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1. INTRODUCTION

The Fibonacci numbers F, (n=0,1,2,...) satisfy the recurrence relation F,=F _, +F, _,
(n=2) with F; =0, F; =1. We denote

Fn k)= > EF, ..F, (nzk), 8))
vyt =n
where the summation is over all k-dimension nonnegative integer coordinates (v, v,,..., v, ) such
that v, +v, +---+v, =n and k is any positive integer. The numbers F(n, k) are called convolution
Fibonacci numbers (see [3], [1], [2]). W. Zhang recently studied the convolution Fibonacci
numbers F(n, 2), F(n,3), and F(n, 4) in [4], and the following three identities were obtained:

Y. FF,=~((1-DF, +20F, ), @
a+b=n 5,
Y EFE,= (5 -9n-2)F, , +(5n* -3n-2)F,_,), 3)
a+b+c=n 50
1 3 2 3 2
> F,FFF, "EE(W ~-12n° - 4n+12)F,_, +(3n’ —6n* - 3n+6)F, _,). €))

a+b+ctd=n

The main purpose of this paper is that a recurrence relation and an expression in terms of
Fibonacci numbers are given for convolution Fibonacci numbers F(n, k), where n and & are any
positive integers with n> k.

2. DEFINITIONS AND LEMMAS

Definition 1: The k™-order Fibonacci numbers Fn(k) are given by the following expansion
formula:

() - Srer ©)

1-t-*) =
By (1) and (5), we have Fn(l) =F, F(n k) =Fn(k), and Fn(k) =0 (n<k).

Definition 2: The k™ -order Fibonacci polynomials Fn(k) (x; p) are given by the following expan-
sion formula:
k
1 w0
— = | = F® e pu". 6
[1_2xt_pt2) 2 EPCp) ©)

By (5) and (6), we have F¥ = F®)(L: 1) (n> k).
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Definition 3: Let n, k, j be three integers withn>%>2 0< j<k -1, and

i=1

k-1
M, ={(x1, Xy K |, =00r1(i=1,2, .., k-1 and ) x, = k—l—j}

Forany (x,%,,...,x,_)eM,_,_, ., A(x,%,,...,%,_; k,n) is defined by

J.J?

. } Y Y Y
Aoy 0, %gs Xy M) = (k_-l1+z)(kj2+zz)' (—"1-—1+zk 1),

where Y, V,, ..., Vi_1» %15 235 -5 2, Satisfies the following:

(a) Ifx,=1,then y,=n;ifx; =0, then y, =n-1

() Vi:l<i<k-1;ifx,=1,thenz, =-1;ifx, =0,thenz, =1

(¢) Vi:l<i<k-2;ifx,=x,=1orx =0, x,,=1,then y,=y;if x,=x,,=0o0r x, =1,
x,,=0,theny, =y —1

Lemma 1:

@ L P p)=2hEE ) (r2 ) ™
®) (1 +DFR(x; p) = 200+ FP (5 p) + pln+ 2k - DF R (v, p); ®
© LERGs )~ 25-L FO (x5 1)~ 2HED (5 )~ p- F (5 ) =0 ©

Proaf: By Definition2. O
Lemma 2: For k > 2, we have:

@ x;b;ﬂ"kx;p)wEF""(x p)=nF® (x; p); (10)

®) L FO p)-x L FE( p) = (=14 20FE 0 p). an
Proof: By Lemma 1(b) and (c), we immediately obtain (10) and (11). O

Lemma 3: We denote
s(m, k, j):= Z iy ;O %g, % s Rom) (0 j<k-1),

(o2 g5 g ) €My gy

where the summation is over all (k - 1)-dimension coordinates (x,, x,, ..., X,_,) such that (x;, x,,

X)) EMyy , then:

(a) (———l)s(n k,0)=s(n k+10);
) (————+l)s(n Lk k-1)=s(nk+1,k);

© (—’:——l)s(nk ])+(—k—1-+l)s(n Lk, j-D=stmk+1,j) (1<j<k-1).
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Proof:
(a) (——l)s(n k,0)= (Z_ ) Z }“k-l,o(xpxz’---’xkq;ka”)

(31, %30 X ) €My

S (SRR

= o(LL .. Lk+Lm)= > A o(Xp Xy, X K+ 1,0y = 5(n, k +1,0).

(e, X35 X ) €M g

®) (——+1)s(n Lk k—T)= (—'371“) S A6 Xge o X k=)

(Xq5 X5 0 Xp_y) eMO k-1

n-1 : L 2o nk
_( - +1) 0100, 0,..., 0 ke, =1 = (k “)(k 1”) ( I ”)

=26.00,0,..,0,k+1,m)= > Aon(X, %y, X k+ L)y =s(n, k+1, k).
(Xy5 Xg5 e X ) EMo,k
(0 s(nk+1, )= z /‘Lk_j,j(xl,xz,...,xk;k+1,n)
(xl,xz,...,x,‘)EM,(_j,j
= Z Rk_j’j(l,xz,...,xk;k+1,n)+ Z k-, j(O Xy Xps k+1,1)
(1, %,y X ) EM,‘__,._J. (0, %, ., Xz) eMk_jJ

n
2(;_1) Y Ak (X 1)

(x5, X ) €My

n—1
+(T+1) Z A, joi(Xgs s X Kn=1)

(x5 X)) eM,‘_j’j_1

= (.Z._l)s(n, k, j)+(nT_1+l)s(n—1, kK, j-D. O

3. MAIN RESULTS

Theorem 1: For n>k =2, we have:

x n+k +k—-1 =
@ F°(x p)_ﬁ(k_l_) Fir’0s p)+ P +p)(n +1)F,,(k Ysp); (12)
F(k):_l_( n _I)F(k-l) Z(n 1 l)F(k’l) 3
(b) n 5 k_l n +5 k—1+ n-1 ( )
Proof:

(@) By (10) and (11), we have
d
(% +p)—-F9(x; p) =mel 0 (x; p)+ pln =1+ 20 FE)(x, p). (14)

By (14) and (7), we immediately obtain (12).
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(b) Taking x =2 and p =1 in (12) and noting that
1
9= F9(351)
we immediately obtain (13). O

Theorem 2: For n>k > 2, we have

k-1-j 7
(k) X P
FO(xp)= E (2( +p)) (2(x2+p)J s(n, k, HF,_,_;(x; p), (15)

where s(n, k, j) is defined as in Lemma 3.

Proof (using mathematical induction):
1° When & =2, by Theorem 1, we have
F® = ————m-DF,_(x; p) +
Fo(xp)= e +p) (n-DF,_(x; p)
- *
2(x% + p)

2—(x§p+—pf)f"1i-z (x; p)

Ao 2, mE,_(x; p)+ 20.1(0;2,m)F,_,(x; p)

p
2(x* + p)

i~ ;
- z (Z(x +p)) ( 7?0 ) Z ’11—1 j(xl’z n)F, 'n—1-j (x; p)

2(x +p) (m)eM_,,;

1 -5
; (Z(x +p)) [2(35 +p)] s, 2, D, (%, ). (16)

(16) shows that (15) is true for the natural number 2.

2° Suppose that (15) is true for some natural number £. By the supposition, Theorem 1,
and Lemma 3, we have

n-1
F s )= g 518 )+ 2L 1))

) Wl
-1 ¥ k—j » ; i
i 5(2(" +P)) (Z(x +p)) (—“I)S(" b D5, P)

*%: ("—zx—~)k+j( £ )j+l( +1s(n—1, &, HE, 5 ;(x; P)
=\ 2(x* + p) 2(x* + p) k

bl

J=0
k-1 k—j ;
- p n_ o
_j=0 (Z(x +p)) (z(x +p)) ( l)s(n k, DF,a- (%, p)
L, x Y p Y |
+}Z=1 (2(x2+p)) (2(3: + p)) ( “)S(” Lk, j=DF, i ,(x;p)

k
X .
t@+m)&~%mkm-@mﬂ
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+]§ (2(x2x+ P))k_j (Z(xp+ p))j (( )s(n . ])+(_k—+1)s(n L= 1)) i/ (5P)

J=1

p Fin-1
+(2(x2+p)) ( 7 +1)s(n—l,k,k_l)F_l_k(x;p)

k
= (zx—zx:_)) s(n, k +1,0)F,_(x; p)

S _p Y . ‘
Z (2(x +p)) (z(xl +p)) s(n, k+1, PE,_;(x; )

) s(n, k+1,K)F,__.(x; p)

(2(x +p)
k k—-j » j
Z (2(36 +P)) ( 2 ) s, k+1, )F .y (x; p). 17)

2(x* + p)
(17) shows that (15) is also true for the natural number £ +1. O
From 1° and 2°, we know that (15) is true.

Theorem 3: For n>k >2, we have
Fob=F9 (1) zzfs(n b DEr (13)

where s(n, k, j) is defined as in Lemma 3.

Proof: Taking x=1 and p=1 in Theorem 2, and noting that

F(n k)= F(k) F(k)( ,l) and F n—l—j (%;l),

we immediately obtain (18). O

Corollary 1: For n>k >2, we have

(@ F(n2)=1((n-DF,+2nF,_);

() F(n,3)=%4((*-3n+2)F,+(4n* —-6n-4)F,_ +(4n* - 4)F,_,);

(©) F(n,4) == -6n" +11n—6)F, +(6n° —24n* + 6n+36)F,
+(127° - 24n* - 48n+36)F,_, + (8n* - 32n)F, _,);

(d) F(n,5)=10((n* =100 + 3507 - 50n + 24)F, + (8n* — 60n° + 1000 + 120n — 288)F,
+(24n* —120n° - 60n* + 660n —144)F,_, + (32n* —80r> — 320n” + 440n + 288)F, _,
+ (16n* —160n + 144)F,_,).

Remark: By Corollary 1(a)-(c) and F,=F, |+ F,_, (n>2), we immediately obtain (2), (3), and
(4) (see Zhang [4]).

ACKNOWLEDGMENT

The author would like to thank the anonymous referee for valuable suggestions.

356 faua.



FORMULAS FOR CONVOLUTION FIBONACCI NUMBERS AND POLYNOMIALS

REFERENCES

1. M. Bicknell. "A Primer for the Fibonacci Numbers. XiII: The Fibonacci Convolution Tri-
angie, Pascal's Triangle, and Some Interesting Determinants." The Fibonacci Quarterly 11
(1973):511-16.

2. M. Bicknell. "A Primer for the Fibonacci Numbers. VII: Introduction to Fibonacci Polyno-

mials and Their Divisibility Properties." The Fibonacci Quarterly & (1970):407-20.

D. Zeitlin. "On Convoluted Numbers and Sums." Amer. Math. Monthly 74 (1967):235-46.

4. Wenpeng Zhang. "Some Identities Involving Fibonacci Numbers." The Fibonacci Quarterly
35.3 (1997):225-29.

AMS Classification Number: 11B39

G

2002} 357



