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1. INTRODUCTION

In a series of papers, Heradam [81, [9], [10], [11] has obtained many results for the generalized Fibonacci
seguence %Hn} defined below, which he extended to the more general sequence { Wn(a,b;p,q}}in 121, [13].

Additional results for the sequence { H, % , which we concentrate on here, have been obtained by, among other
authors, lyer [14], and Zeitlin [20]. Some of the results in §5 have been obtained independently by lyer [14].

It is the purpose of this paper to add to the literature of properties and identities relating to { H,,} in the ex-
pectation that they may prove useful to Fibonacci researchers. Further material relating to properties of ; Hy } will
foliow in another article.

Though these results may he exhausting to the readers, they are not clearly exhaustive of the rich resources
opened up. As Descartes said in another context, we do not give all the facts but leave some so that their discovery
may add to the pleasure of the reader.

2. A GENERATION OF H,
Generalized Fibonacci numbers H,, are defined by the second-order recurrence relation

(2.1} Hptg = Hprp+Hy, (n=0)
with initial conditions
(2.2) Ho=gq, H;=p

and the proviso that 4,, may be defined for 5 < 0.
{See Horadam [12].}
Standard methods {e.g. use of difference equations), allow us to discover that

(23) Hy = —— [ —mﬁ’;>
NN :
where

a= 1t g = 1225 (rootsof x> —x— 1 = 0), so that
2 2

a+rf=1, af=-1 a—B=5 B=-a';
{2.4) o= 2p—gf, m = 2(p—gal sothat

o+m = 22p—q), 0—m = 256 and

%om=p*—pg—q* =d lsay).

It is well known that p = 7, g = 0 leads to the ordinary Fibonacci sequence % Fp % while p = Zg = —71 leads
to the Lucas sequence L, §

Following an analytic procedure due to Hagis [5] for generating the ordinary Fibenacci number £, we pro-
ceed to an alternative establishment of (2.3).

Puth, = Hpeq. Let

*Part of the substance of an M. Sc. Thesis presented to the University of New England, Armidale, in 1968.
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(2.5) hix) = D hox"
n=0
=Py FAXFR Xt b X"

- ChA0)x L hO)xE ... . B™(0)x"
= h0) + g BJDC qove p B MOy

using a Maclaurin infinite expansion.
With the help of (2.2} one can obtain the generating function

(2.6) hix) = PE9x

7—x—x?

Introducing complex numbers, we set

(2.7) hfz) = L1z
1—2z~2%

where Afz) is an analytic function, whose only singularities are simple poles at the points

N —1+:/5
—f£:= —a and —‘?L =—f
corresponding to the roots of the equation 2> +2 -1 = 0.
From (2.5}, in the complex case, it is clear that
()]
0

(2.8) b = =

on comparing coefficients of "
One may follow Hagis, appealing to Cauchy’s Integral Theorem and the theory of residues, or argue from
(2.7} that, after calculation,

_ 7 ‘ £ m
(2.9) hz) = 75 B2 +a+_z}

whence, on differentiating n times,
(2.10) hrlz) = 1 { on! + (—”"m"-’}

2\/§ (—Z—B}”+1 (Z+a}"+7
s0 that
§ (n)/ +7 +7
{2.11) B0 - 1 gt gt
/7‘.7_ 2\/5 { }
= h,

from (2.8) from which follows the expression for H,,.7 .
Of course, if we wish to avoid complex numbers altogether, we could simply apply the above argument to (2.6)
instead of to (2.7).
3. GENERALIZED “FIBONACCI” ARRAYS

Consider the array (a re-arrangement and re-labelling of Gould [3]):

Row\Col. | 0 1 2 3 4 5 4 7
0 p
1 p 0 .
2 p P q
3 P B ptg q
4 P P 2p+g p+tg q
5 P p 3p+q 2p+q p+2q q
[i p p 4p+tg 3p+q 3Ip+3q pt+t20 g
7 p p 5p+q 4p+q Bp+dq 3p+3q p+3g g
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Letting C,” (/=0 1,2 -,n,) beanelement of this array, where the superscript refers to rows and the sub-
scripts to columns, we define the array as in Gould [3] by the conditions:

3.1) cd=cl=p cl=94
3.2) ¢f =0 i j>n or j<0
j
(3.3) et = cfy + 1121‘—”— cr i o> 1, > 0.

The row-sums are given by

n
(3.4) Splog) =3, €f  (n >0
J=0
=pFpi1+9Fn = Hper
by Horadam [8]. Thus the row-sums of this array generate the generalized Fibonacci numbers. As indicated in

Gould [3] the given array generalizes two variants of Pascal’s triangle which are related to Fibonacci numbers and
to Lucas numbers.

It may easily be verified that

(3.5) C5% =("—’I§—7) p+(”;f77) q
(3.8) Coer1 = (""i—z) * (";I_(;Z) q
so that
n [n/2] [(n-1)/2]
3.7) 2,0 = 255 3
=0 k=0 k=0
= Hpey v
as expected (cf. (3.4)).
Similarly, we can show that
n -
(3.8) S t-1el =Hyp, 0> 2.
=0
if we define the polynomials {Gn(x}} by
n -
(3.9) Calx} = 3 CF A,
=0
then we have on using (3.5) and (3.6) that
[n/2] . -
(3.10) Cfx) = Z{(”";")p+(";_7’)q}x
k=0
[(n-1)/2] (o ‘2 okt
n—k—2 n—k-—
> {( k )p+( k—7)‘7}x '
k=0 ’
where it can be shown, as in Gould [3], that the pelynomial C,{x/ satisfies the simple recurrence relation
(3.11) 2C49lx) = (2% + 1)C ,{x} + Cpf—x)
on using (3.3}, Similarly, it can be shown that C,{x/ satisfies the second-order recurrence relation
(3.12) Cpezlx) = Cppqlx) +x2 Cplx) .
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It may be noted in passing that certain properties of an array involving the elements of g H, } are given in Wall [19].

4, GENERALIZED FIBONACCI FUNCTIONS

Elmore [1] described the coneept of Fibonacci functions. Extending his idea, we have a sequence of generalized
Fibonacei functions ‘{ H,,(X}} if we put

Holx) = ;_’\/_15__ gsza"‘x — me®* }
Hylx} = Hglx)

- yinl - 7 n, ox /1, Bx
H = M = -m
nix) Hop {x) 75 {Qa [ e }

50 that we have

(4.2) Hprofx) = Hpgylx)+ Hulx) .
Obviously,
(4.3) Hol0) = g = Hg, Hy(0) =p =Hy ,
HolO0) =p+q = Hy, ~,
ete., and
a.4) Hy (0) = 2_’\/? {oa” ~mg" } = H, .
We are able to find numerous identities for these generalized Fibonacei functions, same of which are listed below for
reference:
(4.5) Hp i Ot g ) — HZ(x) = (=1)"de™
{4.6) Hp g (x}F ) + Ho(xX)F g () = Hppr(2x)
where the £,{x/ are the Fibonacei functions corresponding to the 7,{x/) of Eimore [1]. Similarly,
{4.7) Hp 1 (6)F () + Hp(udF g i v) = Hpaplu +v)
(4.8) HZ 1 (x) + H2(x) = (20 — g)H 2. 1(2x) — dF 3,,.1(2x)
(4.9) HZ1(x} = H2 4 (x) = (2p — qIH 2, (2x) — dF 5, (2x)
(4.10) H3 M)+ H3 () = 2H, ()HZ 4 1(x) + (—1)" de™ Hyyolx)
.11 Hpsg-plxH s g e0lx) — HZ 57 (x) = (—1)"Tde* FE
(4.12) Holx)H s 140(%) = Hppo sl pippsiy (x) = (=1)"°de™ FeFrpgry -

We note here that (8) 1o (14} of Horadam [8] are a special case of (4.5) to (4.12) above, since, as we have already
shown in (4.3} and {4.4), the generalized Fibonacci functions become the generalized Fibonacei numbers {H,,}
when x=0.

As in Horadam [8], we also note that (4.5} is a special case of (4.11) when r =17 and n is replaced by n— 1.
If we put r=n in (4.11) we have

(4.13) HilcMHapsqlx) — HZey(x) = de*F7 .
Corresponding to the Pythagorean results in Horadam [8], we have, for the generalized Fibanacci function #,(x/
(4.14) {2Hn+,(xjﬁ,,+2()d}2’+ { HolxIH ilx)} 2 = { 2H a1 (00H elot) + H2 () } 2

from which we may derive (16) of Horadam [8], for the special case when x = 4,
The above identities are easily established by use of the formula for #,(x/) given in (4.1) with reference to the
identities
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1+a? =afs , 1+ =65,
af=—1 , H%aunm=4d

{4.15 ’
) a®=2+y5, i1+a’=2d% ,
Za+f=a® | 1+a=d°

a+f=1 . UZp—gq)—2d = %2? , ewc.

As in Elmore [1], we can extend this theory of generalized Fibenacci functions to gensralized Fibonacei functions
of two variables to give a function of two variables, thus:

oo ; 5
{4.16) o = Olnyl = E;;H;(x) ,l/T = Hplx) +H1(x}y+H2(x}1;—!+
i

Differentiating (4.16) term-by-term gives

o0

apy % i = v
S = 2 Mt e = 3 il B

ox
=1 =0
(4.17)
3%, oo ;
P % Hialx) %
p
i.e.
' 30, 2%,
{4.18) = =

Similarly, we can verify that all higher power partial derivatives are equal, so that if we denote the ke partial
derivative by ¢4, we have

2 b= 2 = 5 ) e T et 5
awoy® o e /

where r and 5 are positive integers such that r+s = & WNoting that

{4.20} O (%,0) = Hylx), O lO0y) = Hilyl, O (0,.0) = Hy
we can expand ¢y (%)} asa power series of the two variables x and y at (0,0 so that we have

Slxy) = (0,00 + [X ¢k£f”f' ‘y ¢ka(3ag

2 2 . 2
. +__7i_[)(2 Ml +2xy 0~ 0 (0.0) +y2 9 (]5/;(0,0)] o
(4.21) 2 ox? axdy ay?

2
= Hy+Hiss LX%H FHir %;i .

so that

afx+y) _ mﬁkeﬁ(xﬂ/}

Ha— B/

k
(4.22) Oely) = Helx+y) = 228

5. GENERALIZED FIBONACGC! NUMBER IDENTITIES

Many other interesting and useful identities may be derivad for the seguence { H, § using inductive methods or
by argument from (2.1). We list some elementary results without proof:

{5.1) Hop = (=107 [gFpeq — pFpl
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{5.2)

{5.3)

(5.4)

{5.5)

(5.6)

{8.7)

{5.8)

{5.9)

{5.10)
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n
22 Hi= Hysz=Hy [= Hpsz=p]
=0

n

Z Hoig = Hop~Hol = Hoptlp—29)]
=0

n

D Hoi= Hager—Hog I= Hager~ (o — )]
i=0

2n ]
Zt (~1)""H; = ~Hanqtp—29
=0

n
Y HE = HoHoer—alp—q)
=0

n
D iHi=(n+ Hpsz— Hoeg* Hz
=0

Z(',-')Hi=f/2n

n

> ( H )H3i = 2"Hzp,

=0

n

PNEALIEEL

=0

[ocCT.

The three summations (5.8), (5.9} and (5.10), which are generalizations of similar results for the ordinary Fibonacei

Sequence { Fp }

as listed in Hoggatt [6], may all be proved by numerical substitution as, for example, in

n

=0 =0
v o(1+a3)" —ml1+6%)"}
n
- 272_5 {90 —mp?" § = 2"Hy, .

Some further generalizations of identities listed in Subba Rao [17] are:

{5.11)

n
D Hzip = BlHz,—H.)
=0

Proof: Using identity (3} of Horadam [8], viz.,

we have

2H, = Hypro—Hog |
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2H_2 = Ho— H_3
2/7’7 = H3 - Ho
Adding both sides and then dividing by two gives the desired result. Similarly,

n

(5.12) E Haig = BiH3p47—H_5)
=0
12

(5.13) z H3i = BlHapio—H_4) .
=0

Some additional identities corresponding to farmulae for the sequence { Fy } in Siler [16], are

n
(5.14) 2 Haiiz = FameriHan-3
=0
n
(5.15) 2. Hai1 = Fatpen)Han-1
=0
n
o
(5.16) L Hai-2 = Farnr1)H2n-2
=0
n
(5.17) Z: Hai = Fanr1)Han -
=0
As in Siler [16], identities (5.4) and (5.11) to (5.17) suggest that we should be able to solve the general summation
formula
4
(5.18) D Hait
=7
Proceeding as in Siler [16], we have:
n ” . n b )
Hopp = == {2 a®? _m ar
Lt | T

= (_HaHan-b = Halnt1)-b~ (_7}aH-b +Hap
(-112+7-1,

on using the fact that
. na _
@b = P [1ra? 4 +a(n_7)a] I 7
=17 R R e a? -1

n terms

with a similar expression for the term involving (. Here it should be stated that Siler rediscovered a special case due
to Lucas in 1878.

The identity (5.19) below which arose as a generalization of the combination of {2} and {3} of Sharpe [15], may
be established thus:
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{5.19) Hasorrr +Hasak = How1Honeoker + HorHansze
Proof:
20(Hr12+2k+1 . Hf+zk ) = (ea*2KHT _ gt 2kt 12+ (a2 _ mgt2k 5
= Q2a2n+4k+2 +m2ﬁ2n+4k+2 + 22a2"+4k + m2[32"+4k _ 3d(aﬁ)"+2k [1+af]
= g2q2mHAkA2 4 o 20204 4KH2 4 02 20vdk 4 o 2620+ dk
20(H o s 1Homsaies * HaxHonsoi) = 820202 4 i 2p20ak42 4 02 204K 4. o 20204k
_ Qm(aﬁ)2k+7 [a2n , BZn 1- SZm(aB)Zk{a‘?" +52n ]

= 22a2n+4k+2+m262n+4k+2+Q2a2n+4k+m252n+4k .

In an attempt to generalize those identities found in Tadlock [18], involving the Fibonacci sequence { Fn } and
the Lucas sequence { L, } we have

(5.20) Fojeq |(HZ i1 + HE )
Proof: 2 2 ea Xt _ mﬁk+j+7 2 eakd — mpkt 2
Hk+j+7+Hk_,-=[ Za p) ] +[ e - ) ]
- Q2a(2k+7(a2j+7 +a—2j—7 +m262k+7 (52j+7 +B-2j-7,,
4a-)?
_2d(aB)* "I [aB+(aB) ¥ ]
(a—p)?
_ (2T _ 2T g2 g 2kHT _ 202K+
{a—B) 4(a— )
since

a%1 - gt
g1 o o

ie.,
Wypr + W2y = Faga -1 sz2a.2/<+C7L:g,232/<+1
ie.,
Fojt1 |(H/€+j+1 +H/€_j) .
Alsg,
(5.21) 2202+ (~1)"d] = HE + WA+ HE,

This identity which is a generalization of Problem H-79 proposed by Hunter [7], may be solved as follows. From
the identity (11) of Horadam [8], we have

(5.22) 202H2+(~1)7d] = 2[H, 1 H ey +H2IZ
= Hyt HA+ A g Hory # 2HE 1 HEer
Now,
(5.23) e+ 4HE 1 Hnes + 2HA 1 HEry = iy = o1} 8lH g = Hoog) P Ho 1 H e
on calculation, so that (5.21) foliows from (5.22) and (5.23).

Two further interesting results are obtained by considering the following generalization of Problem B-9 proposed
by Greham [4]. From

H Hy _ Hpry —Hyg _ 7 7

Hn-IHn+1 B Hn—iHanﬁ - Hn-7Han+7 B HnniHn - Han+7
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we have, on summing both sides over n=2, -+, =,

{5.24)

Similarly, from

we have

{5.25)

It we define a sequence { G, } by 6, = Ay, and define { Xy } and % Y
then we may verify that

{6.1)

31 7

Ho-1Hpe1 — plo+g)

n=2
Hp Hprg—Hpr 11
Hp-1Hnt1 Hp-1Hp+1 Hp-1 Hpig
Ao  _ 2o+q

= Hn-1Hn+q plp+q)
n=2

§. RECURRENCE RELATIONS FOR 1 Hy
n

H
Gpi3 = GpezVpeyr— (-1 "6y,

which corresponds exactly with (1) of Ford {21, and that

{6.2)

2643 = GpigYpsot GoinV¥org — (1)1 HpY,

corresponding to (5) of Ford [2].
if we now define the sequence { Zn } by 2, = Hy, 4. then

(6.3)

H
where i, = a

{6.4)

since Rpe2 =

{6.5)

i.e.,

(6.6)
since

Similarly,
{68.7)

Hp+2 _ aHnHaHn =B

. Hy Hpoai
Zy = 5\;_5 {sza. Ped — mB ”ﬁf}

1 i 1]
e € et By — mf3’ S
25 % n = mb "}

H .
™ {and S, = B ") for convenience.

H Zpr = 2—\/7_; { Qajl?n+2 - mBiS,,Q}
- 2 {90/ Rye 1R~ S 115, }

18, and similarly for S0 .

Zn+2 = ;\/75_ g Rn(m’/?m«.y - mB/S,,”) + .S'n+7($2a’i?,, -~ ”IBIS,,)

- Hn5n+7(gaj_ mg’) g = Bplne1 tSp+1Zp — RnSp+1H;
H

Zpiz = RpZnty + Spsydn—(—1) "Sp_1H;

Hp Hp-
RuSper = a "B = (ag) g5

H
Zpe2 = SpZpry+ RpagZy = (=11 "Rp_1 Hy .

Adding Eqgs. (6.6) and (8.7) gives

{6.8)
i.e.,

since

i.e.

(6.9}

H,
22542 = Zns1{Rn* Sp) + ZplRuty # Speg) — (-1) nHj(ﬁn-I +8p-1/
H
22,,+2 = Y,,Z,H.; + Y,,HZ,,— {—7) ”Yn_if-/j
fn+Sp = aHn"'ﬁHn =Ly, =Y,

n

H
2HH,-,+2+] = ['HnHHn+7+LHn+7HHn+j_(_H nLHﬂ_, H/
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which is a generalization of (14) of Ford [2].
One can continue discovering new generalizations ad infinitum (but not, we hope, ad nauseam!), but the time has
come for a halt.
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