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1. INTRODUCTION 

We consider a generalization of Fibonacci sequence, which is called the ^-generalized Fibo-

nacci sequence for a positive integer k>2. The k-generalized Fibonacci sequence {g^} is 

defined as 

and, for n>k>2, 
2(k) ^ £(k) (k) (k) 
Sn £w-l ^ £«-2 ^

 T 8n-k • 

We call g^ the n^ k-generalized Fibonacci number. For example, if k = 2, then {g^} is a 

Fibonacci sequence and, if k - 5, then g[5) = g^ = g^5)
 = 0, g/jp = g^ = 1, and then the 5-general-

ized Fibonacci sequence is 

0, 0, 0,1,1,2,4,8,16, 31,61,120, 236,464, 912,1793,.... 

Let 4_! be the identity matrix of order k-\ and let E be a 1 x (k -1) matrix whose entries 

are l's. For any k > 2, the fundamental recurrence relation g^ - g^\ + gn% "•—
 + Sn

k-k c a n
 be 

defined by the vector recurrence relation 

where 

&n+\ 

2(k\ Sn+2 

Sn+k _ 

Qk = 

= Qk 

ro i 
l . 

g 

g 

(k) 
n 
(k) 
P>+1 

Jbn+k-\ 

fe-1 

E 7, ~ h 
(1) 

kx.k 

The matrix Qk is said to be a k-generalized Fibonacci matrix. In [4] and [5], we gave the rela-

tionships between the ^-generalized Fibonacci sequences and their associated matrices. 

In 1843, Binet found a formula giving Fn in terms of n. It is a very complicated-looking 

expression, and the formula is 

F = 
V5 

1-V5Y fi-VsY an-(5n 

a-p ' 

where a and/? are eigenvalues of Q2. In [6], Levesque gave a Binet formula for the Fibonacci 

sequence by using a generating function. 
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In this paper, we derive a generalized Binet formula for the ^-generalized Fibonacci sequence 

by using the determinant and we give several combinatorial representations of /t-generalized 

Fibonacci numbers. 

2. GENERALIZED BINET FORMULA 

Let {g^} be a ^-generalized Fibonacci sequence. Throughout the paper we will use gn = 

gn+k-2> « = 1,2,..., and Gk = (gu g2, g3,...) for notational convenience. 

For example, if k = 2, G2 = (1,1,2,3,...), and if k>3, Gk = (1,1,2,4,...). For Gk9 k>2, 

since gx = g2 - 1, we can replace the matrix Qk in (1) with 

& = 

0 
0 

6 
.S\ 

Then we can find the following matrix in [3] 

Q? = 

gn-(k-l) g\,2 

gn-(k-T) gl, 2 

gn-l gk-l, 2 

g» gk ,2 

gi 0 
0 Si 

0 •'•• 

gl ••• 

gU 

gh 

gk-l, 3 

8k,3 

... o 

... o 

••• gi 

gl g2_ 

•• glk 

•• gh 

•• gk-l 

•• g\j 

:-\ gn-(k-2) 

c-l gn-(k-3) 

k-l gn 

i-l gn+l 

(2) 

where 

Si, 2 ~ Sn-{k-i)+ Sn-(k-{i-l)) 

Si, 3 = Sn-(k-i)+Sn-(k-(i-l)) +Sn-{k-{i-2)) 

Si, k-l - Sn-(k-i) + Sn-(k-(i-l)) + Sn-(k-{i-2)) +
 ' ' ' + gn-(k-(i-{k-2)))> 

/ = 1,2,...,&. Since Qtfif = Qt
+w

, Sn+m = (Qk+lk,u ^nce, we have the following theorem. 

Theorem 2.1 (see [3]): Let Gk =(gl7g2,...). Then, for any positive integers n and m, 

gn+m ~ SnSm-(k-l) + (Sn + Sn-l)Sm-(k-2) 

+ (gn + &,-l + Sn-2)Sm-(k-3) + '~ 

+ (&, + &.-1 + S«-2 + " ' ' + ^ - ( ^ " 2 ) ) ^ - l
 + Sn+\Sm-

Note that ^ + w = (Qk
+m)Kl = (GT

,
")*-u •

 T h e n w e h a v e t h e
 following corollary. 

Corollary 2.2: Let Gk = (ft, g2,...). Then, for any positive integers w and m, 

Sn+m - Sn-lSm-(k-2) + (Sn-\ + gn-l)gm-(k-3) 

+ (gn-l + Sn-2 + ^«-3km-(^-4)
 +

 ' ' ' 

+ (Sn-l +
 &.-2

 +
 £ . - 3 + *' * + Sn-{k-l))Sm + ft^m+1-

Now we are going to find the generalized Binet formula for the ^-generalized Fibonacci 

sequence. 

2001] 159 



THE BINET FORMULA AND REPRESENTATIONS OF ̂ -GENERALIZED FIBONACCI NUMBERS 

Lemma 2.3: Let bk = %£{•£$. Then bk < bk+l for * > 2. 

Proof: Since |^-> I | randA:>2, 

k + l 

k + 2 

k+l 

and 
tk+2 

k + 2 

7*+l 

Therefore, 

h - lk+1 (k + l 

k+l k + 2{k + 2 

k+l lk+1 

= h 

for each positive integer k. • 

Lemma 2.4: The equation zk+1 - 2zk
 + 1 = 0 does not have multiple roots for k > 2. 

Proof: Let f(z) = zk-z £-1 -z-1 and let g(z) = (z-l)/(z). Then g(z) = zM ~2zk + l. 

So 1 is a root but not a multiple root of g(z) = 0, since k > 2 and / ( l ) * 0. Suppose that a is a 

multiple root of g(z) = 0. Note that a * 0 and a •*• 1. Since a is a multiple root, g(z) = ak+l
 -

2ak +1 = 0 and g'(a) = (k + \)ak - 2kak~l = ak~\{k + \)a - 2k) = 0. Thus, a = •£?, and hence 

0 = -a*
+1

 + 2 a * - l = a * ( 2 - a ) - l 

2k 

k + l 

2k+1( k 

2k 

k + l 
1 = 

2k 

k + l 

2k + 2-2k 

k + l 

* + l U + l 
•l = k - l 

Since, by Lemma 2.3, b2 = (~) x 2 = ̂ 5- > 1 and bk < bk+l for k > 2, bk * 1, a contradiction. 

Therefore, the equation g(z) = 0 does not have multiple roots. • 

Let /( /I) be the characteristic polynomial of the ^-generalized Fibonacci matrix Qk. Then 

f(X) = Xk
 - Ak~l X - 1 , which is a well-known fact. Let AhX2,...,Xk be the eigenvalues of 

Qk. Then, by Lemma 2.4, Xl,X2,...,Xk are distinct. Let A be a k x k Vandermonde matrix as 

follows: 

SetF = A
r
. Let 

1 

x} 

if
1 

d, 

1 

A2 

/ i 2 

= 
X"2

+h 

A"t 

.. 

.. 

•• 

-f 

-1 

-1 

1 

h 

4~l 

and let Vj})
 be a A: x k matrix obtained from Fby replacing the y* column of Fby d,. Then we 

have the generalized Binet formula as the following theorem. 
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Theorem 2J; Let {g(
n

k)} be a ^-generalized Fibonacci sequence. Then 

Sn = 
_ det(i>f

}
) 

det(F) ' 
(3) 

where g„ = g$k_2. 

Proof: Since the eigenvalues of Qk are distinct, Qk is diagonalizable. It is easy to show that 

QkA = AD, where D = diag(21? A2,..., Xk). Since A is invertible, A7lQkA -D. Thus, Qk is sim-

ilar to D. So we have QkA = ADn
. Let Qk = [^]fcxjk. Then we have the following linear system 

of equations: 

And, for each j = 1,2,..., k, we get 

Therefore, by (2), we have the explicit form 

det(F,
(,)

) 

det(F) ' 

_ detff?**) 

* « - * » - det(F) •
 U 

We note that, if k = 2, then (3) is the Binet formula for the Fibonacci sequence. 

3. COMBINATORIAL REPRESENTATIONS OF 

^-GENERALIZED FIBONACCI NUMBERS 

In this section, we consider some combinatorial representations of g„ = g„k+k-.2 f°
r
 * - 2-

Let Sk be a k x & (0, l)-matrix as follows: 

" E 1' 

4-i o. 

Then, by (2), 

SZ=[ty] = 

In [1], we can find the following lemma. 

Lemma 3.1 (see [1]): 

8n+l 

gn 

8n-(k-3) 

gn-(k-2) 

8k, k-l 

8k-l, k-l ' 

62, k-l 

8i, k-l • 

- gh 
•• gt-1,3 

•• gh 

•• gh 

gh 
gk-l, 2 

gh 
gl,2 

gn 

gn-l 

8n-(k-2) 

8n-(k-l) 

, . = V ^ 3 j ± l Z l ^ x I "i 

(mu...,mk) ml + '"+mk 
ml,...>mk 

(4) 
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where the summation is over nonnegative integers satisfying jnl + 2m2 + --+krnk = n-i + j and 

defined to be 1 if n = i - j . 

Corollary 3.2: Let {ffi} be the ^-generalized Fibonacci sequence. Then 

gn 
mh /!%+ • • •+ / !% 

ml,...,mk 

where the summation is over nonnegative integers satisfying mx + Im^ + • • • + kmk =n-l + k. 

Proof: From Lemma 3.1, if / = 1 and j = k, then the conclusion can be derived directly from 

(4). D 

Let A = [afJ] hemnxn (0, l)-matrix. The permanent of A is defined by 

n 

aeSn i=l 

where a runs over all permutations of the set {1,2,...,«}. A matrix >4 is called convertible if 

there is an « x n (1, -1)-matrix ff such that pen4 = det(̂ 4 o H), where 4̂ o f̂ denotes the Hada-

mard product of A and H. Such a matrix H is called a converter of A. 

Let ^ " ' ^ = [ftj] = Tn+Bn, where 2; = [ttj] is the /? x n (0, l)-matrix defined by ty = 1 if and 

only if |/ - j | < 1, and i?„ = [by] is the n x n (0, l)-matrix defined by by - 1 if and only if 2 < j - i < 

k-l. In [4] and [5], the following theorem gave a representation of g^. 

Theorem 3.3 (see [4], [5]): Let {g^} be the ^-generalized Fibonacci sequence. Then 

g^per^"-
1
-*) , 

where gn = g(„%_2. 

Let H be a (1, -1) -matrix of order « - 1 , defined by 

H = 

1 

1 

: 

1 

1 

-1 

1 

: 

1 

1 

1 • 

-1 • 

: * 

1 • 

1 • 

•• 1 

•• 1 

•. : 

.. _i 

•• 1 

where gn = g(
n^ 

Then the following theorem holds. 

Theorem 3.4: Let {g^} be the ^-generalized Fibonacci sequence. Then 

Proof: Since the matrix 9^~
u
) is a convertible matrix with converter H, we have 

and, by Theorem 3.3, the proof is complete. • 

Now we consider the generating function of the ^-generalized Fibonacci sequence. We can 

easily find the characteristic polynomial, xk
 - xk~l x -1, of the ^-Fibonacci matrix Qk. It 
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(5) 

follows that all of the eigenvalues of Qk satisfy xk -xk l + xk 2
 + • • • + x +1. And we can find the 

following fact in [5]: 

*" = gn-k+ixk~l
 + (&-*+i + gn-k + - + gn-2k+z)*k~2 

+ (gn-k+l+g„-k +—+g„-21c+4)xk~'3 

+ -+(g„-k+i + g„-k)x + gn 
-Jfc + 1 ' 

Let Gk(x) = gl + g2x + g3x
2 + °>°+gn+lx

n
 + - . Then 

Gk(x) - xGk(x) - x2Gk(x) - - . - xkGk(x) = (l-x-x
2--- xk)Gk(x). 

Using equation (5), we have (1 - x- x2 - -• • - xk)Gk(x) = gt = l. Thus, 

G^(x) = ( l - x - x
2 xk)~l 

forO<JC + Jt
2
 + - - - + x * < l . 

Let fk(x) = x + x
2

 +»• • + xk. Then 0<fk(x)<l and we have the following lemma. 

Lemma 3.5: For positive integers/? and n, the coefficient of xn
 in (fk(x))p

 is 

Mflra n-kl-py k 

Proof: 
(fk (x))p = (x+x2 + • • • + xky = xp(\+x+x2 + • • •+xk~ly 

= * ' 
l-x 
l-x 

.k V 
= yP Xp

 ( 1 - * * J 
l-x 

im-^nny)) 
In the above equation, we consider the coefficient of x". Since the first term on the right is xp, 

we have kl+i = n-p, that is, i = n-kl-p. If l = q for any q = 0,1,...,/?, then the second term 

on the right is 

(-if p\(n-kq-\ 
q)\n-kq-p 

r»~P 

So the coefficient of x" is 

Theorem J.6: For positive integers/? and w, 

•kl-p 
(6) 

Proof: Since 

Qt(x) = gx + g2x + g3x
2
 +... - f ^ x " + • 

1-x-x
2 Jfc ' 
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the coefficient of x" is the (n+k- l)
st
 Fibonacci number, that is, gn+l in Gk. And 

1 1 
Gk{x) = 

l-x-x2 xk l-fk(x) 

= i+fk(x)+(/k(x))2+-+(/k(x)y+-

?)(-iy^l
r/+lV

-'
 (7) 

1=0 \£J i=0 

=i+/tw+x
a
l(?)(-iyx

B
i(^

1
)x' 

+-+*"Sf7l(-iy^if"
+
/-

1
V 

1=0 \ S i=Q\ / 

Since we need the coefficient of x
w
, we only need the first n + \ terms on the right and the 

(p + l)
st
 term in (7) such that 

So kl+i - n - p, as we see in (6), and f<p<n. Thus, by Lemma 3.5, we have the theorem. • 

From the above theorems, we have five representations for g„, g„ = g%+n-2- That is, 

gn = perS*"-
1
^ = det(^

(
""

U) off) = ~ ^ ~ 

^<p<n-l 1=0 V / V r J 

= I 
where the summation is over nonnegative integers satisfying ml + Im^ -\ hkmk = n-l + k. 
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