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1. INTRODUCTION 

We are interested in the generalized Fibonacci and Lucas numbers defined by 

U„(P, q) = ̂ = | ^ , V„{p, q) = a" +/?", 

where 

a = £ ^ , P = ^ - , A = p>-4q,p>0, and*<0. 

It is well known that {Un(l, -1)} and {Vn(l, -1)} are the classical Fibonacci sequence \Fn} and the 
Lucas sequence {Ln}. There are many publications dealing with summation of reciprocal series 
related to the classical Fibonacci and Lucas numbers (see, e.g., [2]-[5]). Backstrom [3] obtained 

S ^ - i T p = # <^dd) (1) 

and Andre-Jeannin [2] proved that 

Are there results similar to (1) or (2) for the generalized Fibonacci and Lucas numbers? In this 
paper we will discuss the summation of reciprocal series related to the generalized Fibonacci and 
Lucas numbers. We will establish a series of identities involving the generalized Fibonacci and 
Lucas numbers and some identities of [2] and [3] will emerge as special cases of our results. In 
the final section, following the method introduced by Almkvist, we express four reciprocal series 
related to the generalized Fibonacci and Lucas numbers in terms of the theta functions and give 
their estimates. Some of the estimates obtained generalize the results of [1] and [2], respectively. 

2. MAIN RESULTS 

The following lemmas will be used later on. 

Lemma 1: Let t be a real number with \t \ > 1, s and a be positive integers, and h be a nonnegative 
integer. Then one has that 

y I = I y _ _ i o) 

and 
1 &1 1 y i = i y i 

JL*S flan+b , f-2arhb __ /^as , f~<*s\ fos — f-as dLi i __ f2an+b-as ' 
(4) 
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Proof; Because the proof of (4) is similar to that of (3), we only give the proof of (3). One 
can readily verify that 

1 1 ( 1 
flan+b , f-2an-b . ^as , j-as ^-as _ ^as I 1 i ^2an+b+as -j , -1 1 

flan+b-as I 

hplds for n > s. Hence, by the telescoping effect, one has that 

f 1 1 ( f 1 fr1 1 ) 
ZmJ f2an+b , f-2an-b , fas , 4-as f~as 4as L^ i , ^an+b+as 2Li i , J2an+b-as 

for all JV > s. Letting N -> +oo9 we obtain equality (3) (since |f | > 1). • 

Lemma 2: Let f be a real number with |f | > 1 and s be a positive integer. Then 
s~l 1 5 - 1 . 1 

w=0 

and 25-1 

Si+^"' 2 +i+r5? (5) 

5-1 1 V 

^ 1 _ L # 2 « - 5 + 1 = 9"> w 
11=0 1 _ S " r Z 

^5-1 i 

w=0 1 _ l 

Proof: We only show that equality (5) is valid. The proofs of (6)-(8) follow the same pat-
tern and therefore are omitted here. First, 

y i i i &r l l V l l 

^0 \+t2n~2m i+r2m 2 ^{i+t2n i+r2n) m 2 i+t~2m' 

On the other hand, 

^ i - 1 _ . L V 1 L__L. £ .1-^.a. 
- 2 w i - l * 

^ i i , y f i i V . L 
Zj 1 + / 2 W - 2 . - l 1 + f 2*̂ 1 +Zj ^ + ̂ -1 + 1 + r 2 W + l J W +

 1 + r2 

Therefore, equality (5) holds. D 
The above lemmas are used to find some equalities involving the generalized Fibonacci and 

Lucas numbers. Using the lemmas, we calculate some reciprocal series related to {Un(p, q)} and 
{V„ip,q)}. 

Theorem 1: Assume that a and h are integers with a > 1 and b > 0. Then 

f (-q)an+m (-q)an
 m 

hv2an+b(p,q)H-q)a"H,'-a)'2K(p,q) 4Kua{p,q){\H-ccipfb-a)ny 
f (-<ir+b/2 (-?)a/2VA 

f (-<?r+bn c-g)a/2
 n n 

h^u2an+b{p,q)+{-qy^b-a^vaip,q) 4£ua{p,qfc+(rccipf-a)ny K . 
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and 
y (-<f)an+bn (-<7)a/2

 ( m 
hv2an+b(p,q)+JK(-qTHb-a)llUa{p,q) Va(p,q)(l + (-a I fif-**)' K > 

where a is even in (9), (11) and odd in (10), (12), and b is even in (9), (12) and odd in (10), (11), 
respectively. 

Proof: Putting / = ^j-al fi in (3) and noticing that af} = q,we have 

y {-q)an+m 

(13) 

Let us examine different cases according to the values of a, 5, and 5. With 5 = 1 in (13), then 
(9) holds if both a and b are even and (10) holds if both a and b are odd. On the other hand, if a 
is even, b is odd, and s=\, then we have (11) from (13). If a is odd, b is even, and s=\, then 
we have (12) from (13). • 
Theorem 2: Suppose that a and b are integers with a > 1, b > 0, and a * b. Then 

y (-qr+m -i~q)an
 (u, 

h V2an+b(p, q) ~ (-q)a"Hb-a)/2Va(P, q) ^Ua{p, q)(\ - (-a I fif^2)' l > 

y (-q)a"+b/2 _ -4£(-q)°n
 n 5 , 

hu2an,bip,q)-{-qT^-a)l2Uaip,q) Va{p,qtl-(raipr-a^y K } 

and 
h <ttU2an+b(p, q) - (-qr+^nVa(p, q) 4EUa{p, q)(l - (-a I fif ~^2)' 

h V2a„+b(p,q)-(-qy^"-a)n^AUa(p,q) K(P,00"(~«IP)^'2)' 

(16) 

(17) 

where a is even in (14), (16) and odd in (15), (17) and b is even in (14), (17) and odd in (15), 
(16), respectively. 

The proof is similar to that of Theorem 1 except that (13) is replaced by 
f. {-q)m+bn 

-j-qT'2 *± 1 
J0l-(-a//?)' 

(18) 

aas - (-!)"'0<" S l - ( - a i py^f-asyi 

Equality (18) is valid by putting t = J-a/fi in (4). 

Theorem 3: Suppose that s is a positive integer. Then 

f (-<?)" _ ±-qY'2 (s-i. i } , . e v e n , (m 
h V2„(P,q)H-qy-"2Vs(p,q) ~ ^Us(p,q) { 2 + l + (-^/a)^J ( , e V "* (19 ) 
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£ U2n+1(p, q) + (-qr^/2Vs(p, q)l4E = 2Us(p, q) (" e v e o ' s* ° X ( 2 0 ) 

(rqf (-q)sn (s-\ lkv2n(p,<i)+^(-<iy-snus(p,q)~vs(p,q)l 2 +i+(-p/ay>) (5°dd)> (21) 

hu2n+1(p,q) + (-<ir(1-s)l2Us(p,qr 2Vs(p,q) {*°M)> ^ 
(-qf _ ( - g y / 2 f l - 5 (5 odd), (23) 

and 
%>V2n(p,q)-(-qrsl2^Us(p,q) Vs(p,q){2 ( - /?/a)* / 2- l 

5uM(p,q)-Hrwr.(p,q)/jA = wjki ('even- ^ 0 ) ' (24) 

Proof: Letting a = 1 and h = 0 In (13), we have 

Due to (5), we obtain equality (19). On the other hand, If a = h = 1 in (13), then 

f (-<?)"+1/2 ... (-q)sf2 y i ( , e v e n ) 
£'oU2n+l(p,q)H-qrHl-s)nVs(p,q)/JA U,(p, q) £0 1 + ( -a //J)"*1-)'2 

Noticing that (6), we have equality (20). 
Similarly, equalities (21) and (22) follow from (13), (5), and (6). Equalities (23) and (24) can 

be obtained from (18), (7), and (8). D 
From the above theorems, we can obtain some results of [2] and [3] according to the values 

ofp and q. For instance, If p - -q = 1 In (9), we obtain Theorem V of [3]. If p = -q = 1 In (22), 
we obtain equality (1). If p = -q = 1 In (20), we have (2). 

3. THE ESTIMATES OF FOUR SEMIE8 

In this section, the summation Ew Is over all Integers n. Using the method Introduced by 
Almkvlst [1], we give the estimates of four series related to the generalized Fibonacci and Lucas 
numbers. Putting s = 0 In the left-hand side of (20), we have 

f (-qrm
 =rry '2"+1 

ioU2n+l(p,q) + 2(-qrin/^ h(*2"+l + l)2' 
where t = (-/?/ a)112. By a classical formula (see [1] or [6]), we know that 

S(^+1 + l)2="8^"? 

where 
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and 

By simple computation, we can obtain 

£o U2n+1(p,q) + 2(-qy+iJ2/jA 2log(-a/fi) (logi-a/fi))2^!^^"2^-"1^)' 

Hence, 
y (-?ri/2 VA 4^2VA 

h U2n+i(P, q)+2(-qy+m /VA ~ 21og(-a//?) ( l o g(- a //?))2(2+e^/.og(-aW) • 

Using a similar method, we can obtain the estimates of some other series. We have that 
•+S72f \ 2 5 

£oV2n{p,q) + 2{-q)" 4 £ ( ' 2 " + l)2 

\w+l/2 co # 2w+I (-<?)" 
%>U2n+1(p,q)-2(-qr1/2/jA ^ (*2"+1 ~ I)2 ' 

and 
». *2?f y lz22 = y I 

where / = (-fi/a)in. From the following facts (see [1] or [6]), i.e., 

»2 I. s r + t f 2 r 

M_ 2»+l 

and 

where 

and 

24^ 

S4 "" £0(t2»+1-l)2' 

^-Viogr4-e 

we have that 
y (-<?)" , 1 , i + I*2 i 
hV2„(p,q)+2{-q)n 8 21og(-a//?) (log(-a/j0))2 f*n*-aii»_2* 

5 t W f c q ) - 1 h q T m / V A * 2(log(-a/^))2 " 21og(-a/$ ' 
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and 
f Hi)" ,. i i 
^ ( A f ) - 2 ( - ? r ~ 2 4 21og(-a//?) 

4TT2 ( 1 1 \ \ 
30Og(-a lp)f yel*2llo&-aip) + 2 e2K2l\og{-alf3) __ 2 8 

Clearly, some of the estimates obtained in this section are the generalizations of [1] and. [2], 
respectively. 
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