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Abstract

We consider the sequences {f,}n=o and {l,,}n=, Which are generated by
the recurrence relations f, = 2af,_; + b* —a)f,_, and [, = 2al,_; +
(b? — a)l,_, with the initial conditions f, =0,f; =1 and [, =2,l; = 2a
where a and b are any non — zero real numbers. We obtain generating functions,
Binet formulas for these two sequences and give generalizations of some well —
known identities.
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1 Introduction

Both of Fibonacci sequence and Lucas sequence are well — known sequences
among integer sequences. The Fibonacci numbers satisfy the recurrence relation
E, = F,_, + F,_, with the initial conditions F, =0and F;, = 1. The Lucas
numbers satisfy the same recurrence as the Fibonacci numbers, namely
Ly, = L,_41 + L,_,, but the initial conditions L, =2and L, = 1.
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Generating functions for the Fibonacci sequence {F,},—, and the Lucas
sequence {L,}n—, are, respectively,

_ n x _ c n_  2—x
F(X) = Zan _m andL(x) = anx —m.
n=0 n=0

Binet formulas for the Fibonacci numbers and the Lucas numbers are,

respectively,
A+V5" -1 -5
E, =
25
where (1+4+/5)/2 and (1 —+/5)/2 are the solutions of the equation x? — x —
1 = 0. We note that the positive root 1 ++/5 is known as “golden ratio”.

These two famous sequences delighted mathematician for centuries with
their properties and applications. There are many relations and identities between
these two sequences. For more details about the Fibonacci and the Lucas sequence,
see [11].

Pell sequence {P,}n-, and Pell — Lucas sequence {Q,}n—, are also well —
known sequences. Pell numbers satisfy the recurrence relation P, = 2P,_; +
P,_, with the initial conditions P, =0 and P; = 1. Pell — Lucas numbers
satisfy the same recurrence but the initial conditions Q, =2 and Q; = 2.
Generating functions for the Pell sequence {B,};—, and the Pell — Lucas
sequence {Qn},‘;" o are, respectively,

and L, = (1 +V5)" + (1 —V5)"

P(x) = z Px" = —————and Q(x) = z Qnx™

Binet formulas for the Pell numbers and the PeII — Lucas numbers are,
respectively,

(1+V2)" -1 -V2)"
P, =
2V2
where 1++/2 and 1 —+/2 are the solutions of the equation x2 —2x —1 = 0.
The positive root 1 ++/2 is known as “silver ratio”.
There are many generalizations for the Fibonacci sequences. Some authors
([9, 10, 14]) generalized the Fibonacci sequence by changing the first two terms,
while others ([6, 7, 12, 13, 16, 17]) generalized it by changing the recurrence

relation.
Some generalizations of Pell numbers can be found in [1, 15].

and Q, = (1 +V2)" + (1 +V2)"

Definition 1. We define generalized sequences {f,}m=o and {l};—, by the
following recurrence relations:

fo=2afp1 + (b — az)fn—z (n=2) (1)
and
L, =2al,_; + (b —-a?*)l,_, (n>2) (2)
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with initial conditions, respectively

fo=0fi=1
and

lo=21, =2a
where a and b are any non — zero real numbers.

Clearly, for (a,b) = (1/2,5/4),(1/2,9/4) and (1,2), the sequence {f,}>,
reduces the Classical Fibonacci, Jacobsthal and Pell sequences, respectively, and
for (a,b) = (1/2,5/4),(1/2,9/4) and (1,2), the sequence {l,}x_, reduces the
Classical Lucas, Jacobsthal — Lucas and Pell — Lucas sequences, respectively.

For any positive integer k, if we take a = k/2 and b = (1 — k?)/4, the
sequence {f,}m—, reduces the k — Fibonacci sequence which is defined in [7],
and the sequence {l,}.—, reduces the k — Lucas Sequence defined in [8].
Properties of the k — Fibonacci numbers can found in [2, 5]. If we take a =1 and
b=k+1 the sequence {f,}n=o reduces the k — Pell sequence defined in [3],
the sequence {l,};-o reduces the k — Pell — Lucas Sequence [4].

2 Generating Functions
In this section, we give generating functions for the sequences {f;,}n=o and
{ln}%o:O'

Theorem 2. Generating functions for the sequences {f,}n=o and {l,}n=, are,
respectively

X
n —
anx ~1—2ax— (b —a?)x? ()
n=0
and
i |y = 2 —2ax 4
O"x " 1-2ax— (b—a?)x? ()
n=
Proof. We define f(x) = Yoo fux™ and l(x) = Yoo l,x™. Then, we have
f(x) =x+2ax? + 2 fux™, (5)
n=3
—2axf(x) = —2ax? — Z 2af,_4x™ (6)
n=3
and
(@2 = D*f() = ) (@ = b)fp 2" @
n=3

If we sum Eq. (5), (6) and (7), and use the recurrence relation (1), we get
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[1—2ax — (b —a®)x?]f(x) = x.
So, the last equation gives the Eq.(3). Similarly, Eq.(4) can be obtained. m

3 Binet Formulas

The following theorem gives Binet formulas for the sequences {f;}m=o and
{ln}z):O'
Theorem 3. The n™ term of the sequences {f,,}%., and {I,}2., are, respectively,

an_Bn
fo = ) (8)

and

Ly =a" +p" )
where a =a++Vbandg =a—+b are roots of the equation x?— 2ax —
(b—a?) =0.
Proof. We can write Eq.(3) as

X
;fnx NCEDICED)

Partial fraction decomposition of the right-hand side on the last equation is
X 1 1 1 1

(@x—-DPx—1 2vb @x—1) 25 Br—1)

This equation gives

Zf 1 1 1
n¥ 2\/_ (1—ax) 2vp (1—px)
2\/_2 ax" — —— ,Bn n

= ; (aa : gn) x™.

So, we have Eq.(8). Eq.(9) can be obtained similarly. m

4 Main Results

In this section, we give generalizations of some well — known identities for
the classical Fibonacci and Lucas sequences.

Theorem 4. For every integer n, we have
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1
fon = @ =pn for (10)
and
l ! l
= @z pyn (11)
The proof of Theorem 4 can be made easily by using the Binet formulas (8) and
(9).

Theorem 5. (Catalan’s identity) For every integers n  and r, we have

fasrfo—r — fnz = _(az - b)n_rﬂzx (12)
and
bysrln—yr — I = 4b(a® — )" 72 (13)
Proof. Using the Binet formula (8), we get
_ f2 — 1 n+r _ pn+r n—-r _ pNn-ry _ n _ pny2
forrfor = fid (a — B)2 [(a B ) (a ) — (a B™)?]
1 +r pn—-r n—rpn+r __ npn
= —m[a BT +a" P 2a"p"]
— (aﬁ)n—r 2r T RT 2r
=~ Ga gy 2B+ B
_ per (@ =BT\
= (@) ( a—f )

— _(az _ b)n—rfrz_
The proof of Eq. (13) is similar. m

If we take r =1 in Theorem 5 and use the fact that f; = 1, we find the
following:

Corollary 6. (Cassini’s identity) For every integer n, we have
fr+ifno1 — fnz = _(az - b)n_l
and
Lnsilnoq — 12 = 4b(a® — D)™ L.
Theorem 5 give us generalized Gelin — Cesaro identity, also.

Corollary 7. (Gelin Cesaro identity) For every integer n, we have
fra-2fn-1fasifasz = fr = fii (@* — b)""?(=5a* + b) + 4a*(a® — b)*"~3

and

Ln—oly1lnsilnss — It = 12(a? — b)"2(20a%b — 4b?) + 64a?b?(a® — b)?"3.

Theorem 8. (d’Ocagne’s identity) For every integers m and n, we have

ffns1 — fofmer = (az - b)nfm—n (14)
And
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Imlnt1r = lplpr = —4b(a® - b)" fn—n- (15)
Proof. Using the Binet formula (8), we have

fmfn+1 - fnfm+1

1

= m [(@™ — B™)(a™! — B7*1) — (@™ — fM) (™! — fmH1)]
1

= m [am+1ﬁn _ amﬁn+1 + anﬁm+1 _ an+1ﬁm]

= % [(@a —Ba™ " — (a— )™ ™

= (aﬂ)n fm—n-

Since af = a? — b, we obtain Eq.(14). Eq.(15) can be proven similarly. m
Taking n - —n in Theorem 8 and using Theorem 4, we have the
followings:

Corollary 9. For every integers m and n, we have

fman = fnaifn — (az — b) finfrn-1 (16)

and

4bfimin = lmsaln — (az - b)lmln—l- (17)
Theorem 3 gives the following:

Corollary 10. For every integer n, we have

faln = fon-

Theorem 11. For every integers m and n, we have
falm = fasm + (az —b)" fo—m-

Proof.
a — Bn
— m _ pmy — n+m npm _ ,mpn _ pnh+m
= (=) @ = B™) = Gy @™+ @B — g™ — )
an+m _ ﬁn+m - atm — ﬁn—m
- a-p +(ah) ( a—p )
= foem + (az —b)"fy-m- M
Theorem 12. For every integer n, we have
ln+1 — (a® + b)ln_1 = 4abf,_4 (18)
and
ln—alyy =2bfy 4. (19)

Proof. For the first equation, we write
ln—l + ln+1 — an—l + ﬁn—l + CzTH'l + Bn‘l'l
=a™ (1 +a®) + B+ B?)
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o™ (a® +2aVb+ b+ 1)+ " (a® —2aVb + b + 1)
(@ +b+ 1) (@™ + %1 + 2avb(a™t + g1

n-1 _ pn-1
(@% + b+ 1)(a™ ! + 1) + 4ab (—“ — g >

(a®+ b+ D, +4abf,_;.

1435

The last equation gives Eq.(18). If we use the recurrence relation (2) in
Eqg.(18), we obtain Eq.(19), easily. m

Theorem 13. For every integer n, we have

and

fn+1 - (az + b)fn—l =al,_4

ln—l

>

fa—Qfa1=

Theorem 13 can be proven with a similar way to Theorem 12.

Theorem 14. For every integer n, we have

12 = 4bf2 + 4(a® — b)™

Proof. By using the recurrence relation (1), we get

Then, we find

— 1 (Zn_z nﬁn_l_ﬁn)
fn—(a_ﬁ)za’ a .

4bf? = qyp + 4(a? — b)™.

Similarly, by using the recurrence relation (2), we obtain

2 =1, +2(a®—b)"

Egs. (21) and (22) give the theorem. m
Theorem 15. For every integer n, we have

and

Proof. Eq. (1)

1
fafnir = 4D [l3n+1 — 2a(a® — b)"]
balnyr = by + 2a(a* — b)".
gives
B an _ ﬁn an+1 _ ﬁn+1
fufs = (= )( — )
1
— (a — B)Z [(in+1 + '32n+1 _ anﬁn(a + ﬁ)]

The last equality gives EQ.(23). The other can be proven similarly. m
Using two equations in Theorem 15, we find the following:

Corollary 16.

For every integers n, we have

(20)

(21)

(22)

(23)

(24)
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4bfrfn+1 T lalnsr = 2hp4a.
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