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Abstract

In this paper we use elementary methods to study the relationship between the
generalized Fibonacci polynomials and the famous Bernoulli numbers, and give several
interesting identities involving them.

1 Introduction and results

As usual, the famous Fibonacci polynomials F (x) = {Fn(x)} are defined by the second-order
linear recurrence

Fn+2(x) = xFn+1(x) + Fn(x) (1)

for n ≥ 0 and F0(x) = 0, F1(x) = 1. These polynomials are of great importance in the study
of many subjects such as algebra, geometry, and number theory itself. Obviously, they
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have a deep relationship with the famous Fibonacci numbers (Fn)n≥0. That is, Fn(1) = Fn.
Many scholars have studied numerous properties of the Fibonacci numbers. For example,
R. L. Duncan [1] and L. Kuipers [2] proved that (logFn) is uniformly distributed mod 1.
N. Robbins [3] studied the Fibonacci numbers of the forms px2 ± 1, px3 ± 1, where p is a
prime. Wenpeng Zhang [4] and Fengzhen Zhao [5] obtained some identities involving the
Fibonacci numbers. Moreover, Yuan Yi and Wenpeng Zhang [6] studied the calculation on
the summation involving the Fibonacci polynomials, and obtained the following

Proposition 1 Let F (x) = {Fn(x)} be defined by (1). Then for all positive integers k and
n, we have the formula

∑

a1+a2+···+ak=n

Fa1+1(x)Fa2+1(x) · · ·Fak+1(x) =

bn

2
c

∑

m=0

(

n+ k − 1−m

m

)(

n+ k − 1− 2m

k − 1

)

xn−2m

where the summation is over all k-dimension nonnegative integer coordinates (a1, a2, . . . ,
ak) such that a1 + a2 + · · · + ak = n, and bzc denotes the greatest integer not exceeding z,
and

(

m

n

)

= m!
n!(m−n)! .

On the other hand, the famous Bernoulli numbers are defined by

x

ex − 1
=

∞
∑

n=0

Bn

xn

n!
, | x |< 2π. (2)

A recursion formula involving the Bernoulli numbers is

Bn =
n
∑

k=0

(

n

k

)

Bk

for n ≥ 2 and B0 = 1, B1 = −12 , which successively yields the values

B2 =
1

6
, B2k+1 = 0, (k = 1, 2, · · · ), B4 = −

1

30
, B6 =

1

42
,

B8 = −
1

2
, B10 =

5

66
, B12 = −

691

2730
, B14 =

7

6
, · · ·

Moreover, the Bernoulli numbers B2k alternate in sign, and are related to ζ(2k) as follows:

ζ(2k) = (−1)k+1 (2π)
2kB2k

2(2k)!
.

Other important results involving the Bernoulli numbers can be found in references [7, 8, 9].
Now we consider the polynomial sequence H(x) = {Hn(x)} defined by H0(x) = 0,

H1(x) = 1, and
Hn+2(x) = P (x)Hn+1(x) +Q(x)Hn(x), (3)

where P (x) and Q(x) are polynomials with ∆(x) = P 2(x) + 4Q(x) > 0. It is easy to see
that (3) is a generalization of (1).
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It is well known that the Fibonacci numbers and Lucas numbers are closely related to
the Chebyshev polynomials. Yuankui Ma and the first author [10] studied the relation-
ships between the Chebyshev polynomials of the first kind and the famous Euler numbers,
and obtained an interesting identity involving them. But no similar relationship between
the generalized Fibonacci polynomials and the Bernoulli numbers was previously known.
In this paper, we use elementary methods to study the relationship between the general-
ized Fibonacci polynomials and the famous Bernoulli numbers, and give several interesting
identities involving them. That is, we shall prove the following

Theorem 1 For all positive integers k and n with k ≤ n, we have the formula

∑

a1+···+ak+b1+···+bk=n

Ha1
(x)

a1!
· · · Hak

(x)

ak!

Bb1

b1!
· · · Bbk

bk!

(

√

∆(x)
)b1+···+bk

=
(kβ)n−k

(n− k)!
,

where β =
P (x)−

√
∆(x)

2
.

If we take P (x) = x and Q(x) = 1 in Theorem 1, then we have

Corollary 1 For all positive integers k and n with k ≤ n, we have

∑

a1+···+ak+b1+···+bk=n

Fa1
(x)

a1!
· · · Fak

(x)

ak!

Bb1

b1!
· · · Bbk

bk!

(√
x2 + 4

)b1+···+bk
=

(kβ(x))n−k

(n− k)!
,

where β(x) = x−
√
x2+4
2

.

If P (x) and nonzero Q(x) in Theorem 1 are integers with P 2 + 4Q > 0, then we imme-
diately obtain the following

Corollary 2 For all positive integers k and n with k ≤ n, we have the identity

∑

a1+···+ak+b1+···+bk=n

Ha1

a1!
· · · Hak

ak!

Bb1

b1!
· · · Bbk

bk!

(

√

P 2 + 4Q
)b1+···+bk

=
(kβ ′)n−k

(n− k)!
,

where β ′ =
P−
√

P 2+4Q

2
.

Taking x = 1 in Corollary 1, or P = Q = 1 in Corollary 2, we immediately deduce the
following

Corollary 3 For all positive integers k and n with k ≤ n, we have the identity

∑

a1+···+ak+b1+···+bk=n

Fa1

a1!
· · · Fak

ak!

Bb1

b1!
· · · Bbk

bk!

(√
5
)b1+···+bk

=
(kβ(1))n−k

(n− k)!
,

where β(1) = 1−
√
5

2
.
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In particular, taking k = 1, 2, 3 in Corollary 3, we easily get

Corollary 4 For all positive integers n, we have

∑

a+b=n

Fa

a!

Bb

b!

(√
5
)b

=
(β(1))n−1

(n− 1)!
.

Corollary 5 For all positive integers n ≥ 2, we have

∑

a+b+c+d=n

Fa

a!

Fb

b!

Bc

c!

Bd

d!

(√
5
)c+d

=
(2β(1))n−2

(n− 2)!
.

Corollary 6 For all positive integers n ≥ 3, we have

∑

a+b+c+d+e+f=n

Fa

a!

Fb

b!

Fc

c!

Bd

d!

Be

e!

Bf

f !

(√
5
)d+e+f

=
(3β(1))n−3

(n− 3)!
.

2 Proof of Theorem

In this section, we shall complete the proof of Theorem. First we let α =
P (x)+

√
∆(x)

2
and

β =
P (x)+

√
∆(x)

2
denote the roots of characteristic polynomial λ2 − P (x)λ − Q(x) of the

generalized Fibonacci polynomial sequence H(x), then the terms of the sequence H(x) can
be expressed as (see [11, 12])

Hn(x) =
1

√

∆(x)

((

P (x) +
√

∆(x)

2

)n

−
(

P (x)−
√

∆(x)

2

)n)

.

Then we easily deduce that the generating function of H(t, x) is

H(t, x) =
∞
∑

n=0

Hn(x)

n!
tn =

∞
∑

n=0

αn − βn

(α− β)n!
tn. (4)

That is,

H(t, x) =
eαt − eβt

α− β
=

eβt
(

et
√
∆(x) − 1

)

√

∆(x)
.

Therefore, we have

eβt =
H(t, x)

t
· t

√

∆(x)

et
√
∆(x) − 1

.

Then from (2) and (4), we have

eβt =

( ∞
∑

m=0

Hm(x)

m!
tm−1

)( ∞
∑

n=0

Bn

n!

(

t
√

∆(x)
)n

)

. (5)
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Note that for two absolutely convergent power series
∞
∑

n=0

ant
n and

∞
∑

n=0

bnt
n, we have

( ∞
∑

n=0

ant
n

)

·
( ∞
∑

n=0

bnt
n

)

=
∞
∑

n=0

(

∑

u+v=n

aubv

)

tn,

so k times on the both sides of formula (5), we have

LHS =
(

eβt
)k

= ekβt =
∞
∑

n=0

(kβ)n

n!
tn,

RHS =
∞
∑

n=0

∑

a1+···+ak+b1+···+bk=n

Ha1
(x)

a1!
· · · Hak

(x)

ak!

Bb1

b1!
· · · Bbk

bk!

(

√

∆(x)
)b1+···+bk

tn−k.

Comparing the coefficients of tn−k on the above, we immediately obtain the following
identity

∑

a1+···+ak+b1+···+bk=n

Ha1
(x)

a1!
· · · Hak

(x)

ak!

Bb1

b1!
· · · Bbk

bk!

(

√

∆(x)
)b1+···+bk

=
(kβ)n−k

(n− k)!
.

This completes the proof of Theorem 1.
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