i—j)Ls(i—j)Z
Fs

t1+to—1 4
(si+2(s+1))(G+D) [t + 19 si L
> 2 (1) ’ < : ) Fony (0 -1)s(i—3) P b tas(i—g) (—1)% 20
=0 j=0 J Fy
t1+ta 1
B Z Z (s; s+2(s+1))] <t1 +t2> ( le+(t1—1)S(i—j)F;m2il3tgs(i—j)X ' )
= = j -1 XLs(t1+t2+1) (_1)8 2 Zt1+t2+1—z
ti+to+1 2
(si=202(40)G=1) () + 1o le—l-(tl—l)s(i—j)Fm2+t28(i—j) X
+ Z Z (_1) 2 (J _ 9 > < % (_1)52 Zt1+1+t2_i (_1)s(t1+t2+1)
=2 j=2
B t14i+1 ( M <t1 +to + 2) sz-l—tQS(i—j)Fm1+(t1—1)s(i—j) y
i=0 j= 0 .7 F, FS(t1+t2+2)FS(t1+t2+l)
(i—i) (_1)SJ FS(t1+t2+1*j)Fs(t1+t2+2*j) )
x (—=1)"" +Esj Fo(tyvtar2—5) sty +t211) Fhtltta—
+( 1) s(t1+ta2+7) stFs(j—l)
ti+to+1 ¢
(si+2(s+1)G+D) [t + t9 + 2 Sliei »
= 2 2y ( ' ) (=1 Py ptasiog) Fr -ty 2™ T
=0 j=0 J F

(We used lemma 4 in the last step.)
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Thus, the numerator of (45) is

ti+to+1 1
(si+2(s+)G+D) [t + tg + 2
2(A=B) = z Y > (-1 2 ( . ) Fingttas(i—g) X (46)
Fs

i=0 j=0 J
x (lethls(i*j)LS(ifj) — (-1 Fm1+(t171)s(i—j)) Fhtitta=t

Finally, with a simple calculation with a’s and (3’s (left to the reader), we see that

Fm1+tls(ifj)Ls(ifj) - (_1)3(17]) Fm1+(t1*1)8(i*j) = Fm1+(t1+1)5(i*j)’
so (46) is
ti+ta+1 ¢
(si+2(s+) G+ [t + to + 2 i
d(A-B)=z ), > (=) ( j ) Fony (11— Frma+tasti— 2"
i=0 =0 Fy

which is the expected numerator (of (43) with ¢; replaced by ¢; +1). This ends our induction
argument. i

The natural generalization of (40) (theorem 8) is clearly as follows:

k k
z (Fsri-i-ml e Fsrlerml) (47)
[ G2+ G+ (k4 -+ k41 K k fey btk —i
Ziio l Zj:o (_1) : < j » Fm11+s(z'fj) o leﬁs(i*j)z R
- c Ky ooty 41 Git2(s+)6+) [y + -+ Kk 4+ 1 . ’
Sy = . ghbettl=s
- i "

(which can be proved with the same sort of arguments used in the proof of (40)), and the
natural generalization of (43) (theorem 9) is

Z (Ftlsn+m1 e Ftlsn—l-ml) (48)
ety i (si+2(s+1)G+D) [ty 4+ -+ 1+ 1 et
Zilzo : j=0 <_1) 2 < ] Fm1+t1s(i—j) T F‘mz-i-tls(i—j)Ztl+ T
Fs
fr— z S
St FUW <t1 4 ... + t + 1> P——
? P
But then, from (48) we see that
k k
Z (Ftl%Sﬂri»ﬂ’U T Ftlén+ml> (49)
kptr+-+kit; @ (si+2(s+)G+D) [ kyty + -+ kit; + 1 i & K bty —i
Z% Zo(_l) 2 ( J i +tus(ig) Fmrtsp?
J— = J= S
= k Rty 41 sita(s i R
1t1+2+ it (_1)« +2(e41) (1) (kﬂfl + ‘+ kit + 1> oty bt 1
i=0 t F,

That is, the generalization (47) is indeed a particular case of (49). This is the result we
wanted to prove in this section.
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4 Some corollaries

Our starting point in this section is formula (49). We want to present here some consequences
of it.

Corollary 10. For p € N’ given, the Z transform of the sequence (")  is
v/ F,

s

Z(CDE):gfgg' (50)

Proof. We use (49) to write

n 1
Z = Z(Fst—p+1) Fstn—pt2) " Fsn
((p)Fs) (Fp!)s ( T )
i (si+2(s+1))G+D (p+ 1 i
=0 2_j=0 (—1) 2 ( . ) Esa—pri-nFse-pri—g -+ Foa-p7"
B 1 s J F,
(E) (si42(s4+1))(i+1) 1 .
( p )5 ;f:+01 (_1) + E +1 (p_: ) optl—i
Fs

But the product Fy_pti—jyFs@—pri—j) - Fos(i—j) is different from zero if and only if i = p
and j = 0. In such a case that product is (£},!), and the numerator reduces to (=1 (F))
Thus (50) follows. &

s°

(Formula (50) corresponding to s = 1 was proved by a different method in [13].)
Observe that according to the advance-shifting property (9) and (50), if 0 < py < p, then

s+1
2((""),) == o - 1)
P JF NN (_1)<Si+2(s§1))(i+n (p+ 1) Spl—i
Fs

=0 i

By using that Geyim = GFsn—1 + Gmi1Fsn, we can see that formula (49) is valid for
Gibonacci sequences G, replacing the Fibonacci ones. In fact (it suffices to check the case
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Gstln—l—ml Gst2n+m2) we have

(Gst1n+m1 Gst2n+m2)
_ E E 1 2 lh yki—=ly xlo k2 12 k1—l1 ko—l2
- <l )(Z )Gmlel—l-lG Gm2+1 (Fst1n lFstln thn lFstgn )
— — 1 2
11=012=0
k1 k}
_ 1 Iy k1—l1 o ko—
- 3 () () oottt
11=01>=0 2
tiki+toks i i 42(s -
1 122 Qi _1 M t1k1+t2k2+1 Fll kl_ll l2 Fk2_l2 t1k1+t2k27i
' t1(i—5) =11 sty (i— ) * sta(i—g) =11 sta(i=5) 7
i=0 j=0 J o
t1ky+toka+1 (si+2(s+1))(i+1)
> (=1 2 fuky t.QkQ +1 stiki+toka+1—i
i=0 5 F,
z
- t1k1+toka+1 t k tok 1 X
1k1+take (si+2(s+1))(i+1) )
Z -1y =z ( L+ ‘2 2+ ) ptiki+toko+1—i
i=0 Q3 F.
tl’ﬂibk? i |y (tlk:l + toko + 1)
_ 2 <
% i=0  j=0 J F,
ki ko
l k1—l1 i ko—l2 7nly k1—l1 l2 ko—l2 St k1+toko—i
X Z Gl Gm1+1Gﬂ212Gm2+1Fst1( 7)—1 Fst1(z j)Fstg(i—j) Fstg(z ]) e
11=012=0 ll 12
tiki+toks i (et (i
12k 5 (_1)7( it )6t (kg + Lok + 1 le Glm Stikittaks—i
. . ; st1(t—j)+m1 ~ sta(i—j)+ma
. =0 7=0 J s
tik1ftaka+1 (si4+2(s+1)) (i+1) ’
> (_1>% tiky + toko + 1 trktoks41—i
i=0 J Fs
as expected. In general we have
(Gst1n+m1 : Gstanrml) (52)
kit +tik ' ' .
Z(_l) (SJ+2<S+21))<J+1) tiky + + ik +1 le sz ik ttiky—i
= = ,] p mi+st1(i—j) my+st;(i—j)
= Z E]
tiky 4+t ki +1 ; ; .
|y 26D tiky + +tik + 1 b1kt Ry L
1 ) z
i=0 L F,

Corollary 11. Let mq,...,my € Z and tq,...,t;,k1,....k € N be given. The sequence

H Gt sntm,; can be expressed as a linear combination of s-Fibonomials ("+t1k1+"'+tlk’_’)F ,

tik1+--+ti kg
2 =0,1,...,t1k1 + - - + t;k;, according to
tiki+-+tik; 4

sl sa+2(5+1))(j+1) tlk}l + -4+ tlk}l +1
thanrml ’ thanrml = (_1> " Z Z : ( ,]

Xle L . n+tik -tk —1
mittis(i—j) | my+tys(i—j) tiky 4+ -+ tiky o

Fs

(53)
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Proof. This follows directly from (52) and (51). n
Some examples of (53) are the following (after simplifications on the coefficients of the

s-Fibonomials sequences of the right-hand side):

n—+2 m n—+1 s, n
F25n+m - Fm( 9 ) + (_1) FS—mLs< 9 ) + (_1) e FQs—m (2) . (54)
Fy F Fs

men (1), (), s ))
e (19,0, o (1), (7))

12 = 4(“ ;r 2) - (3L2 +4(=1)*") (n‘; 1) T (—1)° L? (Z) . (57)

e (), ), bor ) (1), (1),)
a3, ) o))
st (1), (), ) o (1), (1))

From (53) we see that

toi .
s (si+2(s+1)G+D (141 n+t—a1
Gtsn+m - (_1) o Z Z (_]‘> 2 ( ] ) Gts(i—j)—i—m( t > : (61)

i=0 j=0

—
Ut
(0]

—

But when G = F' or G = L, this formula can be written in a simpler form.

Corollary 12. Let t € N’ be given. The following identities hold

() |
15(1 1) itm t n+t_Z
Ftsn+m - Z (_1) e (Z) Esm( " > . (62>
Fs Fs

1=0

v) |
D) t n+t—1
Ltsn+m = Z (_1) e (Z) Lis—m( t ) . (63)
; F Fs
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Proof. We have that

S+1 (SJ+25+1 G+ (t+1 n+t—1
Ftsn+m - Z Z < ] - Es(i—j)+m " -

10]0

1) Z Z <s(z 2=ty (T 41 n+t—1
=73/ g e t Fy

=0 7=0

According to proposition 6 we can write

RS 8 (= 1)4itstm (U n+t—1
Ftsn+m - (_1) Z(_l)Q i Fz’s—m "
Fy Fy

1=0

t .
is t n t_/L
- S () £ ()
i) g, t F,

1=

which proves (62).
The proof of (63) is similar (using proposition 7). 1

In the following corollary we consider sequences involving “s-Gibonomials” (;)G =

s

Gon Gatnopt1)
GorGop

Corollary 13. Let ty,...,t; € N and ri....,r;,p1....,p € N be given. Then the Z

n\T1 n\"k - .
transform of the sequence (pl)Gst1 (Pk)Gstk 1s given by
r1 Tk
n n
Z ( ) o ( ) <64)
P/ Gy, P/ Gy,
z
T tiripitttrrepetl ; ; 1 X
1r1ip1te - teTEpk (si+2(s+1))(i+1) R
1 s 52 i ( 171P1 + + ETkPk + > Zt17’1p1+"'+tkrkpk+1*i
i=0 t Fy
tiripr+-+lgr i
. RIRPR L (si+2(s+G+D) [ Eyripy + -+ -+ prepre + 1
X 2 _ X
. r1
y (7' ]) . ) TPt AP —i
P1 /Gy, Pk /Gy,

Proof. First we write

(), ---(”)%
P/ Gy, Pk/ Gy,

LG .GTF

sty st1p1

. rl .. . Tk
GTE Z( stm Gst1(n —p1+1) Stkn Gstk (n— pk+1))

Stk Stkpk
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and then we use (52) to get

(), G
pl Gstl pk Gstk

1
- Tl . . ,rll DY rk DY Tk
sty st1p1 sty stipk
z
><t rip1+-+tprepr+1 t t 1 x

1rip1+ TPk (si+2(s+1))(i+1) .

-1 =z ( 1Py TP ) St1r1p1 o rp L=

i=0 t Fs

tiripi+-+tprepr 0
(sj+2(s+1)G+D) [T e tur 1
% E § ) - — (1 11+ ;- KTkDk T ) "
=0 Jary F.

Zt17"1p1+---+tk7”kpk*i
’

G'f’l Grl ) Grk G""k

st1(i st1(i—j—p1+1) sty (i—7) sty (i—j—pr+1)
which implies the desired formula (64). §

Corollary 14. Let t1,...,t; € N and ri...,r;,p1....,p € N be given. The sequence
k

T . . . . .
IT (I?)G can be expressed as a linear combination of s-Fibonomials (
i=1 z st;

1=0,1,...,t171p1 + - - - + tpripr, according to

k T tiripr+-Hterepe @
ny\"’ (424G [T ety 1
H( ) _ (_1)s+1 Z Z(_l) Lot T (1 1P1 + + kTkPE + ) y
i1 \Pi/ Gy, i=0 =0 J Fy
i—7\" i—i\'" [(n+tr cee P — 0
x( ‘7) ( J) ( +trpr + -+ LDk ) ‘ (65)
P Gty Pk Gty t17“1p1 + -+ tkrkpk F,

Proof. This comes directly from (64) and (51). n

n4t1ripr+- TP —i)
tiripi+-+HtprEpE F,’

Some examples of (65) are the following (after simplifications on the coefficients of the
s-Fibonomials sequences of the right-hand side):

(0, -(1), o), 0,
0,0, 500, 00,-0, o
n\* _ (n+2 et z(MTY (M) (68)

2) r t/n \Yr
D)o (9,06,
0.0, (7)o (), -0,
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(0.0, £, (10,0, o

()6, = (3, +=(10), rma-n (),
("), G), ™

Corollary 15. (a) Let my,...,my € Z and ty,...,t;, ki ...,k € N be given. For n >
ki+ - -4k + 1 we have that

tiki+-+t k+1

Z (_1>%21))(J+1) (t1k?1 + - "f‘ tik + 1) le Gk’l =0.
Fs

. j mi+sti(n—j) T myttis(n—j)
7=0
(73)
(b) Letty,...,t; € Nandry...,r,p1...,p € N be given. Forn > tiripy+- - +tgrgpr+1
we have that

tiripr+-Hlgrppr+1

Z 1) (5204 1) G 4) (t1r1p1 + e+t + 1) (n — j) " (n - j) e 0
J F, y4! Pk '

j:O Gst1 Gstk

(74)
Proof. These results are direct consequences of (the numerators in) formulas (52) and (64). 1

Corollary 16. Let p € N be given. The following identities hold
(a) ) !
n+ s(n+p) (n)
= —Fyprom * (—1 . 75
(p + 2) n o By 0 = P/, )
(b)

n + 2) 1 sntt) (n)
= Faprap * () Fga (1) 76)
(p +4 Fy FS(p+4) Fs(p+2) (p+4) (p+2) P .

Proof. (a) First observe that

Dsprs (2)
p+2 p+1 p+1

= H (Z — asjﬁs(zﬂr?—j)) — H (z — aS(j+1)ﬁS(p+1—j)> — H (2 — (=1)° asjﬁS(p—j)>
j=0 j=-1 j==1

= (== (D0 (2= (1 0 ) [T -1 (172 - 0¥ )

I
o

J
— ()Y (22 = Loz + (—1)) Doy (~1)° 2).
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Then
- ((n—l— 1) ) _ =yt
p+2 Fs Dy pys(2)
(_1>5+1 2

(1% (22 = Lygpanyz + (=1)) Dyt ((—1)° 2)
i Fapin: ()™ (1)
Fispt2) 2 — Lspr2yz + (—=1)* Ds pia ((=1)°2)

from where (according to (16) and the convolution theorem)

n -+ 1) 1 (n)
= (=1 Fooo % (—1)
(p +2/p 1) Fsp+2) o * (1) P/ E,

= (- -y

1 n
= FS 2\n ¥ (_1>5(n+p) < ) 9
Fipr2) L P/ g,
as wanted.
(b) Let us consider the polynomial D; .5 () and observe that
Dy prs (2)
p+4 p+2 p+2
- 11 (Z o 5s(p+4—j)> - 11 (Z _ oflt2) ﬁs<p+2—j>> - 11 (Z o ﬁs@—j))
j=0 j=-2 Jj==2
_ <Z a—2555(p+2)> (Z as(p+2)ﬁ 25) <Z a—sgs(p+1)> (Z _ as(l’-ﬁ-l)ﬁ*S) H (Z _ Oﬁjﬁdﬁ*i))
=0
= (2% = Lyprayz + (1)) (2* = (=1)" Lyps2yz + (=1)7) Dy 11 (2) .
Then
#((r).)
p+4)p,
Dy pis (2)
(22 — Lspaz + (_1)sp) (22 — (=1)° Lype2)2 + (_1)Sp) Dypi1(2)
1 Fyprayz 1 s Fopio) (—1)° 2 (=1)°" 2

B <_1 B s )
Fipta) 2 — Lypyayz + (=1)* Fypr2) (22 —(=1) Lspy2)z + (—1) p) D;pi1(2)

from where (according to (16) and the convolution theorem)

n -+ 2 1 1 s ns n
( ) = FS(p+4)n * (_1) (_1) FS(p+2)n * ( )
Fs Fs

p+4 Fypra) Fypt2) P

1 1 n
— —Fs 4n*(_1)s(n+)FS 277,*( ) ’
Fupin Fapra) "7 T \p)

as wanted. g
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Some examples are

= (_1) F4s n—i ( ) . (77)
( 4 F, Fys “ ey 2 Fs

=0
= (=17 Fugj Fosi-j) : (78)
( 6 P FsFys ZZ_; ; ’ ’ 2 F,
In the following corollary we will deal with & given sequences (a,),, (@), -+ , (@), and

the convolution of them (ay), * (an); * - - - * (an),, which we will denote as *¥_, (@n);-

Corollary 17. Let p € N be given. The following identities hold

(a)

sj(n+1)

n +p> spn  p—1 (_1) ’
= (-1 xi_o ——————Fos(p_iyn. 79
( 2p Fs (=1) =0 Fosp—j) ) (79)

(b) o

n+p-— 1) o1 (1)

= X’._ —FS —1—-29)n- 80
< 2p_1 FS 7=0 Fs(2p—1—2j) (217 1 2]) ( )

Proof. (a) According to (50) and (19) we have that

ZPZ(<n) >: - o ;
2p P P—

( )¥ Loz + 1)

=0

.

or (by using (51))

p—1
=z n-+p
P/ F, i—0 L25(p s 1

from where (79) follows (by using (16) and the convolution theorem).
(b) According to (50) and (20) we have that

w2 ((500),) - -
2]9—1 Fy .

(2’2 — (=1 Lyap-1-2j)2 + (—1)5)

<.

3
L

”?m.
L1

z

= - s

22— (=1)” Lyp-1-2jz + (—=1)°

<.
Il
o

from where (80) follows (with (51), (16) and the convolution theorem). §
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Some examples are

n+l) _ 1y s(n—j)
( ) ) _FQSZ(_U F;. (81)

Fs =0
n+2 S(JH
FooiFugis 82
("1)), - S T U Ry ®

In the following corollary we present decompositions of some sequences of s-Fibonomials
as linear combinations of certain Fibonacci sequences.

Corollary 18. We have the following decompositions of the s-Fibonomials:

("), =

p—1 1 n

- Z p—1

J=0 FQS(P—j) Hi:O,i;ﬁj <<_1)S] L28(p—j) - <_1)Sl L25(p—i)> t=0

(_1)S(P(n—t)+j(t+1)) F2S(p_j)t_ (p > 1)

—1
n+p (84)
2p—1 Jp
p—1 js(n+1)
(=1
= Z 1 . » Fs(2p7172j)n' (p > 1)
Jj=0 Fs(2p7172j) Hi:O it <(—1) Ls(2p7172j) - (_1) LS(prlfQi)>

(n +p - 1) 4 pzi (1) P01 ) -
? e S <(—1)‘” Lasp—3) — (=1)" Lzs(p—n)

Fostp—g—1 = Lot ( .)t) (p>2)
s(p—J . -

X |\ Fogip_i +
( Bl FZS(p—j)

(5000, - & e x 56)
2p=1/r =0 [0z (( 1)Y Lyap-1-25 — (1) Ls(2p—1—2z‘>>

Fs(2p7172j)71 - Ls(2p7172j)F (p—1-27) ) (p > 2)
s(2p—1-25)n | - =

X\ Fop—1-2jyn+1 +
(2p J)n+ FS(Qp—l—Qj)

n -1 s(p(n—t)+7(t+1))+1
n+p-— 2) 4 (-1) Lasp—j)
= , : X (87)
( =Yy

—1 S st
2p =0 j=0 [ [}=0.i ((—1) ? Lasp—g) — (—1) L2s(p—z‘))
o Lasp-ptl
X F . FZS(p_])_l Las(p—j) F . >3
2s(p—j)t+1 T Fautp—i) 2s(p—j)t | - (p=3)
s(p—j
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[y

(_1)sj(n+1)+1 L

(n +p— 3) _ p $(2p—1-25) o (88)
=) n S s (1 Lugp1a) = (<1 Luapo1-20))
L s —1-2j +(71)S
Fs(2p—1—2j)—1 - = (?’ L) )
X Fs(2p—1—2j)n+1 + e Fs(2p—1—2j)n . (p Z 3)

Fs(2p7172j)

(n . 3) B i g (=1 =0 +i0)+1 (Lasgpj) + 1) y (89)
F, =0 j=0 Hf;(ii#j ((‘Usj Lasp—j) — (=1)* LZs(pfi)>
Lesp—i) tL2s(p-3)

F28(pfj)*1 - L 1
X | Fasp—jy1 + I3 2e(ed) Fosp—jy | - (p>4)
2s(p—J)
—4
(n +p ) (90)
2p—1 ) p
—1 s(jn s
_ p (_1) (jn+1)+1 (L28(2p7172j) + (_1) ) }
=0 Hf:_ol,#j ((—1)S] Lyop—1-2j) — (=1)" L8(2p—1—2i)>
L3g2p—1-2)F(=1)° Lyap—1-2j)
Fyop-1-2j)-1 — = (szl 2t 1
X |\ Fy@p—1-2j)n+1 + o 123(22%)_1_2’) Fyop-1-2jjm | - (0 >4)
s(2p—1—-2j

Proof. The proof is similar in all the four cases. It depends on an adequate partial fractions
decomposition. We show all the steps of the proof only for the case (a), and indicate the
corresponding decompositions used in the remaining cases. For the case (a) we use that for
p > 1 one has the following partial fractions decompositions:

P
p—1 ' (91)
<Z2 - (_1)SJ LZS(pfj)Z + 1)
7=0
p—1 1 B
B Pl sj St 2 _ (__ sj ) )
=0 Hi:w#j ((_1> ’ Losp—j) — (—1) L2s(p—i)) < (=1) Lasp—z +1
and
Zp
Pl (92)
<22 — (=1)" Ly2p-1-2jy2 + (—1) )
7=0
p—1 1 .
B P sj st 2 _ (__ Js ) 1)\ :
=0 Hizo itj <(_1) ’ Ls(zp-1-2j) = (—1) Ls(2p7172i)> o (=1) Lg(ap-1-25)% + (1)
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We begin by noting that with (50) and (19) we can write

2p F, p-1

(= (D[] (= (D" Lagp2+ 1)

7=0
B z 2P
= - (_1)Spp_1 A )
22— (<)Y Lagp )2 + 1)
7=0
and then, by using (91) we have
“2((2),.)
20/ F,
p—1
- sp —1 . . sJ
2= (=1) j=0 Z.) 0,i%] <(_1>S] Lasp—j) — (=1)" LQs(p—z‘)> 2 = (=1 Lagp—)z + 1
1=0,i#£7

_1 84 s.
z pg: (—1)% Fosp—j) (—1)7 2

— (=1 p—1 s si 2 _(_1)¥ : )
- 0TS ng(p_j)Hi:Wj ((—1)]L2s<p—j>—(—1) Lzs(p—n)Z (=17 Lasgp-z +1

Thus, according to (51), convolution theorem and (16) we have that

(n + p)
2p P

p—1 sJ
spn. (_1) ’ sjn
= (=)™« Z —1 o P (=" Fasp-jpn
i= P 1, ., (=17 Laspiy = (=1)" Lasip-))
n p—1
sp(n— 1 sj(t+1
= > Ty ’ (=1)YY Py
t=0 = Beso-p ] i <(—1) Lasp-5) — (1) L2s<pfi>>
p—1 n
1 s(p(n— j
_ _ - (-1 PGS
= Bson ] 2 ((—1) Lasp—j) = (=1) Lzs(p—i)) t=0
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which proves (83). Also, by using (50), (20) and (92) we have that

~2((04),)

Zp
—= )
—

7=0
e 1 .
B p—s sj st 2 _ (1% ) _1)\$

i=0 Hizo vy <(_1) ! Lyap-1-2j — (1) Ls(2p7172i)> 22 = (=1)" Lyp-1-2)7 + (=1)

1 . .
= < 1 (_1)] Fs(2p—1—2j) (_1)] z

P sj st N a2 (1) ) _1\$
j=0 Hizo ” ((—1) ? Lyop-1-2j) — (=1) Ls(2p—1—2i)> Fa@p-1-2j) 2% = (=1)" Lsp-1-2j)% + (—1)

from where (by using (51) and (16))

n+p—1
2p—1 ) p

p—1 )
! —1 ’ jsn
— Z . F( ) : (_1)] FS(2p_1_2j)n
= Hz OZ#( L8<2p7172j) - (-1 Ls(2p7172i)> s(2p—1-2j)
p—1

-1 Js(n+1)
— ( ) Fs 2p—1-25)n
o (2p—1-2j)ns
Jj=0 Fs (2p—1-2j) Hz 0,ij < Ls(2p7172j) - <_1) Ls(2p7172i)>

which proves (84).
For the case (b), use the partial fractions decomposition (valid for p > 2):

P2

[T (2 = (1) Losgppz + 1)
-1 si
P 1 2 = (=1)" Lo
sj st 2 (_1\% . ’
j=0 Hz 0,i#j <( ¥ Lasp—j) — (=1) L28(p—i)> z (=) Lasgpyz + 1

and
2P~2
[0 (= (<)% L2y + (1))
1 (=) 2= (=1)" Lyp-1-2j)
=0 [0z <(—1)5j Liap-1-2j) — (=1)" Ls(Zp—1—2i>> 2= (=1)”

! Lyp-1-22 + (=1)°
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For the case (c), use the partial fractions decomposition (valid for p > 3):

[y

23 - 1
H?:o <Z2 - (=1)¥ Las(p—j) 2 + 1) J=0 Hz 0,i#j (( 1)~ L28(p -3~ (1) L2S(p—i)>
. (=)~ Losp—)% + Lasp—y) +1
22— (=1)" Lasp—jz + 1
and

23 i 1

- : : X
?;(1) <Z2 - (_1)SJ Ls(2p7172j)z + (_1) ) j=0 i= 07,75] <( 1) ! Ls(2p7172j) - (_1) Ls(2p7172i)>

(=) Lyop1-2j)% + Losp-1-2j) + (—1)°
22— (=1)" Lygp-1-25p7 + (=1)°

X

)

Finally, For the case (d) use the partial fractions decomposition (valid for p > 4):

1
‘ -5 ‘ . X
2% = (=1)%” Losp—jz + 1) =0 1120z (( 1)¥ Lasp—j) — (=1) Las(p—z’)>

Moy +1) 2= (DY (Lospg) + Losp)
22 = (=1)"” Lasip-pz + 1

2P

—

SSIEN

N
/N

Y

and
2P~
Hg;é (22 - (_1)Sj Ls(2p7172j)z + <_1)5>
p—1
= (- . 1 A X
=0 [0, <( 1)™ Lyzp-1-25) — (—1) Ls(2p—1—2z‘))
y (Las@p-1-2j) + (=1)°) 2 = (=1) (Lasp-1-25) + (—1)° Ly(zp-1-2))
22 = (=1)¥ Ly@p-1-2j2 + (=1)°
1

Some examples are the following:

2 1 " [ Fy, Fy,
(n . > - sT1 Z <ﬁ — (=1)**Y i) : (93)
4 Fs L4S + <_1) LQS t=0 F45 F2$
(n + 1) B 1 Z Figer + 7252 Fiy 04)
4 Jp (=1)"Las— Lus t=0 G <F2st+l + FQSFI—QSLQSFQSJ '
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n —1)5*H F3s_1 — Lss sn Foor — Ls
( ) - ( ) (F33n+1 + uFﬁ’:sn + (_1) o (an—H + 1—F8n)) .
Fs

3 LSS - <_1)s Ls F3s Fs
(95)
_ Fag q — Lios+(—1)°
(”) N T Frani1 + —— b P
) F, (L5s - (_1> L38) (L5s - LS) Fs
+ (_1)s(n+1)+1 L35 F + F3s—1 . Lﬁs‘zigl)s F
((_1)8 L3s — L58) ((_1)8 Lss — LS) st F o
_L F, - ME&
. an > an . 96
+(Ls - L5s) (Ls - (_1)8 L3s) ( +1 * Fs ( )
(1) L, P ey v
(Los — (=1)° Las) (Lgs — Lao) \ """ Fis o
n + 1 . - + (_1)s(n+1)+1 L45 F I F4s—l - Liz—:l F
6 )pn “ ((—=1)° Lus — Les) (—1)° Lua — Lag) \ Fis ot
1 s(n—t)+1 I . F2s—1 _ Lys+1
+ ( ) 2 S F25t+1 + —L%F25t
(LQS - LGS) (L28 - (_1) L4s) F28
(97)

5 Final remarks

We can write (53) (with G = F and my = --- =m; =0) as

p i .
s (si+2(s+1)G+) (p 41 n+p-—1
(—1) ! E E (—1) : ( . ) Ftljls(i—j) T Ftljfs(i—j) ( ) = Ftkilsn T Ft’jlsna
F Fs

=0 j=0 J p
(98)
where p =tk +- - -+ 1;k;. It is possible to see (98) as a linear system in the p indeterminates
(”Jr;’*i) e 1 =1,2,...,p, with m equations, where m is the number of terms Ft]?sn e Ft]fgn

we can form such that t1ky + - - - + ¢,k = p (of course we refer to non-trivial terms and up to
natural equivalences).

Conjecture 19. Any s-Fibonomial (";k)F ,k=0,1,....,p—1, can be written as a linear
combination of homogeneous terms Ft]?snFt];in x -Ftlfgn where t1ky + toks + -+ + 41k = p.

In the simplest case p = 2 we have two homogeneous terms, namely F2 and Fy,, and

(98) can be solved for (3),. and (1) 1, to obtain

Fy 2
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(), -SE(E-2) o0

n+1 1 F2 FQSTL
= | = : 100
(2, =z m) o

and (98) can

In the case p = 3 we have three homogeneous terms F,,,, Fag, Fy, and F2

be solved for (g’) B, (";1) . and (";2) p, O obtain "

n 1 F2 F. 1 Fg 1 F3

-~ (=1 s+1 snt sn “ (=1 s ST Z (-1 s sn. 101
(5), =0 G g Y RS B (101)

1 ~1)" B (<1 F2
n _EDT B G F (102)

3 Jr 3Ly Fj 3Ly F3

2 1 Py Fyy 1Fy, 1F3
K R Sk L (103)

3 Jp 2 FyF 3 F  6F3

In the case p = 4 we have 5 homogeneous terms
F4sn 3 F3snan ) F54n ) F225n ) ngann. (104)
The corresponding system (98) can be solved for the s-Fibonomials (”Z) ne0=0,1,2,3,
to obtain
1Fpn Lss FyFan (1) EFL, 1F, F?
n —- _ 4 + 3 3 + ( ) 2;71 _ = 2 sn‘ (105)
4) 4 Fys  10LsF? FsF; 10F2 F5, 4 F2Fy
(n + 1) _ (1) E Fagn | (1) By (_1)S+1 F, (_1)8+1 Fy oo 3, (106)
4 )n 4F3,  Fy 10F2 F5F 10F2  F3, 4F3, F2Fy,
7’L+2 o (_1)S+1 Fs F4sn + (_1)8 F3snan + (_1)S+l F225n (_1)8 Fs F2snF32n (107)
4 ) O 4F, Fiy 10F2 F3F 10F2  FZ A4F3,  F2Fy,
3 1Fyn  Las FyFa (=17 FZ 1 Fy, F2
n + _ 4 3 3 + ( ) 2;n+_ 2 sn (108)
4 Jp A Fys  10LFZ FiF 10F2  F5 4 F2F
However, in this case a linear dependence relation appears, namely:

S5F +3F), — 4F3,F,, =0, (109)

so the way of representing the s-Fibonomials as linear combinations of homogeneous terms
stated in our conjecture should be not unique.

It remains (for a future work) to have a proof of the conjecture above and to identify
what kind of linear dependencies exist among the homogeneous terms.
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