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1. INTRODUCTION AND SUMMARY

Let L, be the length of the longest run of successes in n (21) independent
trials with constant success probability p (0 < p < 1), and set ¢ =1 - p. 1In
[3] McCarty assumed that p=1/2 and found a formula for the tail probabilities
P(L, 2 k) (1 £k <n)in terms of the Fibonacci sequence of order k [see Remark
2.1 and Corollary 2.1(c)]. 1In this paper, we establish a complete generaliza-
tion of McCarty's result by deriving a formula for P(L, = k) (1 € k < n) for
any p € (0, 1). Formulas are also given for P(L,<Xk) and P(L,=%k) (0 < k < n).
Our formulas are given in terms of the multinomial coefficients and in terms of
the Fibonacci-type polynomials of order X (see Lemma 2.1, Definition 2.1, and
Theorem 2.1). As a corollary to Theorem 2.1, we find two enumeration theorems
of Bollinger [2] involving, in his terminology, the number of binary numbers of
length n that do not have (or do have) a string of kK consecutive ones. We pre-
sent these results in Section 2. In Section 3, we reconsider the waiting ran-
dom variable N; (k 2 1), which denotes the number of Bernoulli trials until the
occurrence of the k™ consecutive success, and we state and prove a recursive
formula for P(Np =n) (n 2 k) which is very simple and useful for computational
purposes (see Theorem 3.1). We also note an interesting relationship between
Ly and Ny. Finally, in Section 4, we show that 2:Z=0 P(L, = k) =1 and derive
the probability generating function and factorial moments of L,. A table of
means and variances of L, when p = 1/2 is given for 1 < n < 50.

We end this section by mentioning that the proofs of the present paper de-
pend on the methodology of [4] and some results of [4] and [6]. Unless other-
wise explicitly specified, in this paper X and 7 are positive integers and x
and ¢ are positive reals.

2. LONGEST SUCCESS RUNS AND FIBONACCI-TYPE POLYNOMIALS

We shall first derive a formula for P(L, < k) by means of the methodology
of Theorem 3.1 of Philippou and Muwafi [4].

Lemma 2.1: Let L, be the length of the longest success run in »n (1) Bernoulli

trials. Then
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where the inner summation is over all nonnegative integers 7., ..., Mg4p» Such
that ny, + 2n, + *** + (kK + Dy, =n - <.

Proof: A typical element of the event (I, < k) is an arrangement

88 ... 8
+nk+1h--—_)’
Z
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such that 7, of the x's are e; = f, n, of the x's are e, = sf, ..., ng4, of the
1 = IR = ; ;
x's are ey = 88...8f, and n; + 2n, + + (k+ Dngyy =n -7 (07 <Kk).
k

Fix ny, ..., 734, and Z. Then the number of the above arrangements is

(”1*""*‘”k+1
5
Mys wevs My

and each one of them has probability
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7

p*(g/p)t T, 0 < k < n,

by the independence of the trials, the definition of e; (1< j<k+ 1), and
P{s} = p. Therefore,

P(all x,x, ... Lot ooty 85 o0 85 1 (1< 7 < k+ 1) and 7 fixed)

Z
N+ - +n
= 1 k+1 pn(q/p)n1+ +”k+1, 0< k< #n.
Pys eens Npgq

But n; (1 < j < k + 1) are nonnegative integers which may vary, subject to the
condition n; + 2n, +---+ (k + 1)ng,,=n - 7. Furthermore, ¢ may vary over the
integers 0, 1, ..., k. Consequently,

P(L, < k)
kel
= P(all LyLy eee Tpigoiidpy,, 802835 1; 20 3 jgl Jnj =n -1, 0< << n)
i
K . Nyt et
=¥ (”1"' +”k+1>pn(i) ! “Lo<k<n,
=0 ny, S on, o Mys wees Mgy p
ny+ 2,4+ -+ (Kt D)ng=n-1

which establishes the lemma.

The formula for P(L, < k) derived in Lemma 2.1 can be simplified by means
of the Fibonacci-type polynomials of order k [6]. These polynomials, as well
as the Fibonacci numbers of order k [4], have been defined for kK 2 2, and the
need arises presently for a proper extension of them to cover the cases kK = 0
and kX = 1. We shall keep the terminology of [6] and [4] despite the extension.

Definition 2.1: The sequence of polynomials {Eﬁkkx)}:=o is said to be the se-
quence of Fibonacci-type polynomials of order k if Fﬁm(x) =0 (n 20), and for
k>1, Fg@(x) =0, FI(x) = 1, and

2[FP @) + - +FP@]  if 2<n <k + 1
F’gk)(x) - k k
c[FF (@) + «-- + FF (@)] if n >k + 2.
Definition 2.2: The sequence {Eﬁknzzo is said to be the Fibonacci sequence of
order k if F{” =0 (n > 0), and for k > 1, F{¥ = 0, F¥' = 1, and
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. F,E;i)1+"'+Fl(k> if2<n<k+1
F® _

n y
FO + - + 7O if n >k + 2.
It follows from Definitions 2.1 and 2.2 that
POy = PO, n > 0. (2.1)
The following lemma is useful in proving Theorem 2.1 below.

Lemma 2.2: Let {Fn(k)(.r)}:=0 be the sequence of Fibonacci-type polynomials of
order k (k 2 1). Then,

(a) Fﬁlkx) =z"1, n>1, and Eﬁk%x) =x2(l +x)"?%, 2<n<k+1;

® FR@ = 3 (et s,
s Ny D

M1y ns Mys =ees Ty
n +2n2+...+knk=n

Proof: Part (a) of the lemma follows easily from Deflnltlon 1. For k =1,
the right-hand side of (b) becomes x", which equals F +l(x) (n 2 0) by (a), so
that (b) is true. For k 2 2, (b) is true because of Theorem 2.1(a) of [6].

Remark 2.1: Definition 2.2, Lemma 2.2(a), and (2.1) imply that the Fibonacci
sequence of order k (k 2 1) coincides with the k-bonacci sequence (as it is
given in McCarty [3]).

We can now state and prove Theorem 2.1, which provides another formula for
P(L, € k). The new formula is a simplified version of the one given in Lemma
2.1, and it is stated in terms of the multinomial coefficients as well as in
terms of the Fibonacci-type polynomials of order k. Formulas are also given
for P(L, = k) (0 Sk <wn) and P(L, 2 k) (1 Sk <n).

Theorem 2.1: Let {F,Ek)(:)c) }.-, be the sequence of Fibonacci-type polynomials of
order k, and denote by L, the length of the longest run of successes in n 1)
Bernoulli trials. Then,

n+1l My 4 ooe +
(a) P(L, < k) = p - Z <n1+ "'+”k+1>(_¢l) 1 Miar
q ny, e D Mys wees My1 /NP
Nyt 2npt cce (Kt Dy =n+ 1

n+1
=2 pE gy, 0 <k < m

q n+2
(®) P(L, = k) = Pq—[ FEY qpy - £, (q/p)1, 0 < k < n

S _ _ p'rl+1 ) < <
() P(Z, 2 1) = 1 - Fy9,(qlp)s 1 < k<.

Proof: (a) Lemma 2.1, Lemma 2.2(b) applied with x = q/p, and Definition 2.1
give

k
P(L, < k) = p" _zpfjjl” (@/p) = 2 R0 ), 0 < k <,
_ n+1 Z <n1+'--+nk+1><g>nl+"'+”k+1
1 My eies Mgyy D s w0 T
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which was to be shown. In order to show (b), we first observe that

P(L, =k) =P(@,<k) -PL,<k-1)

n+1
- pT[F,i’:g"(q/m - 7% (q/p)], 1 <k < m,
by (a). Next, we note that

n+1l
p

n+1
e E, ) = pT[Fn‘i’z Glp) - B9 /)],

since Eﬁié(q/p) = 0 by Definition 2.1. The last two relations show (b). Fin-
ally, (c) is also true, since

P(L, = 0)

P(L, < 0) =

n+1l
Pq F;?g(q/p)’ 1< ks<mn, by (a).

PL,>k)=1-PI,<k-1) =1 -

We now have the following obvious corollary to the theorem.

Corollary 2.1: Let {Eﬁk4:=o be the Fibonacci sequence of order k and let L, be

as in Theorem 2.1. Assume p = 1/2. Then

(a) P(L, <k) =FX Y2, 0<k<n

(Fis - FE,1/2", 0 <k <my

(b) P, = k)

n

() P(L, 2k =1-F% 72", 1<k<n.
Remark 2.2: McCarty [3] showed Corollary 2.1(c) by different methods.

We now proceed to offer the following alternative formulation and proof of
Theorems 3.1 and 3.2 of Bollinger [2].

Corollary 2.2: For any finite set 4, denote by N(4) the number of elements in
4, and let p, L,, and {Eﬁm}:=o be as in Corollary 2.1. Then

(@) N@, <k)=°r%, u>1;

n+22
(b) NI, =k =F* D59 n>i.
Proof: (a) Corollary 2.1(a) and the classical definition of probability give
N, < k) Fu?,
*—‘—zn—-—=P(Ln<k)=P(Ln<k—l)=?, 1<k<n+1.

Furthermore, it is obvious that
N(L,<0) =0 and N(&,<k)=2", k>n+ 2.

The last two relations and Lemma 2.2(a) establish (a). Part (b) follows from
Corollary 2.1(b), by means of the classical definition of probability and Lemma
2.2(a), in an analogous manner.
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3. WAITING TIMES AND LONGEST SUCCESS RUNS

Denote by N; the number of Bernoulli trials until the occurrence of the
first success run of length k (k 2 2). Shane [7], Turner [8}, Philippou and
Muwafi [4], and Uppuluri and Patil [9] have all obtained alternative formulas
for P(, = n) (n 2 k). Presently, we derive another one, which is very simple
and quite useful for computational purposes.

Theorem 3.1: Let Nk be a random variable denoting the number of Bernoulli
trials until the occurrence of the first success run of length k (k 2 1). Then

pk, 7/Z=k,
P, =n) =<qpk, k + 1< n< 2k,
PN, =n - 1] - qp*P[N, =n - 1 - k], n> 2k + 1.

The proof will be based on the following lemma of [4] and [6]. (See also
[51.)

Lemma 3.1: Let N; be as in Theorem 3.1. Then

N+ eee4+n qn1+”'+nk
PN, = = pn 1 k (_> ) > .
@ P =mo=pn 3 (pr (G n > k;
ny+2n,+ ot kmy =n-k
1 e
®) P <m) =1-E <”1+ ---+nk)<z>”l+ o> k.
q ny, T s Mis oees NgJ\P

ny+2ny,+ o+ kg =n+ 1l

Proof of Theorem 3.1: By simple comparison, (a) and (b) of Lemma 3.1 give

1- L pW,=n+1+k), n>k,

gp*

P(Nk < n)

which implies

n-k-1
P, =n) =qpk[l - PWy <n-k-1] = qpk[} - X P, = iﬂ
=k
=Pl =n - 1] - gp*P[WN, =n -1 -k], n>2k+ 1. (3.1)
Next,

P, =n) = p"Fﬁ§2+l(q/p), n 2 k, by Lemma 3.1(a) and Lemma 2.2(b),

= (1 qy -k-t <n<

p (p)(l + p) , K+ 1< n< 2k, by Lemma 2.2(a),
= gpk, k+ 1 <n<2k. (3.2)

Finally, we note that

= = = pk
PN, = k) P{ss.;. s} = pk. (3.3)
Relations (3.1)-(3.3) establish the theorem.
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Remark 3.1: An alternative proof of another version of Theorem 3.1, based on
first principles, is given independently by Aki, Kuboki, and Hirano [1].
We end this section by noting the following relation between L, and Nj.
Proposition 3.1: Let L, be the length of the longest success run in n (=1)

Bernoulli trials, and denote by N, the number of Bernoulli trials until the
occurrence of the first success run of length k (k 2 '1). Then

P(L, > k) = P(, < n).

Proof: It is an immediate corollary of Theorem 2.1 and Lemma 3.1(b).

4. GENERATING FUNCTION AND FACTORIAL MOMENTS OF L,

In this section, we show that {P(L, = k)}z=0 is a probability distribution
and derive the probability generating function and factorial moments of L,. It
should be noted that our present results are given in terms of finite sums of
Fibonacci-type polynomials where the running index is the order of the polyno-
mial. It is conceivable that they could be simplified, but we are not aware of
any results concerning such sums, even for the Fibonacci sequence of order k.
For the case p = 1/2, we give a table of the means and variances of L, for 1 <
n < 50.

Proposition 4.1: Let L, be the length of the longest success run in n (1)
Bernoulli trials, and denote its generating function by g, (£). Also, set

=1 and 2 =z@-1) ... @-r+1), r>l.

Then
n
(a) 2 P(L, = k) = 1;
k=0
n+ln-1 %
®) g, (&) = t" - (¢ - l)p—q——kzothé:zl)(q/p), n .
n+l n-1 _
(c) E(LSO) =n® - r pq 3 KT lﬁﬁizlkq/p), 1 <r<ung
=r-1
n+in-1
m>E@0=n—qu§§$me,n>u

n+1l n-1 n-1
(e) o%(L,) = pT[(Zn - 1)k§:OF,§§+2”(q/p) - zk‘élkF,ﬁ’i“;”(q/p)]

n+ln-1 2

- [Ba__k_gﬁizlkq/pﬁ s N2 2.

Proof: (a) We observe that Eﬁiz(q/p) = 0, by Definition 2.1, and
FU Xalp) = (@/p)[L + (a/p)]1" = q/p"*?, by Lemma 2.2(a).

n+2

Then Theorem 2.1(b) gives
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71

}; ffile’(q/p) 7% (q/p)]

n+1
=2 7 E__ 17" Dgrpy - 9, (q/p)1 = 1.

(b) By means of Theorem 2.1(b), Definition 2.1, and Lemma 2.2(a), we have

g, @)

= E(tl) = f tkpP(L, = k)

k=0

n n+l
k)_:Otkp IF F&* g ipy - E® (q/p)]

n+1l n
P [Et P %) - T t"”F,ﬁZ”(q/p)]

q k=-1

prtt prp(n+1) k k+1yp(k+1)
—:?—' F 5, (qlp) + 2: (TF - T, (q/p)

) 4 1) prtinsl, ke1)

- P_p (a/p) + (1 = ) th Favz @/
n PRl ke 1)

= t- - DI B, n > L

(c) It can be seen from (b), by induction on r, that the rth derivative of
g, (t) is given by

81"
atr

n+1

n-1
(t) = n(l”)tn r_ pq E k(l"- I)tk 2"+1F757i‘;1)( /p)

k=r-1

n+1
- (¢t - l)pcy kf:k(m k- lﬂéizlkq/p), 1< r<un.
r

The last relation and the formula

(ry, _ 97
B =229,

establish (c).
(c) by means of the relation

0%, = E@CP) + E@,) - [BE@,)]12.

Corollary 4.1:

344

(a)

®) E@P) = nf

(c)

g,(®) =

E(L,)

Now (d) follows from (c) for » = 1. Finally, (e) follows from

Let L, be as in Proposition 4.1 and assume p = 1/2. Then

o= D) ):thELTZI) n> 1.

n-1
r) r (r'—l) (k+1) .
- Egk=§— F 1< »r<n;

n-1
=n- 2 vr*D s,
27k=0
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_ n-1 n-1 n-1 2
(d) 0.2(Ln) - _2_71_2_)1_12F(k+1)_ _]-__z:kF(k+l)_ _l__[z F(k+lﬂ . 7 > 9.

k=0n+2 Zn_1k=l n+2 22n k=0 n+2

We conclude this paper by presenting a table of means and variances of IL,,
when p = 1/2, for 1 < n < 50.

n E(L,) 0% (Ly,) n E(L,) 0% (L,)
1 .500000 .250000 26 4.090650 2.691060
2 1.000000 .500000 27 4.142980 2.713386
3 1.375000 .734375 28 4.193483  2.734376
4 1.687500 .964844 29 4.242285  2.754142
5 1.937500 1.183594 30 4.289496  2.772786
6 2.156250 1.381836 31 4.335215  2.790402
7 2.343750  1.553711 32 4.379535  2.807071
8 2.511719  1.702988 33 4.422539  2.822872
9  2.662109 1.829189 34 4.464300 2.837871
10 2.798828  1.938046 35  4.504889  2.852132
11 2.923828  2.031307 36  4.544370  2.865711
12 3.039063 2.112732 37  4.582799  2.878660
13 3.145752  2.184079 38 4.620233  2.891025
14 3.245117  2.247535 39 4.656719  2.902849
15  3.338043  2.304336 40  4.692306 2.914170
16  3.425308  2.355688 41 4.727035  2.925023
17 3.507553  2.402393 | 42  4.760948  2.935439
18 3.585327  2.445150 | 43 4.794080  2.945448
19 3.659092  2.484463 44 4.826468  2.955075
20 3.729246  2.520765 | 45  4.858143  2.964345
21 3.796131  2.554392 | 46  4.889137  2.973278
22 3.860043  2.585633 47 4.919477  2.981895
23 3.921239  2.614727 48  4.949192  2.990214
24 3.979944  2.641880 49 4.978305  2.998250
25  4.036356  2.667271 50 5.006842  3.006021
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