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Abstract
We study certain polynomials Py, (x,y;t) and Q,, (z,y;t) of the variable ¢t whose
coefficients involve bivariate Fibonacci polynomials F}j (x,y) or bivariate Lucas poly-
nomials L; (z,y). By working with Py, (x,y;tx) and Q,, (x,y;tx), together with the
generating functions for Bernoulli polynomials B; (t) and Euler polynomials E; (), we
obtain a list of eight identities connecting F}j (z,y) or L; (x,y) with B; (t) or E; (t). We
present also some consequences of these results.

1 Introduction

We use N for the natural numbers and N’ for NU {0}.

We recall now some definitions and basic facts of the main mathematical objects involved
in this work, namely Fibonacci and Lucas numbers and polynomials (see [6] and [8]), and
Bernoulli and Euler numbers and polynomials (see [4]).

We follow the standard notation F), (x,y) and L, (z,y) for the sequences of bivariate
Fibonacci and Lucas polynomials, defined by the recurrences F, o (x,y) = xF,_1 (x,y) +
yFn ('Tv y)7 FO (x7y) = 07 Fl (3?, y) = 17 and Ln+2 (I,y) = anfl (l’, y)+yLn (J}, y)7 LU <x7y) =
2, Ly (x,y) = x, respectively, and extended to n € Z as F_, (x,y) = —(—y) " F, (x,y)
and L_, (z,y) = (—y) " L, (z,y). Plainly we have F, (1,1) = F, and L, (1,1) = L, the
Fibonacci and Lucas number sequences (A000045 and A000032 of Sloane’s Encyclopedia).
Some bivariate Fibonacci polynomials are Fy (z,y) = z, Fy(z,y) = 2* + vy, Fy(x,y) =

234+ 2zy, Fs (z,y) = '+ 322y +972,. .., and some bivariate Lucas polynomials are Ly (z,7) =
22+ 2y, Ls (z,y) = 2> + 3y, Ly (y) = 2* + 422y + 2¢%, Ls (y) = 2° + 523y + 5ay?, ... We
will use extensively Binet’s formulas (without further comments):
1 n n n n
Fo(z,y) = (" (z,y) = 0" (z,y)) and Ly (z,y) =a"(z,y) + 6" (z,y), (1)
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where

o) =3 (e + VT ) ad By = (e VT E), )

together with the basic facts o (z,y) + (5 (z,y) =  and « (x,y) 5 (z,y) = —y. We will use
also the following explicit formulas for bivariate Fibonacci and Lucas polynomials:

<&Qaw:¢§?(n_;_k)ﬂ““%fzmdLnﬁy)ZLJnﬁk<n;k)ﬂ4%ﬁ (3)

k=0 k=0

|3

(the first formula is valid for n € N’, and the second one is valid for n € N).
We will be working with Bernoulli and Euler polynomials, which can be defined as

B, (t) = i <?) Bit" 7 and  E,(t) = i (n) % (t _ %)”‘j | (4)

=0 =0 \

where B; and E; are the Bernoulli and Euler numbers, respectively, defined by the generating

functions
[ee]

2 2 2¢7 2
1= 2B wd =) B (5)

=0 =0

The corresponding generating functions for Bernoulli and Euler polynomials are

2622@@imn2w:2m@i (6)

It is not difficult to see that for j € N, one has By;+1 = 0 and E;_; = 0 (odd Bernoulli

numbers are zero, except B; = —%, and odd Euler numbers are zero). Also we have By =
Ey = 1. Some other values are By = é, By = —3—10, Bg = %, By = —%, ... and Fy = —1,
E, =5, Eg = —61, Eg = 1385, .... The first Bernoulli polynomials are By (t) = 1,

Bi(t)y=t—1% By(t)=t>—t+¢ Bs(t) =t> =3+ 1t, By (t) =t* —2* +1* — 5, ..., and
the first Euler polynomials are Fy (t) = 1, By (t) =t — 3, Fo (t) =t —t, F5 (1) = 7 — 2% 4 1,
Ey(t) =t*—2t>+ 1, .... One can see easily that for n € N, one has B/, (t) = nB,_; (t) and
El (t) =nE,1 (1).

Besides the trivial fact B,, (0) = B,,, we will use that

B, (%) =@2'""-1)B, ., E (%) =27"E,. (7)

2 2n+1 -1
E, (0) = _%Bqﬁ—l- (8)
There are interesting papers in the literature pursuing relations among Bernoulli and Eu-
ler numbers and/or polynomials (see the 2006 works of Sun and Pan [11, 12] and references
therein). On the other hand, there are certainly much research establishing relations among
Fibonacci and Lucas numbers or polynomials (see references in the books of Koshy [6] and

Vajda [8]). But also there has been interest in finding connections between the mathematics
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of Bernoulli and Euler and the mathematics of Fibonacci and Lucas, and this interest is not
new: in 1975 P. F. Byrd [1] obtains some nice formulas connecting Bernoulli, Fibonacci and
Lucas numbers. We also have to mention the 1957 work of Kelisky [5], the 2005 work of
T. Zhang and Y. Ma [10], and the nice papers of J. Cigler [2, 3], which contains some of
the results of our corollary 3 in section 3. This article responds to the interest in exploring
more about these kind of connections. We work with certain kind of Appel sequences of
polynomials P, (x,y;t) and @, (x,y;t) in the variable ¢, whose coefficients are in turn bivari-
ate Fibonacci polynomials F,, (z,y) or bivariate Lucas polynomials L, (z,y). By working
with generating functions of Bernoulli and Euler polynomials, we establish some identities
involving the polynomials P, (z,y; xt) and @, (z,y; xt) together with Bernoulli polynomials
B; (t), Euler polynomials Ej (t), bivariate Fibonacci Fj, (x,y) and bivariate Lucas Ly (z,y)
polynomials. These identities are the main results of the work (proposition 2). In section 3
we obtain some corollaries from identities of section 2.

2 The main results

We begin with a lemma with two easy identities that we will need in the proof of the main
results of this work.

Lemma 1. The following identities hold

(=) Do) = 22%1 2,y) W (9
(1+e) Li(a Z—'_2ZL2n (,y) ) (10)

Proof. We have
@)z 4 Paa)z — a0z a-al))z — g2 (gmalew | ~Paw)z)

and then
_“ZL x,y) ZL x,y) )
Thus
(1=e™)> Ly (x,y) % = ) Lu(z,y) % —Y Ly (z.y) %
n=0 ’ n=0 ’ n=0 ’
e 22n+1
- 2;L2n+1 (ill',y) (2n+ 1),7

which proves (9), and

) ZLn (z,9) Z—T = ZL” (x,y) ;—T + ZL” (z,9) (_nz;)n

n=0 n=0
e ZZn

= 2 L n \4) )
HZ:O 2 (I y) (271)'



which proves (10). O

Let us consider the polynomials

n n -
Qo) =3 () U La o), (1)
k=0
which can be written as
Qn (7, y;t) = (t —a(z,y)" + (t — B (2, 9)". (12)
Observe that

o0 n o0 (o] Z
ZQ (a:y,tx)—! = Z(tm—a:cy +Zta:— (x,y)) —'
n=0 n=0 n=0

_ eux—auy»z_Feux—Mxy»z
_ pltomaBey)s | (to—ata(ay)

e(t—l)xz (eﬂ(:c,y)z + ea(:my)z)

= 7Y (" (@) + 6" ()
n=0
That is, we have
i Qn (z,y;tx) S elt-Dez i L, (x,y) = (13)
n ' Y3 n| - n Y n‘ :
n=0 n=0
We can use (9) to write (13) as
0 ~n etz 2n+1
nlx,y;te) — = 2 Lo, _ 14
;Q (2,9 x)n! gQny)(Zn—i-l) (14)

By using the generating function for Bernoulli polynomials (6) we can write (14) as

2n +J 1 Lonyi (w,y) 2%
n 7t = t I . 15
o =235 () m e BT o
By equating the coefficients of similar powers of z in (15) we get
" /2m 221
QZm ($7 Y; tl') =2 jgo (2] ) BZj (t) mLZMJﬂ*Qi (‘7:7 y) ) (16)
and o
=~ 2m+ 1 %
m itr) =2 1) —————————Lomi1-2; (7,9) . 17
Qams1 (z,y; tx ;(2]_'_1) 2]+1()2m+1—2j om+1-25 (2, Y) (17)
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Similarly, observe that

)n 00

N . (_Z Z > on
nZ:OQn(x,y,tx) n - Z —tr +a(z,y)) n—+nZ:0 t$+ﬂxy))m

n=0

_ ( teta(z,y))z + 6( tr+p3(2,y))z
_ eft:rz (ea(:t,y)z 4 eﬂ(xay)z)

= ") (" (zy) + 0" (@y)
n=0

That is, we have

- . (_ " _ —txz - 2"

ZQn (l‘,y,tﬂ?) =e€ ZLn (iﬁ',y) ﬁ

n=0 n=0
We can use (10) to write (18) as

00 (_Z)n Qe—t:cz 0 Z?n
n(2,y;5t = L n \ L, .

By using the generating functions of Euler polynomials (6), we can write (19) as

2n . S2n+j

ZQ" T y,tac

By equating the coefficients of similar powers of z in (20) we obtain

7=0 n=0

m

Q2m (xa Y; t.fE) = Z (227;1) EQ] ( ) ijLQm—Qj (xa y) 3

j=0
and

Q2m+1 (17, Y; tl’) =

" fom+ 1
275+ 1

1M

)E2j+1 () 2¥ T Loy _9j (7,y) .

Thus, (16) and (21) give us

2j—1

" 2m T
m 77t - 2 . Bt —Lm _95 5
Qun(aita) = 23 (57) By (05— Lamer oy 020)

_ i (227;1)152]( ) 2% Lom—2; (,9)

and (17) and (22) give us

" 2m+ 1 x%
Qomir (w,yt) = 2) ( . )sz+1 (t) —jL2m+1—2j (z,9)

e 27 +1 2m+1—2
= om+1
= () B 0 e

(18)

(19)

(21)

(22)

(23)

(24)



If we consider now the polynomials

Pat) = 3 (1) (0 R (25)

=0 1 } .
- _m((t—a(az,y)) —(t=B(z.y)"),

it is possible to establish similar results to (23) and (24) (involving Fibonacci polynomials
Fy (x,y) instead of Lucas polynomials Ly, (z,y)). We describe the main steps of the procedure
to obtain these new results and leave the reader to complete the details of the proofs. Firstly
one proves that

n

1—679&2 ZF x,y) i

QZFM ) ) (26)

o 22n+1

1 7“ F — =2 Fn —_— 27

(Similar to (9) and (10).) Secondly one proves that
ip (2, t2) o = e<tl>mip (z,1) = (28)

n 7y7 TL' - n 71/ TL' )
n=0 n=0
then uses (26) to write this expression as
io:Pn (0, yta) 2 =2 - iF% (z,9) - : (29)
— n! e —1 £~ (2n)!

and finally uses the generating function for Bernoulli polynomials (6) to write (29) as

2 1 Fy, ) 2n+j+1
ZP (@ yita) ZZ(H +‘7>B(t) mi2(009) 210 ()

|
== n+1 (2n + 1+ j)!

By equating the coefficients of similar powers of z in (30) one obtains that

= 2m —I— 1 i
PgmH z,; tx ]Z: < > ; (t) szmwﬂj (56’7 3/) ) (31)
and
T/ om %
Py, (z,y;tx) = jgo (2j n 1) Bsjyq (1) m—_jFmeZj (z,y). (32)
On the other hand, one proves first that
i (—Z)n —txz - z"
n=0 n=0



then uses (27) to write (33) as

o0 (_Z)n 267151'2 OO 22n+1
P’rL ) 7t - - FTL ) YN R 34
2 Paoyt0) = =~y D P (009) (34)
and finally uses the generating function of Euler polynomials (6) to write (34) as
> ()" S 2n+ 1+ j Zantitl
> Pz, y;tx) SR > i Ej (t) (=) Fonyr (%y)m-
(35)
By equating the coefficients of similar powers of z in (35) one gets that
m—1
P2m ZIZ' s Ys t[L’ - ];0 (2] + 1) E2j+1 (t) xQJ—HFQm—l—?j (ZL’, y) ) (36)
and
2m +1 ,
Poyi1 (z,y5t2) = Z Eo; (1) 2% Famy1-25 (2, y) - (37)
N 2
Thus, we have identities (32) and (36) similar to (23), namely
T/ 2m x?%
P, (z,y;t = By (t P (T, 38
2 (2.3 82) ]O(QJH) 0 ) =P 020) (39
m—1 om,
= . <2j+1)E2j+1 () 2™ Fo125 (2, y)
7=0
and identities (31) and (37) similar to (24), namely
Ponss (2, y:t2) = i 2m+1 By () — iy 0y (5,9) (39)
2m—+1 » Y - pr m+ 1 j 2m+2-2j Y

m

I=1

2m +1
< 2 )Ezg()fﬁ Fopii- 2j (l' y)

In the following proposition we collect the main identities (23), (24), (38) and (39) ob-
tained in this section, which are the main results of this work.

Proposition 2. The following identities hold

2m m—1 .
2m T 2m %
S ()0 B = 3 (2 ) B (05 Py () (0)
k=0 =0 \J m
m—1



2m+1 = ] .
> (Qm;l)<—1>’f+1Fk<x,y><tx>2m“‘k - Z(QmH) S Pl (@)

k=0 =0 2] m+1-j

M

(2m+1

2 )EQj (t) 2™ Fomyr—25 (2, y) .

L2m+172j (SL’, y) (42)

2m—+1 m :
2m—+1 m-1— 2m—+1 BQ' 1(t> LCQJ
Z ( I )(—1)kLk(x,y)(t:1:)2 k= 22(2 ,+1>mL2m+l—2j(x>y> (43)
k=0 =0 \J J
" 2m 41 .
= > <2 11 >E2j+1 () ¥ Lo o5 (2,) -
=0 4

We want to mention that (40) and (41) can be obtained as consequences of (43) and (42),
respectively. Indeed, if we use the well-known fact that B%Ls (x,y) = sFs_1(x,y) (see [9])
and take the derivative with respect to y in (43), we get

2§1 (2mk+ 1) (=1)* kFy_y (z, y) (tz)2m 1

k=1

m—1
2m+1 .
= 2> Baji1 (t) 2% Fop—sj (z,
0(2]+1) 2]+1()$ 2 2]('1:y)

| <.
=l

m

B <2m+1

25+ 1 ) Epja (t) 21 (2m — 25) Fam1-2; (2, y) .

J=0

which is (40) (after some easy simplifications). Similarly, the derivative with respect to y of
(42) is

2m m—1
2m — 2m .
S (7)) (2 = 23 () By (0047 Fans 20)
k=1 =0 J
m—1 2m,
= Y (5B 00 @ 2) Py o),
=0

which, after some simplifications, becomes (41).
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3 Some Corollaries

In this section we obtain some other identities that are contained in our main results (40)
o (43).

Corollary 3. The following identities hold

m—1 ;

2m (4‘7+1 - 1) BQ'+2 :
Fop (2, y) = , , T2 2y o (2L y). 44
om (T, Y) ;;<%+4) ) om—1-2j (7,Y) (44)

" 2m+ 1 Bs; _
F2m+1 (Zl',’,y) = Z ( 9 )W'—% 27 F2m+2 27 (ﬂf y) (45)

e J J

S ZZ (o) Vs gy hame ) (a6

"L 2m 1\ (4 — 1) Byjpo
Loy, I I Lo o ) 47
om+1 (T, Y) 2(23+1> i1 25 (2, 9) (47)

=
Proof. 1f we set t = 0 in (40) we obtain (by using (8))

2j

m—1
2m T
— By (%?J) = Z (Qj i 1) B2j+1m —

7=0

(S 22972 = 1) o4
- —§ j 2 ENE ().
(2y+1> vz ¢ P

The first equality is trivial. The second one is (44). Similarly, by setting ¢ = 0 in (41),
(42) and (43), and using (8), we obtain (45), (46) and (47), respectively. O

jFZm—Qj (ffa y)

Formulas (44) to (47) express even (odd) indexed bivariate Fibonacci and Lucas poly-
nomials as linear combinations of odd (even, respectively) indexed polynomials of the same
kind. Some versions of these results appear in [2] (see also [3]).

Corollary 4. The following identities hold

2m + 1 Y By i
o1-25 _ 1 J 2j lFm iy
E < 2 )( >m—i—1—jx 2m+2 23(%9)

7=0
= /2m A By, ‘

= 21—2] 1) 5 2j—1L i
%;<%)( )%n+1—%m om+1-25 (T, Y)
= om 41\, ,

- Z ' 2% Eojx® Fypy1-9; (2, y)
PN

1 <~ [2m . 4
= 5 Z ( 2 ) 27 o™ Lym-a; (2,Y)

m

(48)



Proof. Observe that (from (25))

P, (xy %)

and (from (12))

0 (v3)

Then, by setting ¢ = £ in (41)

T

7 (GG -aten) - (- sn))
D" (2 4 )
- ,
= <§—a(m,y)>n+<g—5(xvy)>n
_ (=D 3

(:1:2 + 4y) .

and (42) (and using (7) and (8)) we obtain that

1 2 m
Pomia (%Z/;§> = 22—m(9(: —|—4y)
- 2m + 1-25 ng 951
- 2172 1) ———L ¥ R, 0 0 (7,
;( 2j ( )m+1_j:ﬂ 2+22]($y)
= om 41\, ,
- Z( 2j 27 Bjx® Fym1-2; (2,9)
j J
7=0
and
* 2 2 m
Q2m <$ay; 5) = 22—(x + 4y)
= /2m . By, ‘
= 2 21—2] 1) % QJ_IL i
;(29')( )2m+1—2jx om+1-2 (T, Y)

respectively. These are identities (48). (Note that identities (40) and (43) produce only

trivial cases with ¢ = 1.)

In the rest of this section we write £ (z,y) to denote any of a (z,y) or # (z,y). When we
write an expression involving & (z,y) together with the plus-minus sign +, we understand
that the plus sign corresponds to the case & = «, and the minus sign corresponds to the case

§=0.
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Corollary 5. The following identities hold

" 2m 1 Elry) _a¥!
Z < 2] >BQj < - m+1_jF2m+2f2j (x7y)

§=0
m_ o 7 2j—1
=2 (27) B (5 (Z y)> Tz e ()
5=0
= Z (27”2;_ 1> Es; (5(2—73/)) $2jF2m+1—2j (z,y)
§=0
= > (227) 27 (5 (%w) ¥ Lom—2; (2,y)
§=0
m—1

25
£ (@, y)) ma:_ szm—zj (z,y)

x 2m+1—-12j

(or1)

_ Zi (277,1;:11) Baja (5 (@:9) i Lomi1-2; (2,9)
)
3

Proof. 1f we set t = «(z,y) in (25) and (12) we get

n—1

Py (z,y;0(z,y) = (+° +4y)

and .
Qn (z,y50(2,y)) = (2% +4y)* .
Similarly, with t = 3 (x,y) we get

n—1

Py (x,y; 8 (x,y) = (1" (a® + 4y) =,

and

n
2

Qu (z,y: 8 (z,y) = (—1)" (27 + 4y) * .

Thus, we have

Pai1 (a (2,9)) = Pons1 (B (2,)) = Qo (a (2,9)) = Qo (B (2,)) = (2 + 4y)",

11



and then identity (49) is obtained by setting ¢ =

In the same way we obtain (50) by setting t =
(43).

Corollary 6. (a) Forr =0,1,...,
,
r

r

r

r

(2m—|—1

Jj=0 J

(b) Forr=1,2,...,

T

2

Jj=0
2

2

] 2r

( )(Qm””)

%

[\D

2m+ 1
27 +1

|
0

“ om + 1
27 +1

)
)

J

Z

Jj=2r

l\D

j—r

12

a(

2m —j—1—r

— /2m\ [2m+1—-2j—r
2
> )

(2m+1—2]—7")

z,y)

m(y)

m—2j+1—r>

2m — 29 —
m — 27 T)E

) )

m, the following identities hold

and t =
and t =

1
m_

1

25 (1)

1) 7.,

1

m+1—7

/B(xﬁy) 1

X
B(zy)
X

m, the following identities hold

(2m—2j—1—7“)

(2m—2j—2—r

jB2j+1 ()
>E2j+1 (t)

) (—1)7 "¢

By; (t)

2m — 2j
2m —25 —r

()5

1

2m+1—-25—r

Ey; (1)

By; (t)

n (41) and (42).

in identities (40) and
[

(51)

2m —2j
2m —25 —r

(— 1)j jt2m+1—j.

2m+1—2j —

B (t)

Bajia (1) (54)



Proof. (a) First substitute the explicit formula (3) for F), (z,y) in (40) and (41), then equate
the coefficients of similar terms z?™™1=2"y" r =0,1,...,m to obtain (51) and (52), respec-
tively.

(b) First substitute the explicit formula (3) for L,, (z,y) in (42) and (43), then equate the

coefficients of similar terms z?™ =2y » = 1,2, ... m to obtain (53) and (54), respectively.
]

Fibonacci and Lucas polynomials are hidden in identities (51) to (54). To let them appear
we just have to write the right-hand side polynomials of these identities in a special form.
The following lemma tells us how to do this.

_ <—1)’“+1; () (7 77) (0= cayt sy

(b) Forr=1,2,...,m we have

;f;r (2Jm ) <j - r) (;%)ijtgm_j (57)

- Y (V7L (- v+ mayend),
and

2mz+1 <2mj+ 1) (j ; r) (;%)ijtzmﬂ_j (58)

Jj=2r

S (Qm,* 1) (27“;_]1_ 1)% ((t = 1210 4 (-1 prd)

=1 N/

Proof. We present only the proof of (55). The corresponding proofs of (56), (57) and (58)
are similar and left to the reader.
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£ (S E0) v

and for j =r+1,...,2m we have

£ Q- ()

(See [7], identity (3.50), p. 65.) Thus (59) can be written as

2

2m
J

=N 1pm 4 capen) = 30 () (7 o
)( r >( ) jr+1(]>( r )

and finally we can write the right-hand side of (55) as

anted.

(—1) ia <2;n) (27“;]) ((t N A t2m—j>

2m .
_ Z 2m\ (j—1—r (—l)thQm*j
4 J r
Jj=r+1

2m—1—r .
_ Z 2m\ (2m —j7—1—7r (—1)j+1tj
: J r ’
j=0

14



Corollary 8. (a) Forr =0,1,...,m we have that

m AT om 2m =25 —1—-r\ 1 (.9
3 <2j+1)( : )m_szjJrl( . ) (60)

J

'S 2m 2m —2j—2—r £ ¢ (z,y)
- 2j + 1 r THA g

=0
’” (1"

., 2m\ (2r —j
= +(-1)" /g;2+4yz ( ; )( . ) T Fop—j (z,y),
j=0

—_

<

and

B () w
BT ()
. J " ’

e (2m A+ 1\ [2r — §) (=1) T
= (-1 HZ( j )( . )%L%wlj(%y)-

J=0

(b) Forr=1,2,...,m we have that

— 2m\ [2m+1—2j—r 1 ¢ (z,y)
jZO(Qj)( T )2m+1—2j—7"32j< T ) (62)

— (2m) <2m —2j — r> 2m — 2j (g (z, y))
= . Loy (| ——
— 279 r 2m — 25 —r x

) Y e

J=1

~— /2m+1\[2m+1—-2j—r 1 x,
Z(g' )( / ) — Do <§< y)) (63)
— j+ 1 r 2m+1—-25 —r x
— 2m+1\ [2m —2j—r\ 2m —2j ¢ (z,y)
= Z . —.E2j+1
, 25 +1 r 2m — 29 —r x

1) *Z 2m+ 1\ (2r —j — 1\ j(=1)
=+ e ( J )( r—1 ) (+1>jF2m+1‘j(x’y)'
j=1

[\]

and

[\

r T

Proof. By using (55), (56), (57) and (58), rewrite identities (51), (52), (53) and (54), respec-
tively. Set t = @ and ¢t = 224 in the resulting identities, to obtain (60), (61), (62) and

x

(63), respectively. O
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