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1. Introduction

This paper represents an interesting investigation about some special relations between matrices and k—Fibonacci
numbers, k—Lucas numbers.This investigation is valuable to obtain new k—Fibonacci,k—Lucas identities by differ-
ent methods.This paper contributes to k—Fibonacci, k—Lucas numbers literature,and encourage many researchers
to investigate the properties of such number sequences.

Definition 1.1.
The k—Fibonacci sequence {F ,,} ey is defined as, Fy o =0, F.; =1and F; ,;; = kF ,, + F ,1forn>1

Definition 1.2.
The k—Lucas sequence {Lj ,} <y is defined as, Ly o=2,Ly; =k and Ly, =kLy , + Ly -1 forn>1

2. Main theorems

Lemma 2.1.
If X is a square matrix with X*=kX +1I, then X" =F. , X + F. ,11, forallne Z

Proof. 1f n =0 then result is obivious,
If n =1 then
(X)' = F X + Feol
=1X+1
=X
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Hence result is true for n = 1
It can be shown by induction that,

X"=F ,X+F. ,ILforallneZ

Assume that, X" = F , X + F. , I, and prove that, X"*' = F_, ., X+ ., I,
Consider,
Fenn X+ E,l= (Fk,nX + F n1 X+ Fenl
= (kX + I)Fk,n +XFk,n—1
= X?Fn+ X Fen1 = X(X B + B 1)
=X(X")
=Xn+1
Hence, X""' = F. , .1 X + F .1,
By Induction, X" = F , X+ F ,11,forallneZ
We now show that, X" =F,_,X+F._, I, foralneZ*
Let, Y =kI—X, then
Y2=(kI—-X)?
=k*I—2kX + X?
=k* I —2kX+kX+1
=k T—kX+1
=k(kI-X)+ X +1
=kY+1I

Therefore, Y2 =kY +1,
This shows that,

Y'"=F.,Y+F I,

ie. (X )'=F (kI=X)+F,I(-1)"X""
=—Fen X+ Fennl

X" =(=1)"" Fen X +(=1)" Bt 1

Since, F_, = (=1)""'F ,, F_pn_1 = (—1)"F; 11, therefore X" = F._, X + F._, 1 1,gives X" "W =F_, X+ F_,1,
forallneZ™*.

Hence proof. O
Corollary 2.1.
ko1 FopiiF
Let, M = ,then M" = 1k n )
( 1 0 ) ( Fk,an,nfl

Proof.  Since,

M?=kM +1=F,,M +F.,_,I(Using Lemma 2.1)

:( ka,n Fk,n )+( Fk,n—l 0 )
Fk,n 0 0 Fk,n—l

:( Fk,n+1 Fk,n )
Fk,n Fk,nfl ’

forallneZz
Hence proof. O
Corollary 2.2.
k  k’+4 Lin  (K*+4)F,
Let,Sz( 2 2 ),thenS’l:( an Lfﬂ ),foreveryneZ
2 2 2 2
Lemma 2.2.

Li,n —(k? +4)Fk2,n =4(-1)"forallneZ
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Proof. Since, det(S)=—1, det(S")=[det(S)]" =(-1)",
Moreover since,

Lin  (K*+4)F.,
n __ 2 2
S - Fk,n Lk,n ’

2 2

We get
Li, B (k*+4)F2,
4 4

Thus it follows that L} | —(k* +4)FZ, =4(—1)"forallne Z
Hence proof.

det(S")=

)

Lemma 2.3.

2Lk,n+m = Lk,nLk,m +(k2 +4)Fk,an,m and 2Fk,n+m = Fk,nLk,m + Lk,an,m

foralln,meZ

Proof.  Since,

Sn+m — Sn . Sm
Lin  (K*+4)Fn Lim  (kK*+4)Fcm
— 2 2 2 2
Fk,n Lk,n ° Fk,m Llc,m
2 2 2 2
Lk.n Lk,m+(k2+4)Fk,n Fk,m (k2+4)[Lk,n Fk,m+Fk,n L/c,m
- 4 4
- Lk,an.m+Fk,nLk,m Lk,nLk,m+(k2+4)Fk,an,m
4 4
But,
Lk,n+m (k2+4)Fk,n+m
n+m __ 2 2
S - Fk,n+m Lk,n+m ’
2
Gives,
— 2
2Lk,n+m - Lk,nLk,m + (k + 4)Fk,an,m
and

2Fk,n+m = Fk,nLk,m + Lk,an,m

foralln,meZ
Hence proof.

Lemma 2.4.

2(=1)" L o = L, n L,y — (k* + ) Fy. , Fe
and
2(_1)ka,n7m = Fk,nLk,m - Lk,an,m

foralln,meZ.

Proof.  Since,

Sn—m:Sn'S—m
=Sn'[8m]71
Lign  —(k*+4)F
o 2 )
2 2
Lin  (K*+4)Fn Lim  —(K*+4)Fn
(T e
2 2 2 2

4 4
Lk,n Fk,m_Fk,n Lk,m Lk,n Lk,m_(k2+4)Fk,an,m
4 4

( Lk'nLk,m_(k2+4)Fk,n Fk,m (k2+4)[Lk,n Fk,m_Fk,n Lk’m )
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But,
Lk,n—m (k2+4)Fk,n—m
Sn_m = ( Fk f—m Lki—m )’
2 :

Gives,

2(=1)"Licnem = Lie.n L, — (k* + 4)F  Fe
and

2(_1)ka,n—m = Fk,nLk,m - Lk,an,m
foralln,meZ. O
Lemma 2.5.

(_1)mLk,n7m + Lk,n+m = Lk,nLk,m
and

(_1)ka,n7m + Fk,n+m = Fk,nLk,m

foralln,meZ.

Proof. By definition of the matrix S”, it can be seen that

Lk,n+m+(_l]m Lk,n—m (k2+4)[Fk,n+m+(71)m Fk,n—m
n+m mgon—m __ 2 2
S + (_1) S - Fk,n+m+(_l)ka,n—m Lk,n+m+[7l)m L/c,n—m
2 2
On the other hand,

Sn+m +(_1)m5n_m :SnSm +(_1)mSnS—m
=S"[S" +(-1)"S™"]

Lk n k2+4 (K2 +4)F Lim (k2+4)F Lim —(k*+4)F,
2 2 _1\" 2 2
Fk n Lk n ‘ Fem Lk,nz + ( 1) —Fem Lk,m
2 2 2 2
Lk,n (k? +4)F;C
— ( 2 7 Lim 0
- Fen Ly, ‘ 0 L
2 2 ke,m
Li,mLin UC2+4)Fk nLim
= FknLkm LkmLkn
2

Gives,

(_1)mLk,n7m + Lk,n+m = Lk,nLk,m

and
(_l)m Fen—m+ Fenem = FenLim
foralln,meZ. O
Lemma 2.6.
8Fk,x+y+z = Lk,ka,y Fk,z + Fk,ka,y Lk,z + Lk,ka,y Lk,z + (kz + 4)Fk,ka,y Fk,z
and

8Lk,x+y+z = Lk,ka,yLk,z + (k2 + 4)[Lk,ka,yFk,z + Fk,ka,yFk,z + Fk,ka,yLk,z

forallx,y,zeZ.
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Proof. By definition of the matrix S”,it can be seen that

Lk,x+y+z (k2+4)Fk,x+y+z
Sx+y+z — 2 2

kx+y+z Ly x+y+z

2 2

On the other hand,

Sx+y+z — Sx+ySz

Lk»X+,V (k2+4)Fk,x+y Lk,z (k2+4)Fk,z
— 2 2 2 2

Fk,x+y Lk’x+y ° Fk,z Lk,z

2 2 2 2

Li sy Li . +(K*+4)F o1 By . (k2+4)[ Ly v1y Fi 2+ Fc sy Lk 2
— 4 4
- L2 Feoxry+Fez Ly Lty Lk,z+(k2+4JFk,x+yFk,z

4 4

Using,

2Lk,x+y = Lk,ka,y +(k2 +4)Fk,ka,y
2Fk,x+y = Lk,y Fex+ (k2 +4)Fk,y Ly x

Gives,

8F x+y+z=LixLiyFez+FoxLiy Lo+ Ly Fey Ly o+ (K*+4)F  F B,
and

8Lk xsy+z=LixLi,yLi+(k* + ) LixFy Fe o+ B v Licy Fe o + Fex Fey Li 2

forallx,y,zeZ.

Theorem 2.1.
LY oy =P+ A B L ey By — (K2 + 4072 E2 =1 LE

forallx,y,zeZ.

Proof. Consider matrix multiplication given below.

That is,
el S Ly Ly x+y
2 Vo = ,
Lis ( Fie,y ) ( Fie,y+z )

~
NN
B B

L’év" —(k2+§)Fk'x _ Lk,ka,z —(k2+4)Fk,ka,Z
det Fk,z Lk,z - 4
2 2
_ (_1)ka,z—x
2
=Q#0

Therefore we can write
Ly, (k2+4)F, \ 1
( Lk,y )_ sz 2 - ( Lk,x+y )
= L
Fk,y ;’z % Fk,y+z

Lk,z _(k2+4)Fk.x
:l( A 12 ) (Lk'Hy)
“Tk,z X .
Q 5 % Fk,y+z

(_I)X[Lk,sz,x+y - (kz + 4)Fk,ka,y+z]

Lk,z—x
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and
E = (_l)x[Lk,ka,z+y_Fk,sz,y+x]
k,y — L
k,z—x
Since,
2 2 2 _

Lk,y —(k +4)Fk,y =4(-1)Y
We get,

[Lk,z Lk,x+y _(kz + 4)Fk,ka,y+z]2 - (k2 + 4)2[Lk,ka,z+y —F. Lk,y+x ]2 =4(-1)" Li,z—x
Using Lemma 2.4 and Lemma 2.6,

2

(£2,12 ., —20* + )L Fe iy Foyiz + (K2 + 4 B FE, )

—(k*+ 4)(Li,x sz,yﬂ —2Lg Bz Fryvz Ly + FkZ,Z Li,xﬂ,) =4(-1) Li,z_x
Gives,

Li,x+y - (kz + 4)(_1)x+y+1Fk,z—ka,x+y Fk,y+z - (kz + 4)(_l)x+z FkZ,y+z = (_1)y+z Li,z—x
forall x,y,ze Z. O
Theorem 2.2.

L,Zc,ﬁy — (1" Ly sy L xtyLic yrz + (—1)”ZL,2W+Z =1+ E,
forallx,y,z€Z,x #z.

Proof. Consider matrix multiplication,
Lix (k2+4)F;
£ o))
% (k +§)Fk'z Fk,y Lk,y+z
Now,
2
I O et B it ) G Vi P
Ly, (K> +4)F 2
2 —3
=P#0, (ifx#z)
Therefore for x # z, we can write
Licx (k2+0)F,, \ !
() B8] (k)
., bz (k +;1)Fk,z Liyis
L[t Y ()
P —_sz'z L;—x Lk,y+z
Gives,
(_l)x[Fk,z Lk,x+y - Fk,x Lk,y+z]
kay =
Fk,z—x
and
F . = (_1)x[Lk,ka,z+y _Lk,sz,y+x]
by (k2 +4)Fk,z—x
Since,
2 2 2 _
Lk,y —(k*+ 4)Fk,y =4(-1)
We get,

(kz + 4)[Fk,sz,x+y - Fk,ka,y+z]2 - [Lk,x Lk,z+y - Lk,sz,y+x]2 = 4(k2 + 4)(_1))/ FkZ,Z—x
Using Lemma 2.4 and Lemma 2.6, We obtain

lec,x+y - (_1)x+z Lk,z—ka,x+y Lk,y+z + (_1)x+z Li,y#—z = (_1)y+z+1(k2 + 4)Fk2,z—x

forall x,y,z€Z,x # z. O
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Theorem 2.3.

2 2 2
Fk,ery - Lk,x—z Fk,x+y Fk,y+z + (_1)x+z Fk,y+z = (_1)y+sz,z7x

forallx,y,z€Z,x #z.
Proof. Consider matrix multiplication,
F X F,x
(5 2)0)-(k)
;’z ;’Z Fk,y Fk,y+z
B Ba —1V°F .
det( F,%z Lil ):( ) k,x—z
2 2 2

=R#0, (ifx#z)
Therefore for x # z, we get,

F, Fox \7!
( Ly, ): sz ? ( Fi xy )
Fk,y ;’Z Z'Z Fk,y+z
Ly, —Ly,
= 1 1%1 B ] ( Fiexvy )
R 2“ kzv Fk,y+z

(_l)z [Lk,sz,x+y - Lk,ka,y+z]
Fk,x—z

Now,

Gives,

Lk,y =

and
(_1)Z[Fk,ka,z+y - Fk,sz,y+x]

Fe
Fk,x—z

S
Now consider,

(L2 Feery = Licx Feoyae | = (K2 + 8 F x Fe oy — Feo Feoyax L = 41DV EE
Using Lemma 2.4 and Lemma 2.6, We get

sz,xﬂ — L x—z Fexry Bz + (1) sz,y+z =(-D)"FEZ,

forall x,y,ze€Z,x #z. O

3. Conclusions

The conclusions arising from the work are as follows:

Some new identities have been obtained for the k—Fibonacci and k—Lucas sequences.
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