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ABSTRACT
In this paper, we study Generalized Fibonacci-Lucas sequence {H,} defined by the recurrence relation

H,=H,1 + Hyp foralln >2
Ho =2 and H; = m+1, m being a fixed positive integer. The associated initial conditions are the sum of initial
conditions of Lucas sequence and m times the initial conditions of Fibonacci sequence respectively. We shall define

Binet's formula and generating function of Generalized Fibonacci-Lucas sequence.

Mainly, Induction method and Binet's formula will be used to establish properties of Generalized Fibonacci-Lucas
sequence.

Mathematics Subject classification: 11B39, 11B37, 11B99.
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1. INTRODUCTION

The generalization of Fibonacci and Lucas Sequences leads to several nice and interesting sequences [3] [10].

The sequence of Fibonacci numbers {F,} is defined by

Fo=Fri+Fra N22, Fo=0F =1 (1.1)
The sequence of Lucas numbers {L} is defined by

Lo=Lpi+Lnp N2, Lo=2, L;=L (1.2)

The Binet's formula for Fibonacci sequence is given by

Foa=p L 1445) (1-45 (1.3)
a-f 45 2 2
where a= 1+2\/§ = Golden ratio ~1.618
and p= 1_2\/5 ~ -0.618.

Similarly, the Binet's formula for Lucas sequence is given by

RN

L=a"+p"=
SR 2

*Corresponding author: Mohsen Magbool Dar*
PG Department of Mathematics, Govt. College Baramulla, Jammu & Kashmir, India

International Journal of Mathematical Archive- 3 (6), June — 2012 2353


http://www.ijma.info/�

Mohsen Magbool Dar*/ Generalized Fibonacci-Lucas Sequence / IIMA- 3(6), June-2012, Page: 2353-2357

In this paper, we present various properties of the Generalized Fibonacci-Lucas sequence {H,} defined by

Hn = Hq1 + Hyo, foralln>2

with Hy = 2 and H; = m+1, m being a fixed positive integer.

(1.4)

Here the initial conditions Hy and H; are the sum of initial conditions of Lucas sequence and m times the initial

conditions of Fibonacci sequence respectively.
i.e. Ho = Lo + mFg, H; = Ly + mFy.
The few terms of the sequence {H,} are

2, m+1, m+3, 2m+4, 3m + 7, and so on.

2. PRELIMINARY RESULTS OF GENERALIZED FIBONACCI-LUCAS SEQUENCE
We need to introduce some basic results of Generalized Fibonacci-Lucas sequence and Fibonacci Sequence.

The relation between Fibonacci Sequence and Generalized Fibonacci-Lucas sequence can be written as

H,=L,+mFn, n>o.

The recurrence relation (1.1) has the characteristic equation x?- x -1 = 0, which has two roots

=1+£/§ and ﬂ=#

Now notice a few things about a and f3:

at+tp=1, a-B:\."'E and off =-1.

using these two roots, we obtain Binet's formula of recurrence relation (1.4)

o _jn)

V3

n =@+ B+

The generating function of {H,} is defined as

“ o 2+ (m=1)x
H e e
nZ::; X 1—x—x?

Using partial fractions, we obtain

n=0

where :#, a, = (5-m)+~5(m-1)

N (_1)a1 1 n
S - e S 0 B

b :ﬂ, b, =(5-m)-+5(m-1)

2
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3. PROPERTIES OF GENERALIZED FIBONACCI-LUCAS SEQUENCE

Despite its simple appearance the Generalized Fibonacci-Lucas sequence {H,} contains a wealth of subtle and
fascinating properties [5].

Sums of Generalized Fibonacci-Lucas terms:

Theorem 3.1: Sum of first n terms of the Generalized Fibonacci-Lucas sequence {H,} is

n
Hy+ Hy+Hy +.+ H =) H, =H,,, -(m+3) (3.1)
k=1
This identity becomes
2n
H1+H2+...+H2n:sz:H2n+2_(m+3) (32)
k=1
Theorem 3.2: Sum of the first n terms with odd indices is
n
H1+H3+H5+---+ H2n—1:Z:H2k—1:H2n_2 (3.3)
k=1
Theorem 3.3: Sum of the first n terms with even indices is
n
H,+H, + Hg +ee + Hyy= D Hy = Hyp —(M+1) (3.4)
k=1

The identities from (3.1) to (3.4) can be derived by induction method.
If we subtract equation (3.4) termwise from equation (3.3), we get alternating sum of first n numbers
Hy-Hy, +Hsg-Hy + ... +Hypg - Hon=Hpn-2-Hypp +m+1
= - Hppy + mM-1 (3.5)
Adding H,,.; to both sides of equation (3.5), we get
Hy-Hy +Hg - Hy +..... + Hapg - Hop + Hoper = - Hopa + m -1+ Hppig

=Hypyt+tm-1 (3.6)
Combining (3.5) and (3.6), we obtain

Hi-Hy+ Hy-Hy+ e + (1) ™ Hy = ()" Hop +m -1 3.7)

Theorem 3.4: Sum of the squares of first n terms of the Generalized Fibonacci-Lucas Sequence is

n

HP+HZ+HZ + ..+ HI =Y H?=H, H, -2(m+1) (3.8)
k=1

Now we state and prove some nice identities similar to those obtained for Fibonacci and Lucas sequences [6]

Theorem 3.5: For every integer n >0,

MHy+2 - M Hy = mH, (3.9)

Theorem 3.6: For every positive integer n,

Ho? = Hy Hyst - Hoa Hyy, n>1 (3.10)
Theorem 3.7: For every positive integer n,

Hus1 Hot - Ho2 = (-1) " (M%-5) (3.11)
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Proof: we shall use mathematical induction over n.

Itiseasytoseethatfor n=1,

H, Ho - Hi? = (-1)! (m%5) - (m? = 5) = (-1)* m?- 5, which is true.

Assume that the result is true for n = k. Then

Heo Ho —H = (=1) (m®-5)
Adding Hy Hy: to each side of equation (3.12), we get
He Her — HZ + HHyy = (1) (m?=5)+ H,H,,
Heo(Hoy+H, )= HZ = (1) (m*=5)+ H, H,,
Hoi? - HoH,, = (1) (m? -5)
Hy Hyp— Hy? = (-2 (m? -5)
Which is precisely our identity when n = k + 1.

Therefore, the result is true for n = k+1 also.

Hence, H,, H,, — H,? =(~1)" (m?=5)Vv n>1,

n

Theorem 3.8: Letn be a positive integer. Then

n(n
H2n = Z [kj Hn—k

k=0
4. CONNECTION FORMULAE

Theorem 4.1: Letn be a positive integer. Then

Ho+H = (m+1)Ln +2L,,, n21

n+l

Theorem 4.2: Letn be a positive integer. Then
H.,-H_=m+)F +2F ,n>1
Theorem 4.3: For every integer n > 0,

H,.,=L,+mF., n20

n+l n+l !
Theorem 4.4: For every integer n >0,
Hs, = Loy + mF,,, n=0

5. CONCLUSION

(3.12)

(3.13)

4.1)

(4.2)

(4.3)

4.4)

There are many known identities established for Fibonacci and Lucas sequences. This paper describes comparable
identities of Generalized Fibonacci-Lucas sequence. We have also developed connection formulas for Generalized
Fibonacci-Lucas sequence, Fibonacci sequence and Lucas sequence respectively. It is easy to discover new identities
simply by varying the pattern of known identities and using inductive reasoning to guess new results. Of course, the

ideas can be extended to more general recurrent sequences in obvious way.
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