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GENERALIZATIONS OF THE FIBONACCI
AND LUCAS POLYNOMIALS

Gospava B. Djordjevi¢*

Abstract

In this note we con31der two sequences of polynomials, which are denoted
by {U}Lkm} and {V,g m}, where k,m,n are nonnegative integers, and m >
2. These sequences represent generalizations of the well-known Fibonacci
and Lucas polynomials. For example, if m = 2, then we obtain exactly the
Fibonacci and Lucas polynomials. If m = 3, then polynomials U,(Lkg and Vn(g)
were considered in papers (G. B. Djordjevi¢, Fibonacci Quart. 39.2(2001),
and G. B. Djordjevié, Fibonacci Quart. 43.4(2005)).

1 Introduction

The Fibonacci and Lucas polynomials are well-known and widely investigated. In
this paper we consider a more general situation, by investigating polynomials U, ,,
and V), ,,,, where all polynomials are polynomials in a real variable z, and m,n are
nonnegative integers, m > 2. Recall that polynomials U,, ,, and V, ,,, respectively,
are defined by recurrence relations (see [1, 2]):

Un,m = xUnfl,m + Unfm,m7 n>m, (11)

with Up m =0, Uy =2" 1, n=1,2,...,m—1, and

Vn,m = :L'anlgm + anm,my nz=m, (12)

with Vo, =2, Vo = 2", n=1,...,m —1, m > 2 and z is a real variable. In
this case corresponding generating functions are given by:
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(s = 1_2a; ot Zvnm . (1.4)

It is easy to obtain the equality
Vn,m = Un+1,m + Un+1—m,ma n>m— 1

We denote by U,(Lk)n and Vn(,k%, respectively, derivatives of the k" order of polyno-
mials Uy, and V,, p, i.e.

i dk i dk
U’r’(L T)n = E{Un,m} and ngm)q = @{Vn,m}-

For given real x, we take complex numbers aq, as, ..., q,,, such that they satisfy:
Zai =z, Zalaj =0, Z ooy =0,. = (="' (1.5)
i<j i<j<k

where 4, j,k € {1,2,...,m}. For m = 4, equalities (1.5) yield:

Zal =ux, Zazaj =0, Z ajajop =0, ajaasoy = —1, (1.6)
1<j 1<j<k
for i,j,k € {1,2,3,4}.
If m = 2, then we obtain exactly the Fibonacci and Lucas polynomials. If m = 3,

then polynomials U,, (k) s and V] 3) were considered in papers [1] and [2]. In Section 2

we investigate polynomials U, ( ). and in Section 3 we consider the general case of

n,4

polynomials Ur(f,)Z In Section 4 we prove some related identities.

()

2 Polynomials U,

7

In this section we investigate polynomials Un 1, which are a special case of polyno-

mials U( ). From (1.1), for m = 4, we get

Upna=2Up_14+Upn_sa4, n=>4, (2.1)

with initial values Upq = 0, U4 = 1, Uz gy = z, Us 4 = 2% Hence, by (1.3), we
have that U*(t) is the corresponding generating function

U(t) = Z Upat". (2.2)

Differentiating both sides of (2.2) k times with rebpect to x, we obtain

lf:zrt

k!tk"rl 0
4 _ _ (k) 4n
UL = o~y = S e (2.3)

n=0
Now, we prove the following result.
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Theorem 2.1. For a nonnegative integer k the following holds:

i) = a1A1 k+1 Z (1 7;1};%;@“ 7 (2.4)
a2A2 k+1 Z Oil:tzkﬂ i (2.5)
agA e Z 1- Oil:tzkﬂ ; (2.6)
a4A4 k+1 Z 1- (iktlkﬂ 7 (2.7)
where
Ay = Apg(ar) = 222204 e g o) = S0rm = B0 o8
Ay = Apon) = D g = ) = - L

i [3/2]5-2 .
K + 1 J b—s ! s s T \j— T —s r \S
Z Z ( ; )( I )(s) (Am)l+ (AT,) 2l(A12)l (A1) i

Proof. Using the equality (1.6), we get

tk-i—l
(1=t — (yFit (28)
tk+1

— 2.9
(1 — o t)k1(1 — agt)k“(l — agt)F (1 — agt)k+1 (29)

a’k i a’k K
= 2.10
; 1—Oé1tk+1z+z 1—042tk""1Z ( )

a k a;

k,i ki
2.11
+Z 1—0[3!‘,k+11+; 1—0&47’5k+1 i ( )

Multiplying both sides of (2.8)— (2.11) with

alf+1(1 _ Ozgt)k+1(1 _ Oé3t)k+1(1 _ oz4t)k+1 (2'12)
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we get the following equality

(CYlt)’€+1 k+1 [ 41 1 1 2
(P ot (Al + AL (1 — ant) + Ay (1 — aqt) (2.13)
k+1 i Ilc
+A13(1—O¢1t E 1—a1t YE Ry +<I>1( ) (2.14)

1=

(®1(t) is an analytic function at the point t = a; ', t is a complex variable and 2 is
a real constant.) On the other hand, we see that:

1 k+1
m (1—auty™ =) =3 (k : 1) (1) (1 —art)~ 170, (2.15)
=0

SO

k+1
i (k Jlr 1) (“1)i(1 — ayt)~(+1-D

1=0
= a’f“ (A%O + Ah(l —at) + A%Q(l — alt)2 + A%S(l — ozlt)3)k+1 X
k 1
Ak
2 O, (t
2 gy 0
k+1 g l .
k+1\/7\/[1 . . e as
—a S (N () () ot g <
§=0 1=0 s=0

A;
a8

Because the Laurent series is unique at the point ¢t = a;l for the function
(cpt) =D (1 — alt)_(kﬂ), from the last equality, and [ + j + s := j, j — 1 :=
j—2l —s, we get:

=0
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Comparing coefficients with respect to (1 — ayt)~ 179 we find that:

it (FT1) et IS (k )0
§=0 1=0 s=0
X (Af)P =T (Al ) e (AT 275 (Afy)! S(A%B)SAllc,ifj'
Hence, for
a’fH(A}o)kHH_jAllc,ifj = allc,z;ja
we get

oty (1) -
)

i [J 2] j—21
> 2 ("

7=0 =0 s=0
It follows that

k+1
a’llc,i: A%o ( N )

Zle (IO ()t by el

j=11=0 s=0

(77077 () b aty 2t (atyra .

In a similar way, we find the remaining coefficients ap» r=1,2,3,4

ay ;= (1) (AL <kz er 1>

i [3/2]5-21
E+1\[(j—1—5\/[l e ar ol e \lsr e
_Z ( )( )(s) (Alo)H_‘ (AH)J 21(A12)l (Alg) ah
0

j=11=0 s=
Coefficients A},, Al;, Al,, Al; can be computed from the following equalities
A%OJrAH(1—a1t)+A12(1—a1t) +A13(17041t) = (170[20(170[30(170&4” (216)

and using (1.6).
In a similar way, we find the remaining coefficients AY,, A7, Als, Als,
r =234
O

3 Polynomials Ué’%

In this section we investigate polynomials UT(LkT),, Differentiating (1.3), k-times with
respect to x, we obtain

k klghtt (k)
Uk (t) = Tty ZUn’mt. (3.1)

n=0
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Theorem 3.1. Let k be a nonnegative integer, and let m be a positive integer,

m > 2. Then
m k
m akz
Uk (t):Z( ] k+1z (1 — a;t)k+1=0 (3.2)
] 1=

i=1\¢

where:

A{o"' A{1(1 - ajt) + A{Q(l - ajt)Q +oet A{,m—l(l - ajt)m_l
=1-ait)(l—aat) - (1 —aj_1t)(1 —ajpit) - (1 — amt),

and o, . . .,y satisfy equalities (1.5);
. ; P k+1
o= o () - (5.3

Zi: Z Jiz (k+1) @;) <jm2>(A{o)j2+"'+jm'l x (3.4)

Jj1=1j2=0 Jm—1=0 Ju Jm—1

(Ail)j17j2 e X (Ajl.,m—l)jmilai;)i—jla .7 = 1a 25 cee, M. (35)

Proof. From (3.1) and (1.5) we obtain:

thtl R+l
= 3.6
(1 —at —tm)k+tl (1 — qpt)ktl .o (1 — )R+ (3.6)
k ]1c k Ai
:z: W+EW+ (3.7)
k
Jrz 1 — t k+1° (3.8)

1=0

Multiplying (3.6)-(3.8) with o™ (1 — agt)**1... (1 — a,ut)**!, we have the
following equality

(alt)k+l

T it = ot (Alg + AL (1 — ant) + ALy (1 —aqt)® +... (3.9)
k+1 K 1
m k

A}, (L—agt)™™h) Z ) T+ By (1), (3.10)

(®1(t) is an analytic function at ¢t = aj'; t is a complex variable; x is a real

constant.) The left side of the equality (3.9) can be rewritten in the following form:

k+1
ot = (@ —ant) =) =i(—1>i<k+'1><1—a1t>-<’€+1—“. (3.11)

_ k1
(1 —aqt) — i
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The right side of the same equality is

k+1 j1 Jm—2 k41 . . . o
a’f”ZE-Z( . )(].1)...(?m1)<A}0>’f+1-h<Ah>h-ﬂ--- (3.12)
— : 1 J2 Jm—2
J1=071=0 Jm—1
k

_ : : A
X(A%Jn_l)]m,—l(l — qy byt tima Z Q_TI;ZIHH +®4(t). (3.13)
i=0

First taking

k+1/ 41 \k+1+i—j1 41 1 . . . .
ay T (Afp) Ay iy = agijys and 1+ ja + 0+ Jme1 = 1,

1

comparing coefficients with respect to (1 —a;)~*+1=9 and then using (3.11) and
(.3.12), we obtain coefficients a}m. Similarly, we compute other coefficients, afw.,
.7:1327"';.7m71~ O

4 Some identities

In this section we prove some identities, for generalized polynomials U,S’ZL and V,Sk%
For m = 2, these identities correspond to the Fibonacci and Lucas polynomials. For
m = 3, these identities correspond to generalized polynomials, which are considered
in [1] and [2].

Lemma 4.1. For positive integers m,n, such that n > m > 2, the following hold:

n m—1
1
Z Uim = ~ Z Uniomijm —11, (4.1)
=0 7=0
n 1 m—1
Z% Vi = - ;‘) Visomijm — 1], (4.2)
1= Jj=
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n

n .
Z < -)Ilhr-‘r(m—l)i,m = Nrtmn,m; (4.3)

]

1=0
n n ‘
Z (i)(_l)lhr-‘rmi,m = (_1)nxnhr+(m71)n,m7 (44)
=0
where hn,m = Un,m, OT hn,m = Vn,m~

Proof. We use the induction on n. It is easy to see that (4.1) is satisfied for n = 1.
Suppose that the equality (4.1) is valid for n, then (for n:=n + 1):

n+1 1 m—1
Z Ui,m - 5 Z Un+27m+j,m -1+ Un+1,m
i=0 j=0
1 m—1
= 5 Un+2—7n+j,m -1 + xUn+l,m (by (11))
7=0
1 m—1
= 5 Z Un+3—m+j,m -1

=0

Hence, the equality (4.1) holds for any positive integer n.

The equality (4.2) can be proved in a similar way, using the recurrence relation
(1.2).

Suppose that (4.3) holds for n. Then, taking the value n + 1 instead of n, from
(1.1) and (1.2), we get:

hT'+m(n+1),m = xhr—i—mn—‘—m—l,m + hr+mn,m

n
n .
= E <i>xlhr+(m—1)i,m + Zhrfmntm—1,m
=0

Z <Z>m hrJr(mfl)i,m + mz (l)x hr+m71+(m71)i,m

1=0 =0
n n n+1 n
= Z <i>xzhr+(m—l)i,m + Z (Z o 1) xlhr—k(m—l)i,m =
=0 i=1

- n n i n
<<z) - (z — 1>> 'yt (m—1yism + B + T By (1) (4 1).m
=1

n
n+1\ , n+1 n+1
Z < . ).13 hr+(m71)i,m + ( 0 )hnm + (’I’L + 1) hr+(m71)(n+1),m

+
(3
n+1\ ;
( i >£C hr+(m—1)i,m'

<

3
Il
_

1=

(=)
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Now, we have proved the equality (4.3).
Suppose that (4.4) is correct for n. Then

_1)n+1 n+1h

—~

r+(m—1)(n+1),m — (_1)n+1mn(mhr+m71+(m71)n,m)
1)TL+1

/\

(hr+m+(m, Dn,m — hr+(m—1)n,m)

/\

1)n+1$ hr-‘r'rn-‘r(m 1)n,m +( 1)nxnh7"+(M—1)”am

i n
( 1)Z+1 < )hr+m(1+1) m + Z (’L> hr+mi,m
0

=0

. n n
=1y <<z - 1) " (z)) P+ hran 4 ()" epm1)m

fn+1
(_1)< . )hreri,m-

1

3

Il
: i1
Tl

=0

~.

Theorem 4.1. For positive integers m,n, such that n > m > 2, the following
equalities hold:

n m—1
(k) (k) (k—1)
xZUl»m Z Un+2 m+j,m _kZU 5 k > 1. (45)
=0 =
m—1
Z VO =SV, BV s (4.6)
j=0 i

E E ( > ( > J)hilj-(zn 1)i,m = hflj-)nm ms (47)
1=0 5=0
n . .
! " E ; n— k
Z(_ ' ( )hf“-l-)mz n= <J> (n=j+ 1)@ Jh£+(vj72 D (4:8)

Jj=0
where by = Up 07 hypy = Vi

Proof. Differentiating both sides of equalities (4.1) and (4.2), on z, k—times, we
obtain equalities (4.5) and (4.6). Using the induction on k, we prove (4.7). If k = 0,
then (4.7) becomes

n

n .
hr—&-mn,m = Z (i)xlhr+(m—l)i7m7

i=0

so, we get the equality (4.7). Suppose that (4.7) holds for k¥ (k > 0). Then, for
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k:=k+1, we get

n k E\ d o iy
hg‘lf;rﬂflbzl,m = Z Z (72) <]) % ((xz)(J)hE']j-(frz—l)i,'m) =

i=0 j=0
n k
n\ [k
+1) 3 (k—j) (k+1—j)
ZZ(@)(J’) (@R + @O, L)
i=0 j=0
n k+1
n k
() 7, (k+1—7) () (k+1—j)
Z (l)(]l)( )]hr+(m l)zm+ZZ(>(> thJr(m i,m
i=0 j=1 i=0 j=0
n k
n k+1 k 2 k
i=0 j=1
n n k+1
n i\ (k+1) k+1 () g, (k+1—=7)
z%<z>($) h+(m 1)i,m — ZOZO ( )]hrJr(m 1)i,m
1= T J

So, we have proved the equality (4.7). Similarly, we can get the equality (4.8). O

Further, we prove some equalities, using generating functions (1.3) and (1.4).
Precisely, if we differentiate (1.4) k-times with respect to x, then we obtain

m k'tk(1+tm k) n
Vk()_(l—xt—tm T Zvﬁ,z,t. (4.9)

Using (3.1) and (4.9), we can easily prove the following theorem.

Theorem 4.2. For integers m,k,r, such that m > 2, and k,r > 0, the following
hold:

UR U0 = e Ve ) (4.10)
vp v = 2, (111)
VOV 0 = e a6 07, (k2 1), (412
UR OV 0) = G Ve O (k= 1), (113)
V)V (t) = 2 i : 2t =)V (), (4.14)
VT V™(t) = (2t71 — 2)2UM(t). (4.15)

The following result is an immediate consequence of Theorem 4.2:
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Theorem 4.3. Let m,n, k be integers, such thatn >m > 2 and k > 0. Then

S U0, = o o

Z:O 1, M n Z m (k + r + 1)' n,m b

> UlVamin = 17 (U250, = 2ULED) (4.17)

=0

(7’ _ k'r! (k+7‘+1) (k:+r+1)

Z v zm_m(vn—i-lm + Vot mm)? (4.18)

ZU(k v K e s (4.19)
“m‘<k+r+1)! mn 0 (r 2 1), -

Z‘G%Wi,m = +1 (2vhio = Vi), (4.20)
S ViViciin = AU, . — 42U, + 22U, (4.21)
=0

Proof. Comparing coefficients with respect to t" in equalities (4.10)—(4.15), respec-
tively, we obtain equalities (4.16)-(4.21). O

Corollary 4.1. FEqualities (4.10)—(4.21) for m = 2 and m = 3 correspond to the
Fibonacci and Lucas polynomials, and to those considered in [1] and [2].
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