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1. INTRODUCTION

We are interested in the generalized Fibonacci and Lucas numbers defined by

Un(p’ q)= aan:gn’ V,,(p, ‘I)= a"+,3n:

a:p‘+2~/5’ ﬂzp-z«fA.—, A=p?—4g,p>0, and ¢ <O0.

where

It is well known that {U,(1, - 1)} and {,(1, - 1)} are the classical Fibonacci sequence {F,} and the
Lucas sequence {L,}. There are many publications dealing with summation of reciprocal series
related to the classical Fibonacci and Lucas numbers (see, e.g., [2]-[5]). Backstrom [3] obtained
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2 F, 2L, ¢ @

n=0
and André-Jeannin [2] proved that
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—_— 0).
rg) ‘F;n+l+Ls/ ‘/-5_ ZF; (s evem, §% ) (2)

* Are there results similar to (1) or (2) for the generalized Fibonacci and Lucas numbers? In this
paper we will discuss the summation of reciprocal series related to the generalized Fibonacci and
Lucas numbers. We will establish a series of identities involving the generalized Fibonacci and
Lucas numbers and some identities of [2] and [3] will emerge as special cases of our results. In
the final section, following the method introduced by Almkvist, we express four reciprocal series
related to the generalized Fibonacci and Lucas numbers in terms of the theta functions and give
‘their estimates. Some of the estimates obtained generalize the results of [1] and [2], respectively.

2. MAIN RESULTS
The following lemmas will be used later on.

Lemma 1: Let ¢ be a real number with |¢| > 1, s and a be positive integers, and b be a nonnegative
integer. Then one has that

& 1 IR~ 1
,§) t2an+b +t-—2an—b L = 195 — s 'é) 1 +12an+b—a: (3)
and
- ©0 1 1 s-1 1
; = . 4
";0 tZan+b + t-Zamb - (ta.s + t—a:) 195 9 "§0 1- tlan-(-b—as ( )
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Proof: Because the proof of (4) is similar to that of (3), we only give the proof of (3). One
can readily verify that

1 1 1 1
[lantb | g=2an-b | qas | a8 - £as _ 4as (1 + flantbtas - 1+ t2an+b—-as)

holds for n > 5. Hence, by the telescoping effect, one has that

N N s=1
3 1 1 1 1
flantb | y~dan-b | sas o - 195 _ 498 Z 1+ flantbtas - Z 1 +t2an+b—as

n=0 n=N-s+1 n=0

for all N >s. Letting N — +oo, we obtain equality (3) (since |¢[>1). O
Lemma 2: Let t be a real number with || > 1 and s be a positive integer. Then

&1 s-1, 1

= + 5
P 2 1+ ©)
s=1 .
1 s
__r 5 6
Z‘:) 1+ t2n—-s+l 2 > ( )
2s
1 1
L1 e =S5+ {21 Q)
and 2s-1 1
Z;) 1—{2"—2s+1 = 'Si'- (8)

Proof: We only show that equality (5) is valid. The proofs of (6)-(8) follow the same pat-
tern and therefore are omitted here. First,

2m-1 m-1
1 1 1 1 1 1 1
— 4=+ z e B/ Ly DO —
4 Im e 2 (1+t2" l+t“2") 2 1412

n=1
On the other hand,

& 1 1 z 1 1 _ 1
Z 1+12n—2m—1 - 1+t—2m—l +Z 1+t2n—l + 1+t—-2n+l =m+ 1+t—2m—1 :

n=0 n=1
Therefore, equality (5) holds. O

The above lemmas are used to find some equalities involving the generalized Fibonacci and
Lucas numbers. Using the lemmas, we calculate some reciprocal series related to {U,(p, q)} and

V.. 9)}-
Theorem 1: Assume that a and b are integers with a>1and 5>0. Then
(_ q)an+b/ 2 (_ q

0

)a/ 2

»ZB Vaanss 0 )+ (=) "V (p, 9) B JAU(p, 91+ (~a/ ﬁ)(b—\a)/z) ’ ®)
0 (__ q)an+b/2 _ ‘ (__ q)a/Z -\/_A— (10)
2 Uy (0, )+ (@)U (D, q)  V,(p, @1+ (~a! BYE-2Y’

i (_q)an+b/2 (_q)a/Z (1 1)

= VAUps 2 D+ O™ W (0, q) VAU (p, )1+ (—a | BT D7)’
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and

o (- q)an+b/2 (_q)a/ 2
2 Voo . ) AU gy T ar By Y
where a is even in (9), (11) and odd in (10), (12), and b is even in (9), (12) and odd in (10), (11),
respectively.
Proof: Putting ¢ = W in (3) and noticing that a8 = g, we have
w© (—g)™"?

rg) a2an+b + (_ l)b ﬁZan+b + (__ q)an+(b—as)/2 ( a® + (__ 1)as ﬂas)
(_ q)as/ 2 s—1 1

a™— (_ l)asﬂas o 1+ (___a /ﬂ)an+(b—-as)/2 :

(13)

Let us examine different cases according to the values of @, b, and s. With s=1 in (13), then
(9) holds if both @ and b are even and (10) holds if both a and & are odd. On the other hand, if a
is even, b is odd, and s = 1, then we have (11) from (13). Ifais odd, b is even, and 5= 1, then
we have (12) from (13). O

Theorem 2: Suppose that a and b are integers witha>1, >0, and a#b. Then

kal (_ q an+b/2 ~ _ (_q an y
120 Vaanes 0, )~ O™V, (p,q) ~ VAU (p, P(1-(=a/ ) (14)
i (_ q)an+b/2 _ _ -\/—A- (_ q)a/ 2 (1 5)
2 Unanss (0, ) - )™ U (D, q) Vo (p, g)1-(~a/B)E2Y’
i (__ q an+b/2 _ _ (_ q)a/z (1 6)
125 VA U0, )~ ()™ W (p,9) VAU (p, )1 (-a/ B)*92)’

and
© (__ q)an+b/2 _ (_q) al2 (17)

Z;) Vaarst (D> ) — )™ 2 JAU(p,q) Vo, )1 (~a/ BYT?Y’

where a is even in (14), (16) and odd in (15), (17) and 5 is even in (14), (17) and odd in (15),
(16), respectively.

The proofis similar to that of Theorem 1 except that (13) is replaced by

0 __\an+b/2

ngo a2an+b + (_ l)b ﬂZan+b _ (_ q)an+(b—as)/2 ( a® + (_ l)a.r 'Bax)
—(=q .

a® - (__ l)as ﬁa.w fur 1- (__ al ﬂ)an+(b—as)/2

Equality (18) is valid by putting 7 = \/-a /8 in (4).

Theorem 3: Suppose that s is a positive integer. Then

3 (=9 _ (™ (s-1 1
§>V2n(1’= D+, (2, q) JAUp, q)( 2 +1+('ﬁ/a)’/2) (s even),

(18)

as/2 =1 1

o

(19)
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) n+1/2 .v/2

(——q) = ( q R AY S

;,5;% Upns(2, D+ () 2V (p, ) 1 VA~ 2U,(p, q) (s even, 5 0), 20)

N 9" _ 9" [s-1 1

2 Vo2, D)+ VA0 U (p, @)~ V(P q)( 2 +1+(~ﬂ/a)s’2) (odd, @D

had (_q)"‘&'l/z _ (—q)S/ZﬂS

Zi‘; Uppii(0, )+ ()" U (p,q) 2V, (P, 9) (s odd), (22)

3 9 _ 97 (1— s 1 )

E) Vo 22 9) - (-0 AU (D 9) VB D\ 2 (Bla)?-1 (sodd),  (23)
and

i o B ) M (s even, s #0). (24)

= Upi(0, ) - (™ (p, @) VA 2U(p,9)

Proof: Letting a =1 and b = 0 in (13), we have

3 ( q)s/ 2 s-1

S 9"
;z_: Voul 0 )+ (V2. ) VAU, @) 15 1+(—a/ﬂ
Due to (5), we obtain equality (19). On the other hand, if a =5 =11in (13), then

= o (s even).

% (_q)n+1/2 B (_q)s/z s=1 1

%Uzm(n Q)+ VW (p,q)INA T Up, 9) i 1+(—a/ By
Noticing that (6), we have equality (20).
Similarly, equalities (21) and (22) follow from (13), (5), and (6). Equalities (23) and (24) can
be obtained from (18), (7), and (8). O
From the above theorems, we can obtain some results of [2] and [3] according to the values
of p and ¢. For instance, if p =—g =1 in (9), we obtain Theorem V of [3]. If p=—¢g=11in (22),
we obtain equality (1). If p =—¢ =1 in (20), we have (2).

573 (s even).

3. THE ESTIMATES OF FOUR SERIES

In this section, the summation X, is over all integers n. Using the method introduced by
Almkvist [1], we give the estimates of four series related to the generalized Fibonacci and Lucas
numbers. Putting s =0 in the left-hand side of (20), we have

© ( q)n+1/2 12n+1

V&
;;2;6 Uppri(0, @) +2(-@)™ 2 I JA Z;, 24

where t = (-8/ a)"*. By a classical formula (see [1] or [6]), we know that
© 12n+1 193'
o (12n+1 + 1)2 - 87[2193 >

Z ﬂrznzllogt
93 = Rogt

2001} 395

where



SUMMATION OF CERTAIN RECIPROCAL SERIES RELATED TO THE GENERALIZED FIBONACCI AND LUCAS NUMBERS

and

" _ 27[2” 2n? Nlogt
85= logt " logt Z( logt ) ’

By simple computation, we can obtain -

0

( q)n+l/2 \/—A— 472 _\/_ Zn-— 27 2n? [log(-a/f)

2 Unpa(2, @) + 2(-9)™ 2/ \/— 2log(-a/ ﬂ) (log(-a / B))? (1 +23° ¢ ~27n? /log(—a/ﬂ)) .

Hence,

© ( q)n+l/2 JK _ 47[2 \/K

2 Ui 0. )+ 2-q 2 [V 210g(-a/B) (log(-a/B))* (2 + " Iee-alB)y’

Using a similar method, we can obtain the estimates of some other series. We have that

SER ) N DR B
= V@, D+2(=q)" 4 5 @+
i (_ q)n+l/2 J_ Z t2n+l

= U2"+l(p q) 2( q)n+1/2 / _\/— = (t2n+1 1)2 >
and

L) (_q)n _ 0 t2n
nz=:1 VanD, 9)-2(=q)" 73 (" =D

where ¢ = (-/a)"2. From the following facts (see [1] or [6]), i.e.,

87 12"
22 p2|148) ——
92 " ( = @ +1)? )’

t2n+1
94 87[2% t2n+1 )2 ’
and
1 9'" _S_ét _‘21 i 0 12n
247 (92 3,73 )+24 Zl @17
where
7™ 2n/logt
9= log Z( 1
and
= 7'(n-1/2)2/logt
4= log Z
we have that
$___Cor 1. 1, a? 1
n=0 I’Zn(p’ q) +2(—q)n 8 2 log(_a / ﬂ) (log(—a / ﬂ))z e21r 2/ log(-a/f) _ 2 ’
had ( q n+1/2 e J" -\/Z-
2 Upr(0, 9)-2-qy" 2 148~ Alog(-a/P)* 2log(-alp)’
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and

i (=9 1 1
V@, 9 -2(-q)" 24 2log(-a/p)

472 1 1 1
+ 2 2 - 2 += |
3(log(~a/ B\ g7 log(-alp) L9 G2r*llog(-alf) _o 8

Clearly, some of the estimates obtained in this section are the generalizations of [1] and [2],

respectively.
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Author and Title Index

The TITLE, AUTHOR, ELEMENTARY PROBLEMS, ADVANCED PROBLEMS, and KEY-WORD
indices for Volumes 1-38.3 (1963-July 2000) of The Fibonacci Quarterly have been completed by Dr.
Charles K. Cook. It is planned that the indices will be available on The Fibonacci Web Page. Anyone
wanting their own disc copy should send two 1.44 MB discs and a self-addressed stamped envelope with
enough postage for two discs. PLEASE INDICATE WORDPERFECT 6.1 OR MS WORD 97.
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