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δ-FIBONACCI NUMBERS

Roman Witu la, Damian S lota

The scope of the paper is the definition and discussion of the polynomial
generalizations of the Fibonacci numbers called here δ-Fibonacci numbers.
Many special identities and interesting relations for these new numbers are
presented. Also, different connections between δ-Fibonacci numbers and
Fibonacci and Lucas numbers are proven in this paper.

1. INTRODUCTION

Rabinowitz in [9] and Grzymkowski and Witu la in [4] independently
discovered and studied the following two identities:

(1.1) (1 + ξ + ξ4)n = Fn+1 + Fn(ξ + ξ4)

and

(1.2) (1 + ξ2 + ξ3)n = Fn+1 + Fn(ξ2 + ξ3),

where Fn, n ∈ N denotes the Fibonacci numbers (see, for example [7]) and ξ ∈ C,
ξ 6= 1, ξ5 = 1. Corresponding to these identities, many classical identities and
relations for Fibonacci and Lucas numbers could be proved in a new elegant way
(see for example [12]).

In this paper we generalize the identities (1.1) and (1.2) to the following
forms:

(1.3)
(
1 + δ(ξ + ξ4)

)n
= an(δ) + bn(δ)(ξ + ξ4)

and

(1.4)
(
1 + δ(ξ2 + ξ3)

)n
= an(δ) + bn(δ)(ξ2 + ξ3)
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for δ ∈ C, n ∈ N. Simultaneously with these new identities, we introduce the
polynomials an(δ), bn(δ) ∈ Z[δ], which by (1.1) and (1.2), can be treated as the
generalization of the Fibonacci numbers and, therefore, which are called here the
δ-Fibonacci numbers. The scope of this paper is to investigate basic properties
of these new kinds of numbers. For example, Binet’s formulae for δ-Fibonacci

numbers and formulae connecting an(δ) and bn(δ), n ∈ N, with Fibonacci and
Lucas numbers are presented.

It is important to emphasize that our δ-Fibonacci numbers belong to the
family of the so called quasi-Fibonacci numbers of (k-th, δ-as) orders for k ∈
2N − 1, δ ∈ C. These numbers are, by definition, the elements of the following
sequences of polynomials:

{an,i(δ)}n∈N ⊂ Z[δ], δ ∈ C, i = 1, 2, . . . ,
1

2
ϕ(k),

where ϕ is the Euler’s totient function. If k is an odd prime number, then the
quasi-Fibonacci numbers of (k-th, δ-as) order are determined by the following
identities:

(1.5)
(
1 + δ (ξ` + ξk−`)

)n
= an,1(δ) +

(k−3)/2∑

i=1

an,i+1(δ)
(
ξi ` + ξi(k−`)

)
,

for ` = 1, 2, . . . , (k − 1)/2, n ∈ N and where ξ := exp(2 π i/k). More information
and general definitions of the quasi-Fibonacci numbers are given in papers [12,
14].

We note that δ-Fibonacci numbers, are the simplest members of the family
of the quasi-Fibonacci numbers of (k-th, δ-as) order. Moreover, in paper [12] and
[4] the basic properties of the quasi-Fibonacci numbers of the (7-th, δ-as) and (11-
th, δ-as) order, respectively, are presented. In paper [14], which is a continuation
of paper [12], the applications of the quasi-Fibonacci numbers of the (7-th, δ-as)
order to the decomposition of some polynomials of the third degree are studied.
They make it possible to generate new Ramanujan-type trigonometric identities!

Remark 1.1. Most identities and relations discussed in the paper are proved by an

immediate application of identities (1.3) and (1.4). The use of Binet’s formulae for δ-

Fibonacci numbers (which were proved in Section 4) is restricted in this paper only to

some cases. By doing so, we want to promote an alternative, more creative method of

generating and verifying the identities for δ-Fibonacci numbers.

Our paper is divided into seven sections. In the second section, the definitions
and notations are given. In the third section, the basic formulae and properties of
δ-Fibonacci numbers are derived. In the fourth section of the paper, the Bi-

net formulae for δ-Fibonacci numbers are proven. The relationships between
δ-Fibonacci numbers for different values of δ’s are studied in the fifth section of
the paper. In the sixth section, the reduction formulae for indices are given. Some
summation and convolution type formulae for δ-Fibonacci numbers are derived
in the last section of the paper.
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2. DEFINITIONS AND NOTATIONS

Let ξ = exp(i2π/5). Let us start with the following basic result:

Lemma 2.1. a) Any two among the following numbers :

1, −β := ξ + ξ4 = 2 cos
2π

5
=

√
5 − 1

2
, −α := ξ2 + ξ3 = −2 cos

π

5
= −

√
5 + 1

2

are linearly independent over Q. Moreover, we have [6, 7]:

α + β = α β = −1, α2 = α + 1 and β2 = β + 1.

b) Let fk ∈ Q[δ] and gk ∈ Q[δ], k = 1, 2. Then, for any a, b ∈ R linearly

independent over Q, if

f1(δ)a + g1(δ)b = f2(δ)a + g2(δ)b, for δ ∈ Q

then

f1(δ) = f2(δ) and g1(δ) = g2(δ), for δ ∈ C.

Now, let us set

(2.1)
(
1 + δ(ξ + ξ4)

)n
= an(δ) + bn(δ)(ξ + ξ4)

for δ ∈ C, n ∈ N. Then by Lemma 2.1 the following recurrence relations hold true:

a0(δ) = 1, b0(δ) = 0,

(2.2) an+1(δ) = an(δ) + δbn(δ),

(2.3) bn+1(δ) = δan(δ) + (1 − δ)bn(δ),

or

(2.4)

[
an+1(δ)
bn+1(δ)

]
=

[
1 δ

δ 1 − δ

] [
an(δ)
bn(δ)

]
.

The elements of sequences {an(δ)} and {bn(δ)} will be called the δ-Fibonacci

numbers.

Table 1: The most important cases (for Axxxxxx see [10])

δ −2 −1 1/2 2/3 1 2

an(δ) A015448 A001519 2−nF2n+1 3−nF3n+1 Fn+1 5bn/2c

bn(δ) −F3n −F2n 2−nF2n 3−nF3n Fn (1−(−1)n)5bn/2c
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Remark 2.2. We note that, also by Lemma 2.1, the following identity holds:

(2.5)
(
1 + δ (ξ2 + ξ

3)
)n

= an(δ) + bn(δ) (ξ2 + ξ
3).

Hence, by (2.1) we get the identity:

(2.6)
(
1 + δ (ξ + ξ

4)
)n

+
(
1 + δ (ξ2 + ξ

3)
)n

= 2 an(δ) − bn(δ) := An(δ).

The new auxiliary sequence {An(δ)} shall be used in many applications of numbers {an(δ)}

and {bn(δ)}, especially for the decomposition of certain polynomials.

Remark 2.3. Let us highlight that from definition (2.2) and (2.3) the previously men-
tioned fact can be inferred that an(δ), bn(δ) ∈ Z[δ], n = 0, 1, 2, . . .

Thus, in view of Lemma (2.1), it may be concluded that, if Fi, Gi ∈ Q[x0, x1, . . . ,

x2n+1], i = 1, 2, and

F1

[
a0(δ), a1(δ), . . . , an(δ), b0(δ), b1(δ), . . . , bn(δ)

]

+ (ξ + ξ
4) F2

[
a0(δ), a1(δ), . . . , an(δ), b0(δ), b1(δ), . . . , bn(δ)

]

= G1

[
a0(δ), a1(δ), . . . , an(δ), b0(δ), b1(δ), . . . , bn(δ)

]

+ (ξ + ξ
4) G2

[
a0(δ), a1(δ), . . . , an(δ), b0(δ), b1(δ), . . . , bn(δ)

]
,

for δ ∈ Q, then
Fi

[
a0(δ), . . . , bn(δ)

]
= Gi

[
a0(δ), . . . , bn(δ)

]
,

for every i = 1, 2 and δ ∈ R. A similar fact holds when ξ + ξ4 is replace by ξ2 + ξ3.

The two facts discussed above and referred to as reduction rules, constitute a
principal technical trick used almost throughout our paper. Once again, it should
be emphasized that this method of proving the identities for elements of recurrence
sequences “practically” has not been used in the literature. It is our hope that this
paper shall contribute to the popularization of this method, because of its clarity
and ease of operation (in contrast to the generating functions based method and
Binet’s formulae based method).

3. BASIC FORMULAE AND PROPERTIES

Lemma 3.1. The following relations hold :

a) bn(0) = 0,

(3.1) an(2) = 5bn/2c, b2n(2) = 0, b2n+1(2) = 2 · 5n and b2(δ)|b2n(δ).

b) We have (for the proof see Corollary 6.3) :

(3.2) Fn
k+1 an

( Fk

Fk+1

)
= Fkn+1 and Fn

k+1 bn

( Fk

Fk+1

)
= Fkn.

c)

(3.3) bn+1(δ) − bn(δ) = δ
(
an(δ) − bn(δ)

)
;
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(3.4) an+k(δ) = ak(δ)an(δ) + bk(δ)bn(δ);

(3.5) bn+k(δ) = bk(δ)an(δ) +
[
ak(δ) − bk(δ)

]
bn(δ);

(3.6) an+1(δ) − bn+1(δ) =
[
a2(δ) − b2(δ)

](
an−1(δ) − bn−1(δ)

)
+ b2(δ)bn−1(δ)

(3.7) =
[
(1− δ)2 + δ2

](
an−1(δ)− bn−1(δ)

)
+ δ(2− δ)bn−1(δ)

and

(3.8) δbn+1(δ) = (1 − δ)an+1(δ) + (δ2 + δ − 1)an(δ).

d) The recurrence formulae for elements of {an(δ)}-as and {bn(δ)}-as :

(3.9) an+2(δ) + (δ − 2)an+1(δ) + (1 − δ − δ2)an(δ) = 0

and

(3.10) bn+2(δ) + (δ − 2)bn+1(δ) + (1 − δ − δ2)bn(δ) = 0.

e) For a, b, c, d ∈ C, c + d(ξ + ξ4) 6= 0 and d2 − c2 + cd 6= 0 :

(3.11)
a + b(ξ + ξ4)

c + d(ξ + ξ4)
=

bd + ad − ac

d2 − c2 + cd
+

ad − bc

d2 − c2 + cd
(ξ + ξ4).

Proof. a) We have [
1 2
2 −1

]2
= 5 ·

[
1 0
0 1

]
.

So, by (2.4) we get:

[
a2n+1(2)
b2n+1(2)

]
=

[
1 2
2 −1

]2n [
a1(2)
b1(2)

]
=

[
5n

2 · 5n

]
,

and [
a2n(2)
b2n(2)

]
=

[
5n−1 a2(2)
5n−1 b2(2)

]
=

[
5n

0

]
.

Since b2(δ) = δ (2 − δ), we have

b2(δ)
∣∣∣ b2n(δ) ⇐⇒ b2n(0) = b2n(2) = 0.

c) Identity (3.3) follows from (2.3).

For the proof of (3.4) and (3.5) first, we note that:

(3.12)
(
1 + δ (ξ + ξ4)

)m+n
= am+n(δ) + bm+n(δ) (ξ + ξ4).

Next, the following decomposition could be generated:

(3.13)
(
1 + δ (ξ + ξ4)

)m+n
=
(
1 + δ (ξ + ξ4)

)m (
1 + δ (ξ + ξ4)

)n
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=
(
am(δ) + bm(δ) (ξ + ξ4)

) (
an(δ) + bn(δ) (ξ + ξ4)

)
= am(δ) an(δ)

+ bm(δ) bn(δ) +
(
am(δ) bn(δ) + an(δ) bm(δ) − bm(δ) bn(δ)

)
(ξ + ξ4).

Comparing (3.12) with (3.13) we see that by reduction rules, identities (3.4) and
(3.5) hold.

Identity (3.7) is derived from (3.4) and (3.5).

Next, by (2.2) and (2.3) again, we get:

δbn+1(δ) = δ2an(δ) + (1 − δ)δbn(δ) = δ2an(δ) + (1 − δ)
(
an+1(δ) − an(δ)

)

which implies (3.8).

d) By (3.8) and (2.2) we obtain:

an+2(δ) − an+1(δ) = (1 − δ)an+1(δ) + (δ2 + δ − 1)an(δ),

which implies (3.9). On the other hand, by (3.3) we obtain:

bn+2(δ) + (δ − 2)bn+1(δ) + (1 − δ − δ2)bn(δ) =

= bn+2(δ) − bn+1(δ) + (δ − 1)
(
bn+1(δ) − bn(δ)

)
− δ2bn(δ)

= δ
(
an+1(δ) − bn+1(δ)

)
+ (δ − 1)δ

(
an(δ) − bn(δ)

)
− δ2bn(δ)

= δ
[(

an+1(δ) − an(δ) − δbn(δ)
)

+
(
δan(δ) + (1 − δ)bn(δ) − bn+1(δ)

)]
,

which is equal to zero, by (2.2) and (2.3) again. �

The δ-Fibonacci numbers are described in an explicit form in the following:

Theorem 3.2. The following decompositions hold (Fk+1 = Fk + Fk−1, k ∈ Z);

(3.14) an(δ) =

n∑

k=0

(
n

k

)
Fk−1 (−δ)k

and

(3.15) bn(δ) =
n∑

k=1

(
n

k

)
(−1)k−1 Fk δk.

(see also (5.6) and (5.7) where alternative formulae are given).

Proof. Both formulae follow from (2.2) and (2.3). �

Corollary 3.3. We have :

(3.16) An(δ) =

n∑

k=0

(
n

k

)
(−δ)k Lk,

where Lk denotes the k-th Lucas number.
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Remark 3.4. The following formulae could easily be derived:

a
′

n(δ) = nbn−1(δ), b
′

n(δ) = n
(
an−1(δ) − bn−1(δ)

)
,

(
bn(δ)

an(δ)

)
′

=
n(1 − δ − δ2)n−1

(
an(δ)

)2 .

Hence, the following relations could be deduced:

(3.17) a2n(δ) > 0;

(3.18) b2(δ)b2n(δ) > 0,

but, b2n(δ) = 0 ⇔ b2(δ) = 0 ⇔ δ = 0 ∨ δ = 2;

(3.19) a2n(δ) > b2n(δ);

(3.20) b2n+1(δ) > b2n(δ) for δ > 0

and

(3.21) b2n+1(δ) < b2n(δ) for δ < 0;

(3.22) an+1(δ) > an(δ) > 0 for δ < 0;

(3.23) δb2n+1(δ) > 0,

but b2n+1(δ) = 0 ⇔ δ = 0;

(3.24) a2n+1(δ) > 0 for δ ∈

[√
5 − 1

2
, 2

]
.

4. BINET FORMULAE FOR δ-FIBONACCI NUMBERS

The characteristic equation of recurrence formulae (3.9) and (3.10) has the
following decomposition:

(4.1) X2 + (δ − 2) X + (1 − δ − δ2) =

(
X − 1 + δ

1 −
√

5

2

)(
X − 1 + δ

1 +
√

5

2

)

=

(
X − 1 − 2 δ cos

(
2 π

5

))(
X − 1 + 2 δ cos

(
π

5

))
.

Hence, the following two identities follow:

Theorem 4.1 (Binet formulae for an(δ)-as and bn(δ)-as). We have :

(4.2) an(δ) =
5 +

√
5

10

(
2 − δ +

√
5 δ

2

)n
+

5 −
√

5

10

(
2 − δ −

√
5 δ

2

)n

and

(4.3) bn(δ) =

√
5

5

(
2 − δ +

√
5 δ

2

)n
−

√
5

5

(
2 − δ −

√
5 δ

2

)n

for every n = 1, 2, . . ..
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Corollary 4.2. Using formulae (4.2) and (4.3) the following identities can be

generated :

(4.4) (
√

5 + 1) an(δ) + 2 bn(δ) = (
√

5 + 1)

(
2 − δ +

√
5 δ

2

)n
,

(4.5) 2 bn(δ) − (
√

5 − 1) an(δ) = (1 −
√

5)

(
2 − δ −

√
5 δ

2

)n
.

The next identity is derived by multiplying (4.4) and (4.5) :

(4.6) b 2
n (δ) − a 2

n (δ) + an(δ) bn(δ) = −(1 − δ − δ2)n.

Furthermore from (4.2) and (4.3) we get :

(4.7) a 2
n (δ) + b 2

n (δ) = a2n(δ),

and

(4.8) 5 an(δ) bn(δ) = a2n(δ) + 2 b2n(δ) − (1 − δ − δ2)n.

Corollary 4.3. We have :

(4.9) an−k(δ) an+k(δ) − a 2
n (δ) = b 2

n (δ) − bn−k(δ) bn+k(δ)

= b 2
k (δ) (1 − δ − δ2)n−k (the Catalan’s-type formula),

=

{
δ2 (1 − δ − δ2)n−1 for k = 1 (the Simson’s-type formula),
δ2 (δ2 − 5 δ + 5) (1 − δ − δ2)n−2 for k = 2.

Furthermore, the Tagiuri’s-type formula [3] holds :

an+k(δ) an+`(δ) − an(δ) an+k+`(δ) = bn(δ) bn+k+`(δ) − bn+k(δ) bn+`(δ)

= − (1 − δ − δ2)n bk(δ) b`(δ).

Moreover, we note that the following expression :

an−2(δ) an−1(δ) an+1(δ) an+2(δ) − a 4
n (δ)

is independent from a 2
n (δ) iff δ = 0 or δ = 1. For δ = 1 we get the Gelin-Cesáro

identity (see [3, 5, 8]):

Fn−2 Fn−1 Fn+1 Fn+2 − F 4
n = −1.

Proof. Let us set xn(δ) = r un + s vn, n ∈ N. Then, we obtain:

x 2
n (δ) − xn−k(δ)xn+k(δ) = −r s (uk − vk)2 (u v)n−1.

Hence, using (4.2) and (4.3) the formula (4.9) follows. �
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Corollary 4.4. We have :

(4.10) 5 a 2
n (δ) = 3 a2n(δ) + b2n(δ) + 2 (1 − δ − δ2)n,

(4.11) 5 b 2
n (δ) = 2 a2n(δ) − b2n(δ) − 2 (1 − δ − δ2)n,

(4.12) 5 a 3
n (δ) = 2 a3n(δ) + b3n(δ) + 3 (1 − δ − δ2)n an(δ),

(4.13) 5 b 3
n (δ) = b3n(δ) − 3 (1 − δ − δ2)n bn(δ),

and

(4.14) 5k b 2k
n =

k∑

`=0

(
2k

`

)
(−1)` (1 − δ − δ2)`n (2a2(k−`)n − b2(k−`)n).

Remark 4.5. From (3.14) and Corollaries 3.3 and 4.3 the following identities (for every
0 ≤ m ≤ 2n) can be derived:

5
m∑

k=0

(
n

k

)(
n

m − k

)
Fk−1 Fm−k−1 =

(2 n

m

)
Lm−2 + 2

(−1)m

m!

dm

dδm
(1 − δ − δ

2)n

∣∣∣
δ=0

,

5

m∑

k=0

(
n

k

)(
n

m − k

)
Fk Fm−k =

(2 n

m

)
Lm − 2

(−1)m

m!

dm

dδm
(1 − δ − δ

2)n

∣∣∣
δ=0

,

m∑

k=0

(
n

k

)(
n

m − k

)
Lk Lm−k =

(2 n

m

)
Lm + 2

(−1)m

m!

dm

dδm
(1 − δ − δ

2)n

∣∣∣
δ=0

,

m∑

k=0

(
n

k

)(
n

m − k

)
Fk−1 Lm−k =

(2 n

m

)
Fm−1 +

(−1)m

m!

dm

dδm
(1 − δ − δ

2)n

∣∣∣
δ=0

,

m∑

k=0

(
n

k

)(
n

m − k

)
Fk Lm−k =

(2 n

m

)
Fm.

Also, see papers [1, 2] for interesting recurrence relations for the coefficients of polynomials

(1 + δ + δ2)n, n ∈ N.

5. THE RELATIONSHIP BETWEEN δ-FIBONACCI NUMBERS

FOR DIFFERENT VALUES OF δ’s

Let us start with the following fundamental formulae, which make it possible
to define numbers an(δ) and bn(δ) by a given an(∆) and bn(∆) with ∆ 6= δ.

Theorem 5.1. The following identities hold :

(5.1) ζnan

(
δ

ζ

)
=

n∑

k=0

(
n

k

)
(ζ − 1)n−kak(δ)

and

(5.2) ζnbn

(
δ

ζ

)
=

n∑

k=0

(
n

k

)
(ζ − 1)n−kbk(δ)
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for ζ 6= 1 ∧ ζ 6= 0 ∧ δ 6= 0.

Proof. By (2.1) we have (for ζ 6= 0):

(5.3)
(
ζ + δ(ξ + ξ4)

)n
= ζn

(
1 +

δ

ζ
(ξ + ξ4)

)n

= ζnan

(
δ

ζ

)
+ ζnbn

(
δ

ζ

)
(ξ + ξ4).

On the other hand, we obtain:

(
ζ + δ(ξ + ξ4)

)n
=
(
(ζ − 1) + 1 + δ(ξ + ξ4)

)n

=

n∑

k=0

(
n

k

)
(ζ − 1)n−k

(
1 + δ(ξ + ξ4)

)k

(5.4) =
n∑

k=0

(
n

k

)
(ζ − 1)n−kak(δ) +

( n∑

k=0

(
n

k

)
(ζ − 1)n−kbk(δ)

)
(ξ + ξ4).

Using (5.3), (5.4) and the reduction rules identities (5.1) and (5.2) follow. �

Corollary 5.2. For ζ = 2, δ = −2 we obtain (a new identity – as it seems) :

(5.5) 2n F2n−r =

n∑

k=0

(
n

k

)
F3k−r , for every r ∈ Z.

Corollary 5.3. For δ = 1 and ζ = 1/η we get :

(5.6) an(η) =
n∑

k=0

(
n

k

)
(1 − η)n−k ηk Fk+1

and

(5.7) bn(η) =

n∑

k=0

(
n

k

)
(1 − η)n−k ηk Fk.

Hence, for η = −1, the following two known formulae follow :

F2n−1 = 2n
n∑

k=0

(
n

k

)(
− 1

2

)k

Fk+1, −F2n = 2n
n∑

k=0

(
n

k

)(
− 1

2

)k

Fk.

Remark 5.4. Comparing formulae (5.6) and (5.7) with formulae (3.14) and (3.15) respec-
tively, two new interesting identities can be observed:

(5.8)
n∑

k=0

(
n

k

)
(1 − η)n−k

η
k
Fk+1 =

n∑

k=0

(
n

k

)
(−η)k

Fk−1,

and

(5.9)

n∑

k=0

(
n

k

)
(1 − η)n−k

η
k
Fk = −

n∑

k=0

(
n

k

)
(−η)k

Fk,
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i.e.,

(5.10) 0 =

n∑

k=0

(
n

k

)[
(1 − η)n−k + (−1)k

]
η

k
Fk.

Theorem 5.5. The following four identities hold :

(5.11) an(δ)Fn+1 + bn(δ)Fn = (1 + δ)n an

( 1

1 + δ

)
,

(5.12) an(δ)Fn + bn(δ)Fn−1 = (1 + δ)n bn

( 1

1 + δ

)
,

(5.13) Fn+1 an(δ) − Fn+2 bn(δ) = (1 − 2 δ)n an

( 1 − δ

1 − 2δ

)

and

(5.14) Fn an(δ) − Fn+1 bn(δ) = (1 − 2 δ)n bn

( 1 − δ

1 − 2δ

)
.

Proof. Immediately from the identity (δ 6= −1):

(5.15) (1 + ξ + ξ4)
(
1 + δ(ξ + ξ4)

)
= (1 + δ)

(
1 +

1

1 + δ
(ξ + ξ4)

)

we obtain:

(1 + ξ + ξ4)n(
(
1 + δ(ξ + ξ4)

)n
= (1 + δ)n

(
1 +

1

1 + δ
(ξ + ξ4)

)n
,

i.e.,

(
Fn+1 + Fn (ξ + ξ4)

)(
an(δ) + bn(δ) (ξ + ξ4)

)

= (1 + δ)n
(
an

( 1

1 + δ

)
+ bn

( 1

1 + δ

)
(ξ + ξ4)

)
,

an(δ)Fn+1 + bn(δ)Fn +
(
an(δ)Fn − bn(δ)Fn

)
(ξ + ξ4)

= (1 + δ)n an

( 1

1 + δ

)
+ (1 + δ)n bn

( 1

1 + δ

)
(ξ + ξ4),

and, by applied the reduction rules identities (5.11) and (5.12) follow.

The following identity can be obtained in a similar way:

(5.16) (1 + ξ + ξ4)
(
1 + δ (ξ2 + ξ3)

)
= 1 + δ (ξ2 + ξ3) + ξ + ξ4 − δ

= 1 − 2 δ + (1 − δ)(ξ + ξ4) = (1 − 2 δ)
(
1 +

1 − δ

1 − 2δ
(ξ + ξ4)

)
.
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Raising both sides of the above identity to the n-th power and applying (2.1), we
obtain:

(
Fn+1 + Fn (ξ + ξ4)

)(
an(δ) + bn(δ) (ξ2 + ξ3)

)
=

= (1 − 2δ)n
(
an

( 1 − δ

1 − 2δ

)
+ bn

( 1 − δ

1 − 2δ

)
(ξ + ξ4)

)

which, after some calculations, yields (5.3) and (5.14). �

Theorem 5.6. We have :

(5.17) an(1 − ε2) = (1 − ε)n
(
an(ε) an

(
1

1 − ε

)
+ bn(ε) bn

(
1

1 − ε

))
,

(5.18) bn(1−ε2) = (1−ε)n
(
an(ε) bn

(
1

1 − ε

)
+an

(
1

1 − ε

)
bn(ε)−bn(ε) bn

(
1

1 − ε

))
,

(5.19) (1 − ε − ε δ)n an

( ε − δ

ε δ + ε − 1

)
= an(δ) an(ε) − an(δ) bn(ε) − bn(δ) bn(ε),

and

(5.20) (1 − ε − ε δ)n bn

( ε − δ

ε δ + ε − 1

)
= an(ε) bn(δ) − an(δ) bn(ε).

Proof. Immediately from identity:

(
1 + (1 − ε2) (ξ + ξ4)

)
=
(
1 + ε (ξ + ξ4)

)(
1 − ε + (ξ + ξ4)

)
,

we obtain:

an(1 − ε2) + bn(1 − ε2) (ξ + ξ4)

= (1 − ε)n
(
an(ε) + bn(ε) (ξ + ξ4)

)(
an

(
1

1 − ε

)
+ bn

(
1

1 − ε

)
(ξ + ξ4)

)
,

which, after easy calculations implies (5.17) and (5.18).

Next, we note that

(
1 + µ (ξ + ξ4)

)n (
1 + δ (ξ2 + ξ3)

)n
=
(
1 − δ − µ δ + (µ − δ) (ξ + ξ4)

)n

= (1 − δ − µ δ)n
(
an

( µ − δ

1 − δ − µ δ

)
+ bn

( µ − δ

1 − δ − µ δ

)
(ξ + ξ4)

)
.

On the other hand, we get:

(
1 + µ (ξ + ξ4)

)n (
1 + δ (ξ2 + ξ3)

)n

=
(
an(µ) + bn(µ) (ξ + ξ4)

)n (
an(δ) + bn(δ) (ξ2 + ξ3)

)n

= an(µ) an(δ)− bn(µ) bn(δ)− an(µ) bn(δ) +
(
an(δ) bn(µ)− an(µ) bn(δ)

)
(ξ + ξ4).

Comparing both of these decompositions by the reduction rules formulae (5.19)
and (5.20) can be deduced. �
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6. REDUCTION FORMULAE FOR INDICES

Theorem 6.1 The following reduction formulae for indices hold :

a) Formulae (3.4) and (3.5) from Section 3;

b)

(6.1) am−n(δ) =

∣∣∣∣
am(δ) + bm(δ) am(δ)

an(δ) bn(δ)

∣∣∣∣
∣∣∣∣

an(δ) + bn(δ) an(δ)
an(δ) bn(δ)

∣∣∣∣

and

(6.2) bm−n(δ) =

∣∣∣∣
am(δ) bm(δ)
an(δ) bn(δ)

∣∣∣∣
∣∣∣∣

an(δ) + bn(δ) an(δ)
an(δ) bn(δ)

∣∣∣∣
;

c)

(6.3) am·n(δ) = an
m(δ) an

(
bm(δ)

am(δ)

)
,

(6.4) bm·n(δ) = an
m(δ) bn

(
bm(δ)

am(δ)

)
,

(6.5) am·n·p(δ) = anp
m (δ) ap

n

(
bm(δ)

am(δ)

)
ap

(
bn

(
bm(δ)

am(δ)

)

an

(
bm(δ)

am(δ)

)

)
,

(6.6) bm·n·p(δ) = anp
m (δ) ap

n

(
bm(δ)

am(δ)

)
bp

(
bn

(
bm(δ)

am(δ)

)

an

(
bm(δ)

am(δ)

)

)
.

Proof. b) We have:

am−n(δ) + bm−n(δ) (ξ + ξ4) =
(
1 + δ (ξ + ξ4)

)m−n
=

=

(
1 + δ (ξ + ξ4)

)m
(
1 + δ (ξ + ξ4)

)n =
am(δ) + bm(δ) (ξ + ξ4)

an(δ) + bn(δ) (ξ + ξ4)

and formulae b) from Lemma 3.1 e) follows.

c) We have:

am·n(δ) + bm·n(δ) (ξ + ξ4) =
(
1 + δ (ξ + ξ4)

)m·n
=
(
am(δ) + bm(δ) (ξ + ξ4)

)n

= an
m(δ)

(
an

(
bm(δ)

am(δ)

)
+ bn

(
bm(δ)

am(δ)

)
(ξ + ξ4)

)
,
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which yields identities (6.3) and (6.4). Similarly, identities (6.5) and (6.6) can be
deduced. �

Corollary 6.2. The following identity holds :

(6.7)
(
an(δ) − bn(δ)

)
an+k(δ) − bn(δ) bn+k(δ) = (1 − δ − δ2)n ak(δ).

Proof. The identity follows from (3.4), (3.5) and (4.6). �

Corollary 6.3. From (6.3) − (6.6) and (3.2) we get, for δ = 1 :

(6.8) Fmn+1 = Fn
m+1 an

(
Fm

Fm+1

)
(3.14)⇐⇒ Fmn+1 =

n∑

k=0

(
n

k

)
Fk−1

(
−Fm

)k
Fn−k

m+1,

(6.9) Fmn = Fn
m bn

(
Fm

Fm+1

)
(3.15)⇐⇒ Fmn =

n∑

k=0

(
n

k

)
(−1)k−1 Fk F k

m Fn−k
m+1,

(6.10) Fmnp+1 = F
np
m+1 ap

n

(
Fm

Fm+1

)
ap

(
bn

(
Fm

Fm+1

)

an

(
Fm

Fm+1

)
)

,

(6.11) Fmnp = Fnp
m ap

n

(
Fm

Fm+1

)
bp

(
bn

(
Fm

Fm+1

)

an

(
Fm

Fm+1

)
)

,

and, next, for δ = −1 :

(6.12) F2mn−1 = Fn
2m−1 an

(
− F2m

F2m−1

)
(3.14)⇐⇒ F2mn−1 =

n∑

k=0

(
n

k

)
Fk−1F

k
2m Fn−k

2m−1,

(6.13) −F2mn = Fn
2m−1 bn

(
− F2m

F2m−1

)
(3.15)⇐⇒ F2mn =

n∑

k=0

(
n

k

)
Fk F k

2m Fn−k
2m−1,

etc.

Remark 6.4. All formulae from Corollary 6.3 are simultaneously generalizations and

variations of the known Church and Bicknell’s identities [7, p. 238].

Remark 6.5. Professor W. Webb asked on the 13th International Conference on Fi-
bonacci Numbers and Their Applications in Patras (july 2008) on closed formulae for the
sums

N∑

k=1

Fkr ,

where r is a fixed positive integer. Admittedly, formulae (6.9), (6,11), etc., do not imply
such closed formulae, but allow for the reduction the problem to the sum of the powers of
the Fibonacci numbers with indices not greater than N . For example, we have:

(6.14)

N∑

k=1

Fk2

(6.9)
=

N∑

k=1

F
k

k bk

(
Fk

Fk+1

)
=

N∑

k=1

k∑

`=0

(
k

`

)
(−1)`−1

Fl F
`

k F
k−`

k+1 ,
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(6.15)

N∑

k=1

Fk3

(6.11)
=

N∑

k=1

F
k
2

k a
k

k

(
Fk

Fk+1

)
bk

( bk

( Fk

Fk+1

)

ak

( Fk

Fk+1

)

)

.

Remark 6.6. From (1.1) we obtain:

(
1 + ξ + ξ

4)n+1
+
(
1 + ξ + ξ

4)n−1
= Ln+1 + Ln

(
ξ + ξ

4)
,

i.e., (
1 + 2

(
ξ + ξ

4))(1 + ξ + ξ
4)n

= Ln+1 + Ln

(
ξ + ξ

4)
.

Hence, by (1.1) and (1.3) we get:

(
ak(2) + bk(2)

(
ξ + ξ

4
))(

Fkn+1 + Fkn

(
ξ + ξ

4
))

=

= L
k

n+1

(
ak

(
Ln

Ln+1

)
+ bk

(
Ln

Ln+1

)(
ξ + ξ

4
))

,

which, after some manipulations, gives us two new formulae:

ak(2) Fkn+1 + bk(2) Fkn = L
k

n+1ak

(
Ln

Ln+1

)

and

ak(2) Fkn + bk(2)
(
Fkn+1 − Fkn

)
= ak(2) Fkn + bk(2)Fkn−1 = L

k

n+1bk

(
Ln

Ln+1

)
.

Finally, taking into account equalities (3.1) we obtain:

(6.16) 5k
F2kn+1 = L

2k

n+1 a2k

(
Ln

Ln+1

)
=

2k∑

r=0

(2 k

r

)
Fr−1

(
−Ln

)r
L

2k−r

n+1 ,

(6.17) 5k
L(2k+1)n+1 = L

2k+1
n+1 a2k+1

(
Ln

Ln+1

)
=

2k+1∑

r=0

(2 k + 1
r

)
Fr−1

(
−Ln

)r
L

2k+1−r

n+1 ,

(6.18) 5k
F2kn = L

2k

n+1 b2k

(
Ln

Ln+1

)
=

2k∑

r=0

(−1)r−1
(2 k

r

)
FrL

r

n L
2k−r

n+1 ,

and

(6.19) 5k
L2kn = L

2k+1
n+1 b2k+1

(
Ln

Ln+1

)
=

2k+1∑

r=0

(−1)r−1
(2 k + 1

r

)
FrL

r

n L
2k+1−r

n+1 .

7. SOME SUMMATION AND CONVOLUTION TYPE FORMULAE

Theorem 7.1. a) Let µ, δ ∈ C and N ∈ N. Then, we have :

(7.1)

∣∣∣∣
µ δ + µ − 1 µ − 1

µ − 1 µ δ

∣∣∣∣
N−1∑

n=0

µn an(δ)
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= (δ2 + δ − 1)µN+1 aN−1(δ) + µN aN (δ) + (µ − µ δ − 1)

and

(7.2)

∣∣∣∣
µ δ + µ − 1 µ − 1

µ − 1 µ δ

∣∣∣∣
N−1∑

n=0

µn bn(δ) =

∣∣∣∣
µN aN (δ) − 1 µN bN(δ)

µ − 1 µ δ

∣∣∣∣ .

In the sequel, we obtain:

(7.3) δ

N−1∑

n=0

an(δ) = aN (δ) + bN (δ) − 1

and

(7.4) δ

N−1∑

n=0

bn(δ) = aN (δ) − 1.

b) For every r, N ∈ N, we have :

(7.5)

N−1∑

n=0

arn(δ) =

∣∣∣∣
arN (δ) + brN(δ) − 1 arN(δ) − 1

ar(δ) − 1 br(δ)

∣∣∣∣
∣∣∣∣

ar(δ) + br(δ) − 1 ar(δ) − 1
ar(δ) − 1 br(δ)

∣∣∣∣

and

(7.6)

N−1∑

n=0

brn(δ) =

∣∣∣∣
arN(δ) − 1 brN(δ)
ar(δ) − 1 br(δ)

∣∣∣∣
∣∣∣∣

ar(δ) + br(δ) − 1 ar(δ) − 1
ar(δ) − 1 br(δ)

∣∣∣∣
.

Proof. We have:

(7.7)
N−1∑

n=0

(
1 + δ

(
ξ + ξ4

))rn

=
1 −

(
1 + δ (ξ + ξ4)

)rN

1 −
(
1 + δ (ξ + ξ4)

)r

=
1 − arN (δ) − brN(δ) (ξ + ξ4)

1 − ar(δ) − br(δ) (ξ + ξ4)

(3.11)
=

br(δ)
(
brN(δ) + arN (δ) − 1

)
−
(
ar(δ) − 1

) (
arN (δ) − 1

)

b 2
r (δ) −

(
1 − ar(δ)

)2
+ br(δ)

(
ar(δ) − 1

)

+
br(δ)

(
arN(δ) − 1

)
− brN (δ)

(
ar(δ) − 1

)

b 2
r (δ) −

(
1 − ar(δ)

)2
+ br(δ)

(
ar(δ) − 1

)
(
ξ + ξ4

)
.
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On the other hand, we have:

N−1∑

n=0

(
1 + δ

(
ξ + ξ4

))r n

=

N−1∑

n=0

(
arn(δ) + brn(δ) (ξ + ξ4)

)

=

N−1∑

n=0

arn(δ) + (ξ + ξ4)

N−1∑

n=0

brn(δ),

which, by (7.7), implies (7.5) and (7.6). �

Theorem 7.2. Let µ, δ, ω ∈ C and k, `, N ∈ N. Then, we have :

a) 2N aN

(
1

2
(µ + δ)

)
=

N∑

n=0

(
N

n

)(
an(µ) aN−n(δ) + bn(µ) bN−n(δ)

)
,

2N bN

(
1

2
(µ + δ)

)
=

N∑

n=0

(
N

n

)(
an(µ) bN−n(δ) + aN−n(δ) bn(µ) − bn(µ) bN−n(δ)

)
;

b) 5 δ

N∑

n=0

an(δ) aN−n(δ) = (N + 1) δ
(
3 aN(δ) + bN (δ)

)
+ 2 bN+1(δ),

5 δ

N∑

n=0

bn(δ) bN−n(δ) = (N + 1) δ
(
2 aN(δ) − bN (δ)

)
− 2 bN+1(δ),

5 δ

N∑

n=0

an(δ) bN−n(δ) = (N + 1) δ
(
aN(δ) + 2 bN(δ)

)
− bN+1(δ).

c) In addition, if ω + a`(δ) 6= 0,

(7.8)

N∑

n=0

(
N

n

)
ωN−n an `+k(δ)

=
(
ω + a`(δ)

)N
(

ak(δ) aN

(
b`(δ)

ω + a`(δ)

)
+ bk(δ) bN

(
b`(δ)

ω + a`(δ)

))
,

(7.9)

N∑

n=0

(
N

n

)
ωN−n bn `+k(δ) =

(
ω + a`(δ)

)N
[
ak(δ) bN

(
b`(δ)

ω + a`(δ)

)

+ bk(δ)

(
aN

(
b`(δ)

ω + a`(δ)

)
− bN

(
b`(δ)

ω + a`(δ)

))]
.

Proof. c) First, we note that

S(δ; ω) :=
(
1 + δ (ξ + ξ4)

)k (
ω +

(
1 + δ (ξ + ξ4)

)`)N

=
(
ak(δ) + bk(δ) (ξ + ξ4)

) (
ω + a`(δ) + b`(δ) (ξ + ξ4)

)N
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=
(
ω + a`(δ)

)N
[(

ak(δ) + bk(δ) (ξ + ξ4)
)(

aN

(
b`(δ)

ω + a`(δ)

)

+ bN

(
b`(δ)

ω + a`(δ)

)
(ξ + ξ4)

)]

=
(
ω + a`(δ)

)N
[
ak(δ) aN

(
b`(δ)

ω + a`(δ)

)
+ bk(δ) bN

(
b`(δ)

ω + a`(δ)

)]

+
(
ω + a`(δ)

)N
[
ak(δ) bN

(
b`(δ)

ω + a`(δ)

)

+ bk(δ)

(
aN

(
b`(δ)

ω + a`(δ)

)
− bN

(
b`(δ)

ω + a`(δ)

))] (
ξ + ξ4

)
.

On the other hand, by an application of the binomial formula to S(δ; ω), we get

S(δ; ω) =

N∑

n=0

(
N

n

)
ωN−n

(
1 + δ (ξ + ξ4)

)n `+k

=
N∑

n=0

(
N

n

)
ωN−n an `+k(δ) + (ξ + ξ4)

N∑

n=0

(
N

n

)
ωN−n bn `+k(δ).

Comparing two decompositions of S(δ; ω) formulae c) follows. �

Remark 7.3. The formulae c) of Lemma 7.2 are, in some sense, the generalizations of the
following variations of the de Vries’ identities (see [11], where only the case of ω = ` = 1
is discussed):

(7.10)
N∑

n=0

(
N

n

)
ω

N−n
Fn`+i =

√
5

5

(
α

i (ω + α
`)N − β

i (ω + β
`)N
)
,

(7.11)

N∑

n=0

(
N

n

)
ω

N−n
Ln`+i = α

i (ω + α
`)N + β

i (ω + β
`)N

,

where α and β in Lemma 2.1 are defined. The proof of (7.10) and (7.11) can be obtained by
an immediate application of the Binet’s formula for the Fibonacci and Lucas numbers.

Moreover, from (7.8) and (7.9) both for δ = 1 and from (7.10) and (7.11) we deduce
the formulae:

(7.12)
(

1 +
F`+1

ω

)N
(

Fi aN

( F`

ω + F`+1

)
+ Fi−1 bN

( F`

ω + F`+1

))

=

√
5

5
ω

−N
(
α

i (ω + α
`)N − β

i (ω + β
`)N
)
,

(7.13)
(

1 +
F`+1

ω

)N
(

Li aN

( F`

ω + F`+1

)
+ Li−1 bN

( F`

ω + F`+1

))

= ω
−N

(
α

i (ω + α
`)N + β

i (ω + β
`)N

)
,

which implies the following relations:
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(7.14) (−2)i
(
ω + F`+1

)N
aN

( F`

ω + F`+1

)

=
(
Fi−1 −

√
5

5
Li−1

)
α

i
(
ω + α

`
)N

+
(
Fi−1 +

√
5

5
Li−1

)
β

i
(
ω + β

`
)N

,

(7.15) (−2)i−1 (
ω + F`+1

)N
bN

(
F`

ω + F`+1

)

=
(
Fi −

√
5

5
Li

)
α

i
(
ω + α

`
)N

+
(
Fi +

√
5

5
Li

)
β

i
(
ω + β

`
)N

.

At the end of this section, two convolution identities will be presented.

Theorem 7.4. We have :

(7.16) 1 +

n∑

k=0

(
n

k

)
δn−k bk(δ)Fn−k =

n∑

k=0

(
n

k

)
δn−k ak(δ)Fn−k−1,

(7.17)

n∑

k=0

(
n

k

)
δn−k bk(δ)Fn−k+1 =

n∑

k=0

(
n

k

)
δn−k ak(δ)Fn−k.

Final remarks. As noticed by one of the reviewers, identities (1.1) and (1.2) have

a corresponding form for a general second order recurrence u0 = 0, u1 = 1, un+1 =

A un + B un−1, n ∈ N. Then we have λn = un λ + B un−1 and λ̂n = un λ̂ + B un−1, where

λ = (A +
√

A2 + 4B )/2 and λ̂ = (A −
√

A2 + 4B )/2.
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