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                                                Abstract 

The Fibonacci Sequence can be generalized in several ways. Similar is the case 

with Lucas Sequence. In this paper, we study Generalized Fibonacci-Like 

sequence {Mn} defined by the recurrence relation 

  Mn = Mn-1 + Mn-2,  for all n ≥ 2     

 with   M0 = 2m  and  M1 = 1+m,   m being a fixed positive integer. The 

associated initial conditions are the sum of initial conditions of Fibonacci sequence 

and m  times the initial conditions of Lucas sequence respectively. We shall define 

Binet's formula and generating function of Generalized Fibonacci-Like sequence. 

Mainly, Induction method and Binet's formula will be used to establish properties 

of Generalized Fibonacci-Like sequence. 
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1.   Introduction 
 

Even though Fibonacci numbers were introduced in 1202 in Fibonacci's book 

Liber abaci, they remain fascinating and mysterious to people today. The 

Fibonacci sequence is a source of many nice and interesting identities as appears in 

the work of Vajda[10], Harris[11], and Carlitz[7]. 

The sequence of Fibonacci numbers {Fn} is defined by 

Fn = Fn-1 + Fn-2,    n ≥ 2, F0 = 0 , F1 = 1.                                       (1.1) 

The sequence of Lucas numbers {Ln} is defined by 

Ln = Ln-1 + Ln-2,    n ≥ 2 ,   L0=2,  L1=1.                                         (1.2) 

The Binet's formula for Fibonacci sequence is given by 
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Similarly, the Binet's formula for Lucas sequence is given by 
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In this paper, we present various properties of the Generalized Fibonacci-Like 

sequence {Mn} defined by  

  Mn = Mn-1 + Mn-2,  for all n ≥ 2        (1.4) 

with M0 = 2m and M1 = 1+m, m being a fixed positive integer. 

Here the initial conditions M0 and M1 are the sum of initial conditions of Fibonacci 

sequence and m times the initial conditions of Lucas sequence respectively.  

 i.e.  M0 = F0 + mL0, M1 = F1 +  mL1. 

The few terms of the sequence {Mn} are  

 2m, 1+m,  3m+1,  4m+2,  7m + 3,   and so on. 

 

 

2.  Preliminary results of Generalized Fibonacci-Like sequence 
 

We need to introduce some basic results of Generalized Fibonacci-Like sequence 

and  Fibonacci Sequence. 
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The relation between Fibonacci Sequence and Generalized Fibonacci-Like 

sequence can be written as Mn = Fn + mLn,   n ≥ o.                              (2.1) 

The recurrence relation (1.1) has the characteristic equation  

x
2  

- x -1 =
  
0  which has two roots 
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2
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Now notice a few things about α and β: 

α + β = 1,   α - β = √5   and   αβ = -1. 

using these two roots, we obtain Binet's formula of recurrence relation (1.4) 
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The generating function of {Mn} is defined as  
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Using partial fractions , we obtain 
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3.   Properties of Generalized Fibonacci-Like Sequence 
 

Despite its simple appearance the Generalized Fibonacci-Like sequence {Mn} 

contains a wealth of subtle and fascinating properties[3,5,6,8] 

 

Sums of Generalized Fibonacci-Like terms: 

 

Theorem  3.1.  Sum of first n terms of the Generalized Fibonacci-Like 

sequence{Mn}  is 
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Theorem 3.2.  Sum of the first n terms with odd indices is 
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Theorem 3.3.  Sum of the first n terms with even indices is 
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The identities from 3.1 to 3.3 can be derived by induction method. 

If we subtract equation (3.4) termwise from equation (3.3), we get alternating sum 

of first n numbers 

M1 - M2 + M3 - M4 + ...... + M2n-1 - M2n 

     = M2n - 2m - M2n+1 + 1 + m 

     = - M2n+1 - m+1       (3.5) 

Adding M2n+1 to both sides of equation (3.5), we get 

M1 - M2 + M3 - M4 + ........ + M2n-1 - M2n + M2n+1 

    = - M2n-1 - m+1 + M2n+1 

    =  M2n- m + 1         (3.6) 

 Combining (3.5) and (3.6), we obtain 

 M1 - M2 + M3 - M4 + ...... + (-1)
n+1

 Mn = (-1)
n+1

 Mn-1 - m+1              (3.7) 

 

Theorem 3.4  Sum of the squares of first n terms of the Generalized Fibonacci-

Like Sequence is 
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Now we state and prove some nice identities similar to those obtained for 

Fibonacci and Lucas sequences [1,2,4,9] 

 

Theorem 3.5.   For every integer n ≥ 0, 

mMn+2 - m Mn+1 = m Mn                                                                                                     (3.9) 

 

  

Theorem 3.6.  For every positive integer n,  
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Mn
2
 = Mn Mn+1 - Mn-1 Mn,   n ≥ 1                    (3.10) 

 

Theorem 3.7.  For every positive integer n, 

Mn+1 Mn-1 - Mn
2
 = (-1)

n+1
 (5m

2
-1)                              (3.11) 

 Proof.   we shall use mathematical induction over n. 

It is easy to see that for n = 1, 

            M2 M0 - M1
2
 = (-1)

2
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                              5m
2
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2
-1,  which is true. 

Assume that the result is true for n = k. Then 
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Which is precisely our identity when n = k + 1. 

Therefore, the result is true for n = k+1 also.  

Hence, ( ) ( ) .1n1m51MMM 21n2
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Theorem 3.8.   Let  n  be a positive integer. Then 
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Theorem 3.9.    For every  positive integer n,   
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 Proof.  By using Binet's formula, we have  

 nMMMM 3963 .......++++  

      

( ) ( ) ( )nn
nn

mmm
33

33
66

66
33

33

5
.....

55
βα

βα
βα

βα
βα

βα
++

−
++++

−
+++

−
=

 

 



 

1160                                                      V. H. Badshah, M. S. Teeth and M. M. Dar 

 
 

      ( ) ( )[ ]nn 3633963 ............
5

1
βββαααα +++−+++=  

   ( ) ( )[ ]nn
m

3633963 ............. βββαααα ++++++++  

      








−

−
+

−

−
+

















−

−
−








−

−
=

++++

11115

1
3

333

3

333

3

333

3

333

β

ββ

α

αα

β

ββ

α

αα nnnn

m  

     






 −
+

−
+















 −
−

−
=

++++

22225

1
223223223223 ββααββαα nnnn

m  

     ( )







++

−
= ++

++
2323

2323

52

1 nn
nn

m βα
βα

 

    ( )







++

−
− 22

22

52

1
βα

βα
m  

    ( )223
2

1
MM n −= +

 

   ( )[ ]1m3M
2

1
2n3 +−= + . 

 

 Theorem 3.10.     For every positive integer n,  
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This can be derived same as theorem 3.9 

 

 

4.  Connection Formulae 
 

Theorem 4.1.   Let n be a positive integer. Then 

( ) 1,21 111 ≥++=+ −−+ nLmLmMM nnnn                                                 (4.1) 

 Proof.  We shall prove this identity by induction over n. 

For n = 1,we have 

  M2 + M0 = (1+m) L1 + 2mL0 

    5m + 1  =  5m + 1,which is true 

Suppose that the identity holds for n = k-2  and  n = k-1. Then, 

        Mk-1 + Mk-3 = (1+m) Lk-2 + 2m Lk-3             (4.2) 

          Mk + Mk-2 = (1+m) Lk-1 + 2m Lk-2            (4.3) 

Adding equation (4.2) and equation (4.3), we get 

 ( ) ( ) ( ) ( ) ( )2312231 21 −−−−−−− ++++=+++ kkkkkkkk LLmLLmMMMM
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i.e.                          ( ) 111 21 −−+ ++=+ kkkk LmLmMM  

which is precisely our identity when n = k. 

Hence,       ( ) .121 111 ≥∀++=+ −−+ nLmLmMM nnnn  

 

Theorem 4.2.   Let n be a positive integer. Then 

( ) 1,21 111 ≥++=− −−+ nFmFmMM nnnn             (4.4) 

 

Theorem 4.3.   For every integer n ≥ 0,   

( ) 0,111 ≥+= +++ nLmFM nnn                                                           (4.5) 

 

Theorem 4.4.   For every integer n ≥ 0,  

M2n = F2n + mL2n,     n ≥ 0             (4.6) 

 

Theorem 4.5. Let n be a positive integer. Then 
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Suppose  Mn = a, Mn+1 = b, Mn+2 = a+b                          

  Fn = p, Fn+1 = q, Fn+2 = p+q    

 

Substituting the value of equation (4.8) in equation (4.7), we get 
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Applying R1   R1 -  R2 
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Applying R2   R2 -  R3 

  (4.8) 



1162                                                      V. H. Badshah, M. S. Teeth and M. M. Dar 

 

 

 

  ∆ =   

1

0)()(

0

qpba

qpqbab

qpba

++

+−+−

−−

 

  ∆ =   

1

0

0

qpba

pa

qpba

++

−−

−−

 

  [ ]aqpb −=∆         (4.9) 

Substituting the values of the equation (4.8) in equation (4.9), we get 
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Theorem 4.6.  For every integer n ≥ 2, 
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Theorem 4.7.   For every positive  integer n, 
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Theorem 4.8.   For every  positive  integer  n, 
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Theorem 4.9.   For every positive integer n, 
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The identities from (4.6) to (4.9) can be proved similarly as (4.5) 

 

 

5.  Conclusion 
 

There are many known identities established for Fibonacci and Lucas 

sequences. This paper describes comparable identities of Generalized Fibonacci-

Like sequence . We have also developed connection formulas for Generalized 

Fibonacci-Like sequence, Fibonacci sequence and Lucas sequence respectively.It 

is easy to discover new identities simply by varying the pattern of known identities 

and using inductive reasoning to guess new results. Of course, the ideas can be 

extended to more general recurrent sequences in obvious way. 

 

 

REFERENCES 

 

[1] A. F. Horadam, The Generalized Fibonacci Sequences, The American  

Math  Monthly, 68, No. 5 (1961), 455-459. 

 

[2] A. T. Benjamin and J. J. Quinn, Recounting  Fibonacci and  Lucas 

identities,  College Math, J.,30, No.5(1999), 359-366. 

 

[3]  B. Singh, O. Sikhwal, and S. Bhatnagar, Fibonacci-Like Sequence and its 

properties, Int. J. Contemp Math. Sciences, Vol.5, 2010, No.18, 857-868. 

 

[4] D. M. Burton, Elementary Number Theory, Tata McGraw – Hill, 

Publishing Company Ltd., New Delhi, 2006.  

 

[5]  J. Z. Lee and J. S. Lee, Some  Properties of Generalization of the Fibonacci  

Sequences , The Fibonacci Quarterly, 1987,No. 2, 110-117. 

 

[6] L. Carlitz, A note on Fibonacci Numbers, The Fibonacci Quarterly, 

2(1964), 15-28. 

 

[7]  L. Carlitz, Some Fibonacci and Lucas identities, The Fibonacci Quarterly, 

8(1970), 61-73. 

 



1164                                                      V. H. Badshah, M. S. Teeth and M. M. Dar 
 

 

 

[8]  N. N. Vorobyov, The Fibonacci Numbers, D.C. Health Company,   Boston, 

1963. 

 

[9] S. Basin and V. Hoggatt, A Primer on  the  Fibonacci  Sequence, Part II,  

The  Fibonacci Quarterly, 1(1963), 61-68. 

 

[10] S. Vajda, Fibonacci and Lucas Numbers and the golden section, Ellis  

Horwood Limited, Chichester, England, 1989. 

 

[11] V. C. Harris, On Identities involving Fibonacci Numbers, The Fibonacci 

Quarterly, Vol.3 (1965), 214-218. 

 

 

Received: November, 2011Received: November, 2011Received: November, 2011Received: November, 2011    
 

 

 

 

 

 

 


