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Abstract

In this paper, we establish several formulae for sums and alternating sums of products of
generalized Fibonacci and Lucas numbers. In particular, we recover and extend all results of Z.
Čerin [2, 2005] and Z. Čerin and G. M. Gianella [3, 2006], more easily.
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1 Introduction and main result

Let p and q two integers such that pq 6= 0 and ∆ := p2 − 4q 6= 0. We define sequences of generalized

Fibonacci and Lucas numbers (Un) = (U
(p,q)
n ) and (Vn) = (V

(p,q)
n ), for all n, by induction

{

U0 = 0, U1 = 1, Un = pUn−1 − qUn−2

V0 = 2, V1 = p, Vn = pVn−1 − qVn−2

Sequences of Fibonacci (Fn) , Lucas (Ln) , Pell (Pn) , Pell-Lucas (Qn) , Jacobsthal (Jn) , Jacobsthal-
Lucas (jn) listed respectively A000045, A00032, A000129, A002203, A001045, A014551 in SLOANE [9] are

(Fn, Ln) = (U
(1,−1)
n , V

(1,−1)
n ), (Pn, Qn) = (U

(2,−1)
n , V

(2,−1)
n ), (Jn, jn) = (U

(1,−2)
n , V

(1,−2)
n ) for n ≥ 0.

For r and s two integers and for all sequences (Xm)m∈Z
and (Ym)m∈Z

, let

S(r,s)
n (X, Y ) :=

n
∑

i=0

Xr+2iYs+2i and A(r,s)
n (X, Y ) :=

n
∑

i=0

(−1)
i
Xr+2iYs+2i,

for convenience, we also set S
(r,s)
n (X) := S

(r,s)
n (X, X) and A

(r,s)
n (X) := A

(r,s)
n (X, X) .

Sums involving Fibonacci, Lucas, Pell and Pell-Lucas numbers and generalizations have been stud-
ied by several authors, for example, for trigonometric sums see Melham [6, 1999] and Belbachir &
Bencherif [1, 2007], for reciprocal and powers sums see Melham [7, 1999] and [8, 2000], and for the
sum of squares see Long [5, 1986], Čerin [2, 2005] and Čerin & Gianella [3, 2006].

In [2, 2005], Čerin studied A
(r,s)
n (L) for s = r and s = r + 1 when r is odd, and in [3, 2006], Čerin

and Gianella considered S
(r,s)
n (Q) and A

(r,s)
n (Q) for s = r and s = r + 1 when r is even.
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Recently, Čerin [4, 2007] studied the sums of squares and products of Jacobsthal numbers by es-

tablishing identities for S
(r,s)
n (J) , and A

(r,s)
n (J) , for s = r and s = r + 1 when r is even. This case

corresponds to (p, q) = (1,−2) .

Our purpose is to give simplified expressions for the sums S
(r,s)
n (U) , S

(r,s)
n (V ) , A

(r,s)
n (U) and

A
(r,s)
n (V ) . In all what follows, we suppose q = ±1 (which gives V2 6= 0, U2 6= 0 and U4 6= 0).

For n ∈ Z, let us define the sequences (an) , (bn) , (cn) , (dn) and (en) by the relations

an =
U2n

U2
, bn =

dn+1 − 1

p2∆
, cn =

U4n+4

U4
, dn =

V4n+2

V2
, en = p (dn − 1) .

These sequences, depending on p and q satisfy the recurrence relations

a−1 = −1, a0 = 0, an = V2an−1 − an−2,
b−1 = 0, b0 = 1, bn = V4bn−1 − bn−2 + 1,
c−1 = 0, c0 = 1, cn = V4cn−1 − cn−2,
d−1 = 1, d0 = 1, dn = V4dn−1 − dn−2,
e−1 = 0, e0 = 0, en = V4en−1 − en−2 + p3

(

p2 − 4
)

.

For (p, q) = (1,−1) , we have, for n ≥ 0, (Un, V n) = (Fn, Ln) and one gets (an) = (0, 1, 3, 8, 21, . . .),
(bn) = (1, 8, 56, 385, 2640, . . .), (cn) = (1, 7, 48, 329, 2255, . . .) and (dn) = (1, 6, 41, 281, 1926, . . .) listed
in SLOANE respectively as A001906, A092521, A004187, A049685.

For (p, q) = (2,−1) , we have, for n ≥ 0, (Un, V n) = (Pn, Qn) and one gets (an) = (0, 1, 6, 35, . . .),
(bn) = (1, 35, 1190, 40426, . . .), (cn) = (1, 34, 1155, 39236, . . .) and (dn) = (1, 33, 1121, 38081, . . .) listed
in SLOANE respectively as A001109, A029546, A029547, A077420.

We give now, for ε = (1 + (−1)
n
) /2, the main result of the paper

Theorem 1 For all integers r, s and n ≥ 0, we have

S(r,s)
n (U) =

n
∑

i=0

Ur+2iUs+2i = p−1∆−1 [U4n+r+s+2 − Ur+s−2] − (n + 1)∆−1qrVs−r,

S(r,s)
n (V ) =

n
∑

i=0

Vr+2iVs+2i = p−1 [U4n+r+s+2 − Ur+s−2] + (n + 1) qrVs−r,

S(r,s)
n (U, V ) =

n
∑

i=0

Ur+2iVs+2i = p−1∆−1 [V4n+r+s+2 − Vr+s−2] − (n + 1)∆−1qrUs−r,

A(r,s)
n (U) =

n
∑

i=0

(−1)i Ur+2iUs+2i = ∆−1V −1
2 [Vr+s−2 + (−1)n V4n+r+s+2] − ε∆−1qrVs−r,

A(r,s)
n (V ) =

n
∑

i=0

(−1)
i
Vr+2iVs+2i = V −1

2 [Vr+s−2 + (−1)
n

V4n+r+s+2] + εqrVs−r,

A(r,s)
n (U, V ) =

n
∑

i=0

(−1)i Ur+2iVs+2i = V −1
2 [Ur+s−2 + (−1)n U4n+r+s+2] − εqrUs−r.
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Corollary 2 For all integers r, s and n ≥ 0, we have

∆S(r,s)
n (U) = an+1V2n+r+s − (n + 1) qrVs−r , (1)

S(r,s)
n (V ) = an+1V2n+r+s + (n + 1) qrVs−r , (2)

S(r,s)
n (U, V ) = an+1U2n+r+s − (n + 1) qrUs−r, (3)

∆A(r,s)
n (U) =

{

dmV4m+r+s − qrVs−r if n = 2m
−p∆cmU4m+r+s+2 if n = 2m + 1

, (4)

A(r,s)
n (V ) =

{

dmV4m+r+s + qrVs−r if n = 2m
−p∆cmU4m+r+s+2 if n = 2m + 1

, (5)

A(r,s)
n (U, V ) =

{

dmU4m+r+s − qrUs−r if n = 2m
−pcmV4m+r+s+2 if n = 2m + 1

. (6)

Corollary 3 For all integers r, s, t and n ≥ 0, we have

S(s,s)
n (U) − qs−rS(r,r)

n (U) = ∆−1
(

S(s,s)
n (V ) − qs−rS(r,r)

n (V )
)

= an+1Us−rU2n+r+s+t, (7)

S(s,s+t)
n (V ) + ∆qs−rS(r,r+t)

n (U) = an+1Vs−rV2n+r+s+t. (8)

2 Proof of the main result

We shall use the following Lemmas

Lemma 4 For all integers n, m and h, we have

1 . U−n = −q−nUn, 2 . V−n = q−nVn,
3 . ∆UnUm = Vn+m − qmVn−m, 4 . VnVm = Vn+m + qmVn−m,
5 . UnVm = Un+m + qmUn−m, 6 . VnUm = Un+m − qmUn−m,
7 . UnUm+h − Un+hUm = qmUhUn−m, 8 . VnVm+h − Vn+hVm = −qm∆UhUn−m,
9 . VnVm+h − ∆Un+hUm = qmVhVn−m, 10 . UnVm+h − Un+hVm = −qmUhVn−m.

Lemma 5 For all integers r and n ≥ 0, we have

1. ∆U2

∑n
i=0 Ur+4i = V4n+r+2 − Vr−2 = ∆U2n+rU2n+2,

2. U2

∑n
i=0 Vr+4i = U4n+r+2 − Ur−2 = V2n+rU2n+2,

3. V2

∑n
i=0 (−1)

i
Ur+4i = (−1)

n
U4n+r+2 + Ur−2 =

{

U2n+rV2n+2 if n is even

−V2n+rU2n+2 if n is odd
,

4. V2

∑n
i=0 (−1)

i
Vr+4i = (−1)

n
V4n+r+2 + Vr−2 =

{

V2n+rV2n+2 if n is even

−∆U2n+rU2n+2 if n is odd
.

Proofs. For Lemma 4, we use Binet’s forms of Un and Vn : Un = αn

−βn

α−β and Vn = αn + βn where

α and β are the roots of x2 − px − q = 0. Lemma 5 follows from relations 3. 4. 5. 6. of Lemma 4.
We obtain Theorem 1 and Corollary 2 from relations 3. 4. 5. 6. of Lemma 4 and Lemma 5, and
Corollary 3 from relations (1), (2) and 3. 4. of Lemma 4. �

3 Applications: extension of Čerin & Gianella results

The following Theorem is a generalization of Cerin’s Theorems 1.1, 1.2 and 1.3 cited in [2]
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Theorem 6 For all integers m ≥ 0 and k, we have

−p2q + V 2
2k = ∆U2k−1U2k+1 and − qV 2

2 + V 2
2k−1 = ∆U2k−3U2k+1, (9)

δn + A(2k,2k)
n (V ) =

{

∆dmU2k+2m+1U2k+2m−1 if n = 2m,
−p∆cmU2k+2m+3V2k+2m−1 if n = 2m + 1,

(10)

θn + A(2k−1,2k−1)
n (V ) =

{

∆dmU2
2k+2m−1 if n = 2m,

−p∆cmU2k+2m+1V2k+2m−1 if n = 2m + 1,
(11)

ξn + A(2k−1,2k)
n (V ) =

{

∆dmU2k+2m−1U2k+2m if n = 2m,
−p∆cmU2k+2mV2k+2m+1 if n = 2m + 1.

(12)

Where (δn) , (θn) and (ξn) are defined as follows: (δ2m, δ2m+1) =
(

−qV 2
2m+1,−pq∆U4m+4

)

;

(θ2m, θ2m+1) =
(

−2q (1 + dm) ,−p2q∆cm

)

;
(

ξ2m, ξ2m+1

)

= (−pq (1 + dm) ,−p∆cm) .

The relations δm = δm−2 − p2q∆V2m and θm = θm−2 − p2q∆d(m−1)/2 for m odd, and θm =
−θm−2 − 2qV 2

m/2 for m even, are easily established. Then, one verifies that we obtain Theorems of

[2] when (p, q) = (1,−1) .

Proof. For (9), we use relation 9. of Lemma 4 with (n, m, h) = (2k, 2k − 1, 1) and (n, m, h) =
(2k − 1, 2k − 3, 2) respectively. For relations (10), (11) and (12), we use relation (5) for (r, s) =
(2k, 2k) resp. (r, s) = (2k − 1, 2k − 1) and (r, s) = (2k − 1, 2k) and noticing that, using relations 3.

4. 5. 6. of Lemma 4, we have

{

U4k+4m+2 = U2k+2m+3V2k+2m−1 − qU4,
V4k+4m = ∆U2k+2m+1V2k+2m−1 + qV2 and V4m+2 + 2q = V 2

2m+1,
resp.

{

U4k+4m = U2k+2m+1V2k+2m−1 − qU2,
V4k+4m−2 = ∆U2

2k+2m−1 + 2q,
,

{

U4k+4m+1 = U2k+2mV2k+2m+1 + 1,
V4k+4m−1 = ∆U2k+2m−1U2k+2m + pq.

�

Theorem 7 For all integers n ≥ 0 and r, s, t and k, the following equalities hold

S(s,s+t)
n (V ) = λn + an+1Vs−rV2n+r+s+t, with λn = −qr−s∆S(r,r+t)

n (U) , (13)

A(2k,2k)
n (V ) =

{

dmV 2
2k+2m − 2p2∆bm−1 if n = 2m

p2∆cm (1 − ak+m+1V2k+2m) if n = 2m + 1
, (14)

A(2k+1,2k+1)
n (V ) =

{

−∆U2
2m+1 + dmV2k+2mV2k+2m+2 if n = 2m

−p2∆cmak+m+1V2k+2m+2 if n = 2m + 1
, (15)

A(2k,2k+1)
n (V ) =

{

dmV2k+2mV2k+2m+1 − em if n = 2m
−p∆cm

(

U2k+2m+3V2k+2m − p2 + q
)

if n = 2m + 1
. (16)

Proof. For (13) use (8). For (14), (15) and (16), we use (5) when r = s = 2k resp. r = s = 2k+1 and
(r, s) = (2k, 2k + 1) using, for t = 0 resp. t = 2 and t = 1, relations V4k+4m+t = V2k+2m+tV2k+2m−Vt

and U4k+4m+t+2 = U2k+2m+2−r(r−2)V2k+2m+r(r−1) − U(2−r)(2r+1), derived from relations 4. and 5.
of Lemma 4. For (15), we also use V2dm − 2q = V4m+2 − 2q = ∆U2

2m+1 derived from 3. of Lemma 4.
�

Notice that from the first relation of Theorem 1, λn = −p−1qs−r (U4n+2r+t+2 − U2r+t−2)+(n + 1) qsVt,
we have also em = pV −1

2 (V4m+2 − V−2) = p3∆
∑m

j=0 cj−1 using first relation of Lemma 5.

For (p, q) = (2,−1) , we obtain Theorems 1, 2, 3, 4, 5, 6 and 7 of Čerin and Gianella cited in [3]:
relation (13), with (s, t) = (2k, 0) and r ∈ {0, 2, 1,−1} give respectively Theorem 1 and relations
(2.3) , (2.4) and (2.5) , with (s, t) = (2k + 1, 0) and r ∈ {2, 3} give Theorems 2 and 3, and with
(s, t) = (2k, 1) and r = 0 give Theorem 4. Relations (14), (15) and (16) give Theorems 5, 6 and 7.

Relations 8. 9. of Lemma 4 allow us to obtain immediately the following Theorem
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Theorem 8 For all integers n, m, r, s, we have

VnVm = Vn+rVm−r + qn∆UrUm−n−r = ∆Un+sUm−s + qm−sVsVn−m+s.

For (p, q) = (2,−1) , n = 2k, m = 2k + 1, r = 3 and s = 2, and by setting P ⋆
n = 2Pn for all n, one

gets Q2kQ2k+1 = Q2k+3Q2k−2 − 80 = 8P2k+2P2k−1 − 12 = 2
(

P ⋆
2k+2P

⋆
2k−1 − 6

)

which is Theorem 8

of [3], where Čerin and Gianella called (P ⋆
n)n the Pell sequence instead of (Pn)n .
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