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Abstract In this study, we present generalized Fibonacci polynomials. We have used their Binet’s formula and
generating function to derive the identities. The proofs of the main theorems are based on special functions, simple
algebra and give several interesting properties involving them.
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1. Introduction

Fibonacci polynomials are a great importance in
mathematics. Large classes of polynomials can be defined
by Fibonacci-like recurrence relation and yield Fibonacci
numbers [15]. Such polynomials, called the Fibonacci
polynomials, were studied in 1883 by the Belgian
Mathematician Eugene Charles Catalan and the German
Mathematician E. Jacobsthal.

The polynomials f,, (x) studied by Catalan are defined
by the recurrence relation

fniz (X) = an+l(x)+ fn (X)
where fi(x)=1, f(x)=x , and n>3 .

that f, (1) = F , the nth Fibonacci number.

The Fibonacci polynomials studied by Jacobsthal were
defined by

(1.1

Notice

In (%)= I (X)+xIn_2 (X) (1.2)
where J;(x)=1=1J,(x),and n>3.
The Pell polynomials p, (x) are defined by
pn(x)ZZXpn—l(X)+ pn—Z(X) (1.3)

where py(x)=0, p(x)=1,and n>2.

The Lucas polynomials (') nl x , originally studied in
1970 by Bicknell, are defined by

In (X) = Xln—l(x)+ In-2 (X)

where Iy (x)=2, h(x)=x,and n>2.

It is well known that the Fibonacci polynomials and
Lucas polynomials are closely related. Obviously, they
have a deep relationship with the famous Fibonacci and

(1.9

Lucas sequences. That is f,(1)=F, and I,(1)=L, ,

where F, and L,, are the Fibonacci and Lucas numbers.

Swamy [11] defined the Fibonacci Polynomials and
obtained some more identities for these polynomials.
Hogget and Lind [17] make a similar *“symbolic
substitution” of certain sequences into the Fibonacci
polynomials, they extend these results to the substitution
of any recur rent sequence into any sequence of
polynomials obeying a recurrence relation with
polynomial coefficients. Since then many problems about
the polynomials have been proposed in various issue of
the Fibonacci Quarterly. Hoggatt, Philips and Leonard [16]
have obtained some more identities involving Fibonacci
Polynomials and Lucas polynomials. A. Lupas [3] present
many interesting properties of Fibonacci and Lucas
Polynomials. C. Berg [4] defined Fibonacci numbers and
orthogonal polynomials. S. Falcon and A. Plaza [13]
defined the k-Fibonacci polynomials are the natural
extension of the k-Fibonacci numbers and many of their
properties admit a straightforward proof and many
relations for the derivatives of Fibonacci polynomials are
proven. K. Kaygisiz and A. Sahin [10] present new
generalizations of the Lucas numbers by matrix
representation, using Generalized Lucas Polynomials. G.
Y. Lee and M. Asci [8], consider the Pascal matrix and
define a new generalization of Fibonacci polynomials
called (p, q)-Fibonacci polynomials. They obtain
combinatorial identities and by using Riordan method they
get a factorizations of Pascal matrix involving (p, q)-
Fibonacci polynomials. Many authors have studied
Fibonacci polynomials. In this paper, we present
generalization of Fibonacci and Lucas Polynomials by
changing the initial terms but the recurrence relation is
preserved.

2. Generalized Fibonacci Polynomials

The generalized Fibonacci polynomials defined by
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s if n=0
fr(X)= SX if n=1
xfo (X)+ frq(x) ifn>2

(2.1)

If s=1, then we obtained classical Fibonacci polynomial
sequence.

It is well known that the Fibonacci polynomials and
Lucas Polynomials are closely related. The

generalized Lucas polynomials defined by

2s if n=0
I (x)= sX if n=1
Xl (X)+1h_o(x) ifn>2

(2.2

If s=1, then we obtained classical Lucas polynomial
sequence.

In the 19th century, the French mathematician Binet
devised two remarkable analytical formulas for the
Fibonacci and Lucas numbers. In our case, Binet’s
formula allows us to express the generalized Fibonacci
Polynomials in function of the roots R, &R, of the
following characteristic equation, associated to the
recurrence relation (2.1) & (2.2):

2

X4 = xt+1 2.3

3. Properties of Generalized Fibonacci
Polynomials

Theorem 1: (Binet's formula). The nth generalized
Fibonacci Polynomials is given by

fn(x)=s

where are the roots of the characteristic equation (3),

x+x? +4 Xx—\x% +4
2 2 '
Proof: we use the Principle of Mathematical Induction
(PMI) on n. Itis clear the result is true forn=0andn=1
by hypothesis. Assume that it is true for i such that 0 <'i <
r+1, then

R - R

== (3.1
R, -N,

iRl >§R2 and iRl = and ERZ =

R - Ry
R -Ry

fi(x)=s

It follows from definition of generalized Fibonacci
Polynomials and from equation (3.1),

9{{+2 _SR5+2
frio(X)=Xfq (X)+ f (X)=s——2— (3.2
r+2( ) t+1( ) r( ) Ry -R,
Thus, the formula is true for any positive integer n.
Theorem 2: (Binet's formula). The nth generalized
Lucas Polynomials is given by
In (x) = s(%] + %3 (3.3)

Proposition 3: For any integer n > 1,

K2 = xR+ w] (3.4)
RY*2 = x4 1 '

Proof: Since %Ry &R, are the
characteristic equation (2.3), then

roots of the

R = xRy +1
N3 = xR, +2

now, multiplying both sides of these equations by
R &N respectively, we obtain the desired result.
Proposition 4: For any integern > 1,

S(‘Rf ‘HRB): fn+l(x)+ fn—l(x)

Proof: By using Eqg. (3.1) in the R.H.S. of Eq. (3.5) and

(3.5)

taking in to account that R, = 9;—1 it is obtained
2
ER{Hl _(Rg+1 s in—l —97{2_1
Ry -N, Ry —-NRy
s
R -R,

SN P} S [ S
R -Ry Ry Ry

=s(9¥f +iR2)

(RHS)=s

Proposition 5: For any integer n,

52(9%{‘ +*R§)2 ;if niseven
(x2 +4) f2(x)+4s?(-1)" = (3.6)

2
sz(mf—mg) i nis odd
Proof: From the Binet’s formula of generalized

Fibonacci Polynomials

2
s
fnz(x):—

st
:

2
If nis even, (x2 +4) f2(x)+4s® = (sﬂ%{‘ +siR2)
2
If nis odd, (x® +4) £2 (x)~4s® = (s - s |
Let us denote (sin + siRg) by 1, (x).
Then previous formula become:

(3 +4) 2 () + 45 ()" = 1 (x) (3.7)

4. Sums of Generalized Fibonacci

Polynomials

In this section, we study the sums of generalized
Fibonacci Polynomials. This enables us to give in a
straightforward way several formulas for the sums of such
Polynomials.
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Lemma 6: For fixed integers p, g with 0<q< p-1,
the following equality holds

p
Sfp(n+2) (x)= Ip (x) fp(n+1)+q (x)-(-1) St png (x)
(3.8

Proof: From the Binet’s formula of generalized
Fibonacci and Lucas Polynomials,
Iy (x) fp(n+1)+q (%)

s ‘ SRlp(n+1)+q _ SRg(n+l)+q

:S(R{‘+R2){ "W,

2
_ ERIS_ER2 [mlp(n+2)+q +(_1)p 9{1pn+q _(_1)P gﬁgmq _m;(n+2)+qi|
2
S p(n+2)+q p(n+2)+q
- Ry -R, {[9?1( o JRZ( o }+(71)p ((ﬁlpmq e )}
= sf p(n+2) (X) +(_1) P Sfpn+q (X)

then, the equation becomes,

sf p(n+2) (X) = Ip (X) fp(n+1)+q (X) _(_1)p sf pn+q (X)

Proposition 7: For fixed integers p, q with
0<q< p-1, the following equality holds
Z”: Foiea ()= f (n+1)+q(x)’ fo () =(-1)° foniq (x)=(-1)° fpq(x) (3.9)

1p (x)-(-1)" -1

Proof: Applying Binet’s formula of generalized
Fibonacci Polynomials,

T
o

M=

fpi+q (X)
0

n g Pi+g pi+q
R —np

i M-

S
mqu R pi+q
sl S-S

i=0
L R s
Ry -1

T -9, ®p-1

:W[H)p fonvq (%)= Fp(nezyeq (X)+ fq (X) (1) fpq (X)J
p

_ fp(n+l)+q (X)_ fq (X)_(_l)p fpn+q (X)_(_l)q fpfq (X)
lp (x)=(-1)° -1
Corollary 7.1: Sum of odd generalized Fibonacci

polynomials
If p=2m+1, then Eq.(3.9) is

¥ (3.10)

f(Zm+l )(n+1)+q ( )+ f(2m+1)n+q (X)_ fq (X)_(_l) (2m-+1)- q
loma1 (X)

™M=

f(2m+1)|+q( )

I
o

For example
(1) If m=0 then p=1

n g1 (X)+ e (%) = fq () =(-1)" fiq(x)
zoqu __ntd a qu 1" (3.11)

fra (X)+ fr (x)—s
sX

(i) For g=0: zn: fi(x)=
i=0
(2) If m=0 then p=3

f3n+q+3( )+ fanig (x)- fq (X)_(_l)q fa-q (x) (3.12)

sx3 + 3sx

f fan (X) = fa_q (X
(i) For g=0: Zf3, _ fanea () 32n( )~ faq(%)
i=0 SX°+5S

(ii) For g=1: Zn: f3i+1(X) _ f3n+4(x)+ fi;n+l(x)_s+sx
i=0 SX™ +S

(iii) For q:2; Zn: f3i+2 (X) _ f3n+5 (X)+ f32n+2 (X)_S —SX
i=0 SX™ +S

(2) If m=2 then p=5

Z f3|+q

i f5i+q (X) _ f5n+q+5 (X)+ f5n+q (X)* fq (X)f(fl)q f5_q (x) (3‘13)

x° +58x° + 5sx

. . fons (X)+ fan (X)—(x* +3sx% +5

(i) For g=0: Y g (X) = - 3( )
i=0 SX” + 58X~ + 58X

.. 3

(||) For g=1: 0 foo o (X) = f5n+6(x)+ f5n+1(X)+SX +2sX-5
E) 5'+1( ) sx° +58x° +5sx

fone7 (X)+ f5n+2(><)—(s><2 +sx+s)

X +55x3 +5sx

fonsg (X)+ f5n+3(x)—(sx2 *SX“)
sx° +55x° +55x

f5n+9 (X)+ fonea (x)—(sx3 + 28X + s)
X +55%° +55x

Corollary 7.2. Sum of even generalized Fibonacci

polynomials
If p=2m, then Eq.(3.9) is

(iii) For g=2: Z”; fopon () =
i=0

(iv) For q=3: z": faivs (%) =

(v) For g=4: zf

f2m(n+1)+q (X)"' f2mn+q (X)* fq (X)f(fl)q f2m—q (
lam (X)—2

x) (3.14)

i fomivq (X) =
i

For example
(1) If m=1 then p=2

” fans21q () fang ()= fa ()~ (-1 fo-g () (3.15)
for = .
i;) ZHq(X) X2 +25-2
4 f —f _
(i) For g=0: > f,; (x) = 2“+2(X2) 2n (X) = sX
i=0 SX“ +25-2
4 f —f _
(i) For g=1: 3. .0 (x) = 20:8(X) = fama (X) 7%
i=0 SX“ +25—-2
f f X) — sX
(iii) For g=2: Zf2|+2 (%)= 2n+a (X ) 2n+2 (X)
i=0 sx? +25 -2

(2) If m=2 then p=4
f4n+4+q( )+ fanig (X) = fq ()= (-1)" faq(x) (3.16)

fai
Z “ q sx* +4sx% +25-2
i-0 SX +4sx2+25—2
_ Tanss (X)- fansg (%) +X°
(ii) For g=1: fai 1
,Z(:) a sx* +4sx? +25-2
f4n+6( )= fans2 (X)X

(iii) For g=2: f4i 2
,Z(:, " sx* +4sx% +25-2

; —9 < fane7 (X) = fanes (X)—
(|V) For q_3 f: X) = 4n+7 4n+3
Z‘) 4'+3( ) sx* +4sx% +25-2
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L f (X)—f (X)—SXS—ZSX
(V) Forg=4: 3" f,. ,(x)=-_4n8 4n+4
g&) aiea () sxt +4sx% +25-2
(3) If m=3 then p=6

i g () =082 (0 fonsa () fo (9~ (1)" fo4 () 3.17)

X8 +6sx* +9sx? +25 -2

fonag (X) = fon (X)—5x® —6sx* —9sx® — 25

(i) For g=0: i foi (X) =

i=0 sx8 +65x* +9sx% +25 -2
. PR f X)—f %)+ sx* + 3sx?
(ii) For g=1: Zfam(x): 6n+7£ ) im—l( )2
i=0 SX° +6SX" +9sx° +25-2
4 2
(i) For 0=2: 3" £, (x) = fonsg (X) = fonsa (X )+sx +35x
i=0 sx8 +65x* +9sx? +25-2

(v) For g=3: 3 i, (x) = —genz0 () fonsa (%)

i-0 sx8 +6sx* +9sx% + 25— 2
Proposition 8: For fixed integers p, q with
0<q< p-1, the following equality holds
2 Tpia () (3.18)

Proof: Applying Binet’s formula of generalized
Fibonacci Polynomials, the proof is clear. For different
values of p&q:

O () 1 00= Y a0 () (s

i-0 X
(iif) %( 1ty (x) = D Fon (SXX)2++(;Sl)+“2f2n+l(x)_sx
O S0 -

N i( D' fara (6)= ()" fanes (X)+(=1)" fansa (x) +5x +25

sx? +4sx? +25+2

(1= 0 fanss ()+ (-1 fane2 ()

T
o

W E)( W ez sx* +4sx? + 25+ 2
(vii) Zn:( 1)’ faii5(x)= (-1)" fans7 (X)+(=1)" fans(x)+ 5% + 2

sx* +4sx? +25+2

5. Confluent Hypergeometric Identities of
Generalized Fibonacci Polynomials
A. Lupas [3], present a guide of Fibonacci and Lucas

Polynomial and defined Fibonacci and Lucas Polynomial
in terms of hypergeometric form. K. Dilcher [9], defined

Fibonacci numbers in terms of hypergeometric function. C.

Berg [4], defined Fibonacci numbers and orthogonal
polynomials.

In this section, we established some properties of
generalized Fibonacci Polynomials in terms of confluent
hypergeometric function. Proofs of the theorem are based
on special function, simple algebra and give several
interesting identities involving them.

Theorem 9: If f,(x) and I,(x) are generalized

Fibonacci and Lucas Polynomials then
0 tﬂ -1
) z

—=se"|F, (n+1,—,t2) (4.1)

(i) ZI ——§sethF (n+1—t ) wheres=2-xt (4.2)
(i) In (X) = 2f1 (X) = xfy (X) (4.3)
Gv) L1 (X) = XFoiq (X) +2xfF, (X) (4.4)

Proof (i): Since the generating function of the

generalized Fibonacci Polynomials is,
n-1_ 2\7!
Z fo ()" = s(1-xt-1?)

t" (x+t)"

Ms

S

T
o

n
n z v nCr
r=0

tn+an—rn!

ri(n—r)!

tn+2r n(

n
M
-

>
]
o

I
IMs
Ms IDM-

n+r)!

Il
L

>
I
o

1l
r—c»O

n
MS

rin!
"o 2
Z—n n+1

I
o

n

1
= se’ | Ry (n +1,—,t2)

Zf"

Proof (ii): Since the generating function of the
generalized Lucas Polynomials is,

S (x (x)t" = os(1-xt - t)l

n=0

=55 1" (x+1)"
['s} n
=35y "> tx"" "c,

n=0 r=0

n tn+rxn—rn!

n=0r=0 r!(n_ r)!
t”*zrx”(n+r)!

rin!

ZI —5seXt Fo(n+1, -t )

We can easily get the following recurrence relation by
using (4.1) and (4.2)

(ifi) Iy (x) = 2fq (x)—xfy (%)
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(iv) In+1 (X) = an+l (X)+ 2an (X)
Theorem 10: If f,(x) and I,(x) are generalized
Fibonacci and Lucas Polynomials then

@ (n+1 IL)dx Iogc{ s (X )} (4.5)
n+1( ) S
(ii) fog (X e'”+1(x)dx—m+c (4.6)
. Jfra () ©on+1 '
1
(iif) [ frsa () Inya (¥)dx =0 (4.7)
-1

Generating functions are very helpful in finding of
relations for sequences of integers. Some authors found
miscellaneous identities for the Fibonacci polynomials
and Lucas polynomials by manipulation with their
generating functions. Our approach is rather different in
this section.

Corollary 10.1:

D () + Frag ()" __SAY (4.8)
= t(l—xt—tz)
Corollary 10.3:
S 1 ()4 (O} = 20D g
= t(l—xt—tz)
Proposition 11: Prove that
2 (1) (1) - SE) g
— 2
- (1—xt—t )

Proof: Using the generating function, the proof is clear.

6. Conclusion

We have derived many fundamental properties in this
paper. We describe sums of generalized Fibonacci
Polynomials. This enables us to give in a straightforward
way several formulas for the sums of such Polynomials.

These identities can be used to develop new identities of
polynomials. Also we describe some confluent
hypergeometric identities of generalized Fibonacci and
Lucas polynomials. In Theorem: 10 we use c, is the
arbitrary constants of integration and give several
interesting identities involving them.
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