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We study the relationship of the Chebyshev polynomials, Fibonacci polynomials, and their rth derivatives. We get the formulas for
the rth derivatives of Chebyshev polynomials being represented by Chebyshev polynomials and Fibonacci polynomials. At last, we
get several identities about the Fibonacci numbers and Lucas numbers.

1. Introduction

As we know, the Chebyshev polynomials and Fibonacci
polynomials are usually defined as follows: the first kind of
Chebyshev polynomials is T,,,,(x) = 2xT,,,(x) — T,,(x) and
n > 0, with the initial values Ty(x) = 1 and T}(x) = x;
the second kind of Chebyshev polynomials is U,,,(x) =
2xU,,,, (x)-U,(x) and n > 0, with the initial values Uy(x) = 1
and U;(x) = 2x; the Fibonacci polynomials are F,,(x) =
xF,,,(x) + F,(x) and n > 0 with the initial values F,(x) = 0
and F,;(x) = 1. From the second-order linear recurrence
sequences, we have

Tn(x)=%[(x+ sz—l)n+(x— xz—l)n],

U, () = ———

2Vx? -1
x[<x+ sz—l)nﬂ—(x—\/x —l>n+1], 1

E,(x) = !

2Vx2 + 4
xKx+¢F:ZY—(x—V?:ZY]

These polynomials play a very important role in the study
of the theory and application of mathematics and they are

closely related to the famous Fibonacci numbers {F,} and
Lucas numbers {L,} which are defined by the second-order
linear recurrence sequences

F+2=Fn+1+Fn’

! )

Ln+2 = Ln+1 + Ln’

wheren > 0, Fy =0, F, =1, L, = 2,and L, = 1. Therefore,
many authors have investigated these polynomials and got
many properties and corollaries. For example, Wu and Zhang
[1] have obtained the general formulas involving F, (x)

-1
< 1
(;;Fk (x))

— Fn(x)_Fn—l(x))
F,(x)-F,_;(x)-1,

-1
& 1
(ZF <x>>

| xF, () E,y () - 1,
~ |xF,(x)F,_, (x),

if n is even, n > 2,
if nis odd, n>1,

3)

if nis even, n> 2,
if nis odd, n>1,

where x is any positive integer. Wu and Yang [2] studied
Chebyshev polynomials and got a lot of properties.
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Recently, several authors also studied the derivatives
of these polynomials. For example, Zhang [3] used the
rth derivatives of Chebyshev polynomials to solve some
calculating problems of the general summations. Falcon and
Plaza [4-6] presented many formulas and relations between
Fibonacci polynomials and their derivatives. This fact allows
them to present a family of integer sequences in a new and
direct way.

In this paper, we combine Sergio Falcén and Wenpeng
Zhang’s ideas. Then we obtain the following theorems and
corollaries. These results strengthen the connections of two
kinds of polynomials. They are also helpful in dealing with
some calculating problems of the general summations or
studying some integer sequences.

Theorem 1. For any positive integers, n and r, one has the
following formulas:

T3 (x)

- 1" 2% ns(n+k - 1)!
B Z Z(n—k)!(k—r—s+1)!(k+s+l—r)!

s=1 k=r

x Uye_q (%),

- (-1 %2 2n+1)s(n+k)!
S Em-RN(k+1+s-n)(k+1-5-71)

X Uy (%), @

2r—1)
T (x)

_ n—frl n (_l)n—k221’—2 2n+1)Q2s+1)(n+ k)'

S Em-k(kts+2-r)(k-s—r+1)!

x Uy (%),
T3 (%)
n-r n

-1)"* 2" (n+k-1-Q2s+1)n
ZZ m-k)N(k-s—-r)lk+s—r+1)!

s=0k=0

x Uy, (%),

where T,(f)(x) denotes the rth derivative of T, (x) with respect
to x.

Theorem 2. For any positive integers, n and r, one has the
following formulas:

(2r 1)

Tuer (%)

n-r+l n (-1)"*2 ky2r- 1(27’l+ 1) (n+k)!T,, (x)
-k (s+k+1-r(k+1-5-71)!

S§=

N D" F.@n+1)- (n+ k)
+k2=;22—2r(n_k)!(k+l—r)!(k+1_r)!,
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T3 (%)

n-r n

()" * 22 o+ k- 1)
sz: (n— k)‘(k—r+s)l(k_r_s)|T25 (x)

Z( DR 2 n(m+k-1)!
(k) (k=r)!(k-r! "~

k=r

(2
Znil ( )

) n—r+l n (_1)”—k22’ (n+k)!2n+1)T,_; (x)
=2 m-IN(s+k-rlk-r-s+1)!

>

s=1 k=r

T (%)

n-r+l n

. - 2% n(n+k- DTy, (x)
= 2 D s sy

s=1 k=r

(5)

Theorem 3. For any positive integers n and r one has the
following formulas:

(2r-1)
2n:—1 (X)

_ ”i“i( 1)” i 522"” Y2s=1)@2n+1) (n+k)

S£ 's+k-r+ D (k-r—-s+2)!

x Fyi_; (x),

5 (x)

n-r+l n

(=1)" 522 (26 ) (4 K — 1)
=2 (k+s=nl(k-r-s+Dl(n-k)

s=1 k=r

X Fyy 1 (%),
(6)
T (%)

n-r+l n n—r—s+1~2k+r
: (-1) 2% (n+k—-1)lsn
- Z Z (n k)l (k

pa it r—s+D(k+s—r+1)!

x Fy  (x),
Ty (x)

n-r+l n

~ (_l)n—r—s+122k+r+1 (251’1 + S) (1’1 + k)'
B Z Z(n—k)!(s+k—r+1)!(k-r—s+1)1

s=1 k=r

x Fy  (x).
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Corollary 4. For any positive integers n, m, and r, one has the
following identities:

T(Zr—l) (imLm )
2n 2

~ n-r+l n (_1)sm+n—k+m A im . 221'”5 (l’l +k— 1)'F25m
mn-k)lk-r-s+ 1) (k+s+1-r)E,’

s=1 k=r

n—r+l n (_l)sm+n+m—k22’ (2n+1)i"s (n+ k)!F,,,;
-kl (k+1+s-nl(k+1-s-nIE,’

s=1 k=r

T(Zr 1) (imLm )
2n+1 2

n-r+l n (_1)5"‘”‘227—2 2n+1)@2s+1)(n+ k)!Fm(25+1)
T LA -Rikrst2-nik-s—r+ DI,

el ( o )
2

(- DR 2% (n+ k= 1)1 (25 + 1) #F, 0001
B -kl (k-s—r)!(k+s—r+1)F,

>

7)

=0 k=0

where i denotes the square root of —1.

Corollary 5. For any positive integers n, m, and r, one has the
following identities:

r imLm
T2(31+11) (T)
_ ZIZ (=1 k22 20 + 1) (n+ k)L,
-k (s+k+1-r(k+1-s-1)

s=1 k=r

& )R Cnt D) (n+K)!
+k§22—2r(n—k)!(k+l—r)!(k+1_r)!,

e (imLm )
2n 2
n

iZ (=)™ k2 y(n+ k- 1)

-kl (k—r+s)(k—r—s)! >

s=1k=r

L (-1)"F 2 n(n+ k- 1)
mn-k)!'(k-r)lk-r) "~

k=r

3
o ("L,
e (552)
~ n—r+l n (_1)5m+n—k22r—1 (11 + k)' (27’1 + 1) Lzsm—m
- S m"n-k(s+tk-rl(k-r-s+1)! ’
my
TCr-D <1_m>
2n 2
- nfli (_1)sm+n—k221—ln(n +k— 1)!L25m_m
S Limm-k)l(k+s-r)l(k-r—s+ D!
(8)

2. Some Lemmas

Lemma 6. For any nonnegative integers m and n, one has the
following identities:

LWLw, |z "
x x T
ML B tdx =4, m=n>0, 9
J—l V1 — x? 2 0 ©)
n, m=n=0,
1 0, m+#n,
J U, (x)U, (x) V1 — x?dx = {n (10)
-1 E) m=n,
T, (cos0) = cosnb, 11)
i 1)6
U, (cos) = %. (12)
Proof. See [7]. L]

Lemma 7. For any positive integers m and n, one has the
following identities:

i
Un(2> =i Fn+1>
o (13)
Tn <E) = ELn+1
Proof. See [3]. O
Lemma 8. For any positive integer n, one has
Tn (Tm (x)) = Tnm (x) >
(T ( )) m(n+1) 1 (x) (14)
m—l( )
Proof. See [3]. O



Lemma 9. For any positive integers n and r, one has

LoD RF e k-1 g,

Ty ()= )

>

ki (m= N2k = 1)
T2(2)+1 () (15)
- Z (V"2 @n+ 1) (4 B! s
o (—R)N2k+1-7)!

Proof. From Theorem 2 of [2], we can get the following result
easily:

n

T (x) = Y (-1)""

k=0

2k n+k 2k—1 n+k-1 2k
<) (5]

n
— Z(_l)n—k . 22k—1
k=0

[ 2(n+k)!

_ (n+k-1) ]Zk
2! (n—K)! x

2k —1)! (n—k)!

(-1 e k-1
B (2k)! (n - k)!

k=0
(16)

From Theorem 2 of [2], we know

Toy (x) = Y (-1)"F

k=0
i1 (n+k+1 w(n+k 2+l
<l () ()

17)

In the similar way, we can get the following result easily:

n n—k 2k
Ty () = 3 ED @ D2 (n+ k! aunt

2k +1)! (n—k)! (18)

k=0

If we derive both sides of the above properties rth times, we
will get

T (%)

LoD+ k- 1) g,
(n-k)!'Q2k-r)!

k=[r/2]

>

(19)
T3 (x)

i "2 2n+ 1) (n+ k) o1y
(n-k)!Qk+1-r)! '

k=[r/2]

This proves Lemma 9. O
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Lemma 10. For any positive integers n and r, let

+00
Té:,) (x) = Zaan,r,sUs ('x) 4
s=0
(20)
" +00
T2n+1 (x) = Za2n+1,r,sUs (x),
s=0

where Tff)(x) denotes the rth derivative of T, (x) with respect
to x. Then one can get

i 1) (k-1 (s + 1)
(n-k)NQk-—s—r)Qk+s—r+2)II’

Aoprs = k=[r/2] '
s—r is even,
0, otherwise,
(21)
a2n+1,r,s
L)) R 2R 0n 1) (s+ 1) (n+ k)
kzrzr/z](n—k)!(2k+s+3—r)!!(2k+ 1-s—r)!’
s—r is odd,
0, otherwise.
(22)

Proof. To begin with, we multiply V1 — x2U,,(x) to both sides
of the following identity:

O ()= ¥ U, (), (23)
s=0

and then integrate it from —1 to 1. Applying property (10), we
can get

jl V1= 2T (x)U,, (x) dx
-1

= OZO: Jl a, . N1 -x2U,, (x)U; (x)dx (24)
s=0 71

7T

= E Arm

and then we have
1
Aprm = % j V1 - sz,(Lr) (x) Um (x) dx. (25)
T J-1
We define

Wy = % L cos"@sin (k + 1) 0 sin 0 d6. (26)

From [8], we know

2(k+1)n!
Wy = {(n+k+2)!!(n—k)!!’

0, otherwise,

k+nis even, n>k,

(27)
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where 7 and k are any nonnegative integers. Let x = cos0;
then we can get the following identity by applying property
(10):

nrm

a,, = %J T(r (cos0) U, (cos 8) sin’0 df
T
(28)

_2 J Tiir) (cos @) sin (m + 1) O sin 6 d6.
T Jo

According to Lemma 9 and property (27), we have

2 T
a = —
2n,r,
n,r,m 7_[J;)

2 “ * n-(n+k-1)
o ()" (n = k) 2k - 1))

TZ(;) (cos @) sin (m + 1) Osin 6 d6

. (29)
X J cos™* @ sin (m + 1) Osin 6 dO
0

2 2% n-(n+k-1)
= — Wok—r,m-

ki (CD"F (= )L (2k - 1)

Then we have a,,,,, = 0if m — r is odd. If m — r is even, we
have

n 22k.n.(n+k_1)!
Danrm = Z n—k

B 0 (1 ! k= )
. 2(m+ 1)(2k—r)!
QRk-m-rMQRk+m+2-r)!l

u )" F k- 1) (m + 1)
](n—k)!(Zk—m—r)!!(2k+m—r+2)!!‘
(30)

k=[r/2

This proves property (21). In the similar way, we have
Aypi1rm = 0if m—riseven. If m — r is odd, we have
a2n+l,r,m

& (—1)”*"22’<(2n+1)(n+k)!w
B (n-k)(k+1-r) = 2ktlorm

k=[r/2]
% R 2t 1) - (m 1) (n+ k)
k=Tr72] -k QCk+m+3-r)!Q2k+1-m-r)!!
(3D
That is property (22). This proves Lemma 10. O
Lemma 11. For any positive integers n and r, let
+00
TZ(:L) (X) = _banOTO (X) + ZbansTs (X) >
s=1
(32)
T2(:1)+1 (x) = 2n+1r0T0 (x) + Zb2n+1 rsls (X).

s=1

5
Then one can get
Zn: 22K ) Ry (n+ k- 1)
b e Rtk @k =l
e s —r is even,
0, otherwise,
(33)
b2n+1,rs
i (~1)"* . 22 24 1) (n+ k)!
o (=Rl (s+ 2k + 1= 2k + 1 -1 =9I’
s—r is odd,
0, otherwise.
(34)

Proof. In order to prove property (22) we must multiply
T,,(x)/ V1 = x? to both sides of the following identity:

T (x) = = nrOTO(x)+Z b, T, (%), (35)

and then integrate it from -1 to 1. Applying property (9) we
can get

Jl L), (0, _ Jl B To () T (%)
-1

L Ve pr
(o8} 1
Py [ Aetn @0, 66
P S 1-x?
= Ebnrm
2

and then we have

2 (1 TV (%) T, (x)
burm = — J == (37)
Tl V-« *
We define
2 (" n
Qi = — J cos"0 cos kO dO. (38)
T Jo
From [8], we know
2n!
_, k i 5 = k)
G = | rRm—jn’ TSI mER )
0, otherwise,

where n and k are any nonnegative integers. Let x = cos0;
then we can get the following identity by applying property
(10):

sin6do

J’” T,, (cosB) T(’ (cos6)

0 sin @ (40)

2
I
2
v

J T,, (cos0) Tflr) (cos ) do.



According to Lemma 9 and property (39), we have
= 2 [" 1) (cos6) cos m0 db
= | Ton (cos0) cosm

n 2%+ k- D%k rm

- W D) - Rtk - )t

so we have b = 0if m—risodd. If m —r is even, we have

2n,r,m

L2+ k—1)!

n—k)!Qk-r)!

b =
k=[r/2] (

2n,r,m

2(-1)"% 2k - r)!

2k —r +m)ll 2k — r — m)!! (12

d 22 ) R (n+ k- 1)
1 (=K 2k =7+ m)lt (2k — 1 — m)!l’

k=[r

This proves property (33). In the similar way we have

byyi1ym = 0if m —ris even. If m — r is odd, we have
b2n+1,r,m
_ Z 22K 20+ 1) (1 + K)'Goges1—ym
i DR (=)L 2k + 1 - 1)
i (-1 %22 on+ 1) (n + k)!
a W (=R m + 2k + 1= 2k + 1~ 7 —m)ll’
(43)
That is property (34). This proves Lemma 11. O

Lemma 12. For any positive integers m and n, one has the
following identities:

n+3 .
0
F,(2icos0) = %, (44)
sin
1 22 —n>0,
J V2 +4E, (x)E, (x)dx = 1= = "T"°
-1 0, otherwise.
(45)
Proof. As we know,
F(x)= ——
n - n 2
2"Vxc + 4 (46)

[(e VT a) — (x-VETa)].
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Let x = 2i cos 0; then we have

1
F_(2icos0) = icosO + sin0)” — (icosO — sin 6)"
1 (2icos0) = 5—— [( Y- ]
1 n_—inf .n_inf
= ire™ —i'e
251n9( )
M
= —— (cosnb — isinn6 — cos nf — i sin 1)
2sin6
B "3 sinnd
sin 6

(47)

This proves property (44). Let x = 2icos0 in the following
identity:

2i
A= J Vx? + 4F,, (x) F, (x) dx; (48)
-2i
then we can get

A= J 2sinOF, (2i cos 0) F,, (2i cos 0) 2i sin 0 dO
0

4isin®0 : de
sin @

J ™ i3 sinnf i sin mo

0 sin 6 (49)

m
= 4"l J sin n@ sin mO do
0

= 2"} J cos (n — m) 0 — cos (m + n) 0dO.
0

Then we can get property (45). This proves Lemma 12. [

Lemma 13. For any positive integer n, let

+00
T (X) = Y 6, F, (%),
s=1

(50)
(r) +00
T2n+1 (x) = ch,r,st (x) >
s=1
then we can get
n 24k—r+lns (Tl+k _ 1)!l~1—r—5(_1)n
- P n-k)!Qk-r—-s+1)!! 2k — r+s+1)!!
s s—1r is odd,
0, otherwise,
‘;Zn+1,r,s

Lo (=D Qsn 4+ 5) 27 (n+ k)
(=) ks — r+2)l 2k — 7 - s+2)1°

s—r is even,

k=[r/2

0, otherwise.
(51)
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Proof. At first, we multiply Vx? + 4F,,(x) to both sides of the
following identity:

T (x) = Z s P (%), (52)

and then integrate it from —2i to 2i; we can get the following
identity by applying Lemma 12, where m is any positive
integer. Consider

2i
J Vx? +4F,, (x) T,Sr) (x)dx
i

_ i le N T AR (0 F, () dx O

= 207" G, s
then we have
( 2m 1 2i
Corim = 2 I Va2 +4E, ()T, (x)dx.  (54)
" s

Let x = cos6; then we can get the following identity by
applying Lemma 12:

(_i)2m—1

271

Cn,r,m -

x J Tr(f) (2i cos 0) F,, (2i cos 0) 4isin’0 d6
0

2m+2
2m

= L T (2i cos 0) -

+3 sinm6

- (2sin0)* do

2i3m+1

= J- Ty) (2i cos 0) sin m0 sin 0 d6.
T 0

(55)
According to property (27), we have

n 22k+1 'ni3m+1 (T’l+k _ 1)|

i D" (= R 2k = )i

(Qn,r,m =

X J (2i cos 0)* 7 sin m0 sin 6 dO
0

% 2 k-put
e D)'(n-k)\QRk-1r)2'n

(56)

X J 05?70 sin m@ sin 6 dO
0

LR T+ k- 1)
| w2k—r,m—1’
7)!

Ly G (= k) (2K -

so we have ¢,, ., = 0if m — r is even. If m — r is odd, we can
get

Onrm

x 2% T+ k- DT
o CU (- 2k = )]

o 2m 2k —r)!
Ck-r-m+ 1N QRk-r+m+1)!!

- n 24k—r+1 -nm (ﬂ + k _ l)!il—r—m(_l)n
s =Lk —r —m+ DN 2k -7+ m + ni’
(57)

In the similar way, we have ¢, ,,, = 0if m~risodd. If m—r
is even, we can get

0271+1,T,m

Lo 0+ 1) 2T (n + k)

) k=[r/2] “D)"(n-k)'Q2k+1-1) Wak+1-r,m-1
S (2T Qi m) 2 (4 k)
T e Ik e m 4 2k —m 2l
(58)
This proves Lemma 13. L)

3. Proof of the Theorems and Corollaries

In this section, we will prove our theorems and corollaries.
First of all, we can prove all the theorems from Lemmas 10,
11, and 13 easily. Then we prove our corollaries.

Proof of Corollary 4. Let x = T,,(x) in Theorem 1. We can get
the following properties from Lemma 8:

T (2r-1) (T (X))

n-r+l n

B ~1)"* 2 ns(m+k - DU, (%)
Z Z -k k-r-s+ D (k+s+1-r)U,_;(x)

s=1 k=r

T, (T, (x))

Z Z (1" 2% 2n+1)s(n+k)\U,,, , (x)
= =(n NWk+1+s-r)!(k+1-s-1)U, l(x)’
T (2r-1) (T (X))

2n+1

ML (—1)7R222 (204 1) (25+1) (m+K)U 61— (%)

) Z Z Um—l (x) ’

SEem-k)(k+s+2-n)(k-s—r+1)!

2r) (T (x))

R (=122 (n+ k= 1)!(2s + 1) nU,
ZEZ -kl (k—s—r)l(k+s—r+1)U,

0 k=0

m(2s+1)—1 (x)
-1 (%)
(59)




Then, taking x = i/2 in the above identities, according to
Lemma 7, we can get Corollary 4. O

Proof of Corollary 5. Let x = T,,(x) in Theorem 2. We can get
the following properties from Lemma 8:

T(Zr—l) (Tm (X))

2n+1

R O e 0T
N (n=-K)!(s+k+1-rl(k+1-s-7)

s=1 k=r

i D" . 2n+1)-(n+k)
2272 (I (k+1-r)(k+1-r)

k=r

T3 (T, (x))

n

n-rn o qyn—k  H2r+l _
:ZZ( D22 n(n+ k- 1)! )

SEn-k)(k-r+s)!(k-r-s) 2sm
(60)

(=D 2T i+ k- 1))
+) n-Rlk—nl (k-1

k=r

T3, (T, (x))

2n+

_ "—’“i (1) 2 (n+ k) @n+ 1) Toy ()
m—kN(s+k-r)lk-—r—s+1)!

nrtl n (—1)”_k22rn (I’l + k- l)!Tsz,m (X)
-kl (k+s-r)(k-r—-s+1)!

s=1 k=r
Then, taking x = i/2 in the above identities, according to
Lemma 7, we can get Corollary 5. O
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