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Abstract

In this paper we generalize to bivariate Fibonacci and Lucas polynomials, properties
obtained for Chebyshev polynomials. We prove that the coordinates of the bivariate
polynomials over appropriate bases are families of integers satisfying remarkable recur-
rence relations.

1 Introduction

In [4], the authors established that Chebyshev polynomials of the first and second kind
admit remarkable integer coordinates in a specific basis. It turns out that this property can
be extended to Jacobsthal polynomials [6, 7], Vieta polynomials [18, 10, 14, 15], Morgan-
Voyce polynomials [13, 2, 9, 11, 1, 17, 5] and quasi-Morgan-Voyce polynomials [8], and more
generally to bivariate polynomials associated with recurrence sequences of order two.
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The bivariate polynomials of Fibonacci and Lucas, denoted respectively by (U,) =
(Un(z,y)) and (V,,) = (V,,(z,y)), are polynomials belonging to Z|[x,y] and defined by

U0:07 U1:17 and ‘/0:2,‘/1:.T,
Up=2U,1+yU, o (n>2), Vi=aV, 14+ yV, o (n>2).

It is established, see for example [12, 16, 3], that

WA,
_ n—2k_k
Uper = Z( 5 )x , 1)

k=0

[n/2] n n—k
Vi = Zn_k( . )xy (n>1). (2)

k=0

Let &, be the Q-vector space spanned by the free family C,, = (z"**¢*);, (0 < k < |n/2]).
Thus the relations (1) and (2) appear as the decompositions of U,,;; and V;, over the canonical
basis C,, of &,.

The goal of this paper is to prove that the families i, := (kanH,k) , and U, =
(2*Vii),, for n —2[n/2] <k <n —|n/2] constitute two other bases of &, (Theorem 2.1)
with respect to which, the polynomials 2U,,; and 2V,, admit remarkable integer coordinates.

2 Main results

Theorem 2.1. For any n > 1, U, and B, are bases of &,

As U,y1 and V,, belong to &,, the polynomials U, and V3, are elements of &, with
basis Us,, or Vsy,. Similarly, U, and V5, 1 belong to &, 1 with basis iy, 1 or Vs, 1.
Therefore, there are a priori 8 possible decompositions:

over U, — trivial, over U, — simple,

U2n+1 < V'Qn <

over U, — Th. A, over U, — trivial,
over s, — Th. B, over Uy, _1 — Th. C,

/
VVQn—l \‘

over Us,,_1 @ — Th. E, over Uy, _1 — Th. D,

/
UQn \

where the cases 1 and 4 are obvious since Us, 11 € Uy, and Vs, € Vs,,.
The decomposition of V5, in iy, is simple: we have Vs, = 2Us, 11 — xUs,,.

The remaining cases are established by the five following results.



Theorem 2.2. (A). Decomposition of 2Usy, 1 over the basis Vy,.
For every integer n > 0, one has

n

k
2U2n+1 - E Qp T ‘/Qn—kv

k=0

where

o= 312 60,) (1),

J=0

Moreover, (), y~q @5 @ family of integers satisfying the following recurrence relation:

Unjp = —Qn-1j + an14—1 (n>1, k> 1);
ano=1 (n>0);
aojk = 5]“0 (k) 2 O) .

(9 being the Kronecker symbol).
The recurrence relation permits us to obtain the following table:

n\k 0 1 2 3 4 5 6 7 8

0 1

111

2 1 0 1

3 1 1 -1 1

/1 0 2 -2 1

5 1 1 -2 4 -3 1

6 1 0 3 -6 7 -4 1

7 1 1 -3 9 —13 11 -5 1

§ 1 0 4 —12 22 —-24 16 -6 1

from which it follows that

20, = W,

2U3 = Vo+alVy,

2Us = Vi+0V3+ 2%Vs,

U, = Vg+aVs — 22V, + 23V,

Theorem 2.3. (B). Decomposition of Us, over the basis g, 1.
For every integer n > 1, one has

n
k
Usp = E bn,k-l" Usn—k
k=1

where



Moreover, (bu),, 1>q @5 @ family of integers satisfying the following recurrence relation:

bn,k = bnfl,k - bnfl,kfl (TL > 17 k > 1);
bos = —0o (k> 0).

The latter recurrence relation permits us to obtain the following table:

n\k 0 1 2 3 4 5 o 7 8

0 -1

1 -1 1

2 -1 2 -1

g -1 3 -3 1

/ -1 4 -6 4 -1

5 -1 5 —-10 10 -5 1

6 -1 6 —15 20 —-15 6 -1

7 -1 7 -21 35 —-35 21 -7 1

§ -1 8 —28 56 —70 56 —28 8 —1

from which it follows that

Uy, = zU;
Uy = 2xU3—2°U,
Us = 32Us — 32°U, + 2°Us
Us = 4daU, — 62°Us + 42°Us — 2*U,
Theorem 2.4. (C). Decomposition of Vo,_1 over the basis sy, 1.
For every integer n > 1, one has

n

k
‘/Qn—l - E Cn kL U2n—k
k=1

where
n
Cnie =2 (—1)" (k;) — Ok, 1.

Moreover, (Cn i), > 1o 5 a family of integers satisfying the following recurrence relation.:

Cnk = Cn1k — Cn—1h—1 — Ok2 (n>2, k> 1),
Cno=—2 (n>1);
Clr = —25&0 + 5].371 (k > O).



The latter recurrence relation permits us to obtain the following table:

Y DGR o b~

from which we get

1 2
1
3 -2
5 —6
7T =12
9 =20
11 —30
13 —42
15 —56
Vi= zU;

‘/3 = 31’U3 - QI‘QUQ

8
20
40
70
112

4 5 6 7 8

-2
—10 2
—30 12 -2

—70 42 —-14 2
—-140 112 -56 16 -2

Vi = balUs; — 622U, + 223U,
Vo = TaU; — 1222U + 823U5 — 224U,

Theorem 2.5. (D). Decomposition of 2Va,_1 over the basis Vs, 1.
For every integer n > 1, one has

where

Moreover, (d,, )

n>1, k>0

2‘/271—1 - Z dn,kxk%n—l—k

dni = (—1)

k=1

ki1 2n—k (n
n \k/)

is a family of integers satisfying the following recurrence relation:

dn,k = dnfl,k - dnfl,kfl (77, > 27 k > 1)7

dno=-2 (n>1);

dig = =200+ 01 (K >0).

The latter recurrence relation permits us to obtain the following table:

3

1
)
14
30
95
91

/5 6 7 8

-1
—6 1
—20 7 -1

—30 27 -8 1
=105 77 =35 9 -1



from which we obtain

2V = 2V,

2V = 3aVy — 22V

2V = 5aVy — 422V + 23V,

2Ve = T2V — 922V + 522V, — 24V

Theorem 2.6. (E). Decomposition of 2Us, over the basis Vo, 1.
For every integer n > 1, one has

where
2n — J
= (0 (D i 5 S0, )

Moreover, (enk),, 1o 15 @ family of integers satzsfymg the following recurrence relation:

enk = €n—2k — 2€n_9k 1+ €n_ok_2 (Nn>3,k>2);
eno=0 and e,;=n (n>1);
€1k = 5k,1 and €2k = 261@,1 (k 2 O)

The latter recurrence relation permits us to obtain the following table:

n\k o0 1 2 3% 4 5 6 7 8

1 0 1
2 0 2 0
3 0 3 -2 1
4 0 4 —4 2 0
5 0 5 =8 8 —4 1
6 0 6 —12 14 -8 2 0
7 0O 7 —18 29 —-28 17 —6 1
8 0 8 —24 44 —48 32 —-12 2 0
from which, we have
2U2: I‘/O

2U, = 22V5 + 022V,
2Us = 3aVy — 222V + 23V,
2Us = 4oV — 422V + 223V, + 02*V3

3 Proof of Theorems

Theorem 1 follows from the following lemma.
Lemma 3.1. For any integer n > 0, by setting m = |n/2] , we have

dete, (iln) = (_1)m(m+1)/2 and detc, (;Un) _ 2(_1)m(m+1)/2‘



Proof. Let us prove onlgf the first equality as the proof of the other one is similar.

Let r = n—2m, Wk(m
we have

= 25 U1k (0 < k < m)and A, = dete, (W™ W™, Wi,

0
The result follows by noticing that Ag = 1 and A,,, = (—=1)"A,,_1 for m > 1. Indeed, for

m > 1, we have

Wk(:? - ngm) = 2" (U1, — Us_11) = —yW,im_l) 0<k<m-1).

Thus,
A = dete,, (W™, wim —wim L owim —wim, wim —

m m—2

m m—1 m—1 m—1
= detCQm(WO( ), —yWO( ), —le( ), e —yW( )).

m—1

2m

The “component” of Wo(m) = Usppy1 over 2™ is equal to 1.
The “component” of —ka(mfl)

A = dete, ,(—WAmD, D

over 22", is equal to 0, for 1 < k < m , so we have
WYY = (—1)™A,,. O

m—1

Let A, Bm, C, Dy, and E,,, be the operators on (Q [z, y])N defined by

Ap = —(@—E)"+2) E(z-E)"" (m=>0),
k=0

B, = —(E—2)" (m=>0),

Cpn = 2E™+2B,, —zE™" (m>1),

D, = (E—2)" " (x—2E) (m>1),

1
where F is the forward shift operator given by
E((Wn),) = Wni),

Then, we have

m . ‘ m ' j
Am - kZ:O a/m’kxkE k Wlth G,m’k = ;(—1)]+k(2 — 5m,j) (k)
By = Y bppatE™F with by = (=1 (TZ)

k=0
C,, = ZcmykxkEm’k with Con e = 2 (—1)’“rl (:Z) — k1

k=1

- 2m —k (m

_ k m—k . _ k+1

D,, = kzzodm’kx E with — dpg = (—1) T(k)

“ 1
Em = Z em,kl'kEm_k with Emk = 5 (dm7k+am_17k_1> + 5]@0.

k=1



With these notations, relations stated by Theorems A, B, C, D and E may be expressed
by means of the following relations

a.

® &0 T

Vn
Vn
Vn
vn
Vn €

M M M M

N*

A Vi, = 2Uzn 11
B, U, =0
CnlUp = Vapa
D,V,-1=0
E,V,_1 =2U,

which are to be proven. For this, the following lemma will be useful for us.

Lemma 3.2. For every integers n and m, we have
1. Vo =2U,11 —2U, (n>0) and V, =U,11 +yUp—1 (n>1),
2. (E—2)"Up=y"Unp and (E—2x)"Vy=y"Vinpn (m>n2>0),
3.3 hy ()" Vg = Usnyr — (—9)" (n>0).

Proof.

1. See relation (2.9) and (2.8) in

2. We proceed by induction on n.

[16].

3. For every integer n € N, put 7}, := Usp 11 _ZZ:1 (—y)"_k Vok. The relation to be proven
is equivalent to T,, = (—y)" (n > 0). Then, we remark that from the first relation of
this lemma, we have for every integer n > 1

Tn + yTn—l = U2n+l + yU2n—l - ‘/Qn = 07

(T%),,> 18 then a geometric sequence with multiplier (—y) and of first term Ty = 1. It
follows that for every integer n € N, T,, = (—y)" .

]

Proof of relations a., b., c., d. and e. Using the above Lemma, we have
" Vo = 2Unn 1.

a. AV, = (—y)" Vo+230, (—y)"~
b. B,U,=—(E—2)"U, =

—y”Uo =0.

. CnUn = (2En + 2B, — $En_1> U, = 2Us, — 2Usp_1 = Vo,,_1.

(¢
d. DV, = (E—z)"" (:cVn | —

@

-

o
I

2V):y"_1(xV0—2V1)—O
(32A, 1+ 1D, + BN Vg = 324, Vet + 3D, Vit + Vau_y. Using

A 1Vn 1 = 2Us,—1 and D, V,,_1 = 0, it follows that E\V, 1= mU2n 1+ Vop_1 = 2U,, |
Remark 3.1. Theorems A, B, C, D and E generalize results obtained for the Chebyshev

polynomials [4], Indeed,

1
EVn(Qx, —1) = T,(x) is the Chebyshev polynomials of the first kind,
Uni1(2x,—1) = U,(x) is the Chebyshev polynomials of the second kind,

with

{ T, (z) = 22T, _,

T():l,lel'

_Tn_g, and { Un(l') 2 Un 1—Un_2,

Uo(l’) 1 U1 = 2.
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