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EULERIAN NUMBERS AND OPERATORS

L. CARLITZ* and RICHARD SCOVILLE
Duke University, Durham, North Carolina 27706

1. INTRODUCTION

The Eulerian numbers A, 4 are usually defined by means of the genleratmg function

or equivalently

o n
A=y - X" = k
(.2 7 — yex(1-v) Z; ! .2_4 nkY

From either generating function we can obtain the recurrence

(1.3) Aptik = (n—k+2)An 7+ kAp &
and the symmetry relation
(1.4) Ank = Apn-k+1 -

For references see {5, pn. 487491}, [6], {71, [8, Ch. 8].

In an earlier expository paper [1] one of the writers has discussed algebraic and arithmetic properties of the
Eulerian numbers but did not include any combinatorial properties. The simplest combinatorial interpretation is that
Ank is the number of permutations of

Zy={1,2-n}

with & rises, where we agree to count a conventional rise to the Ieft of the first element. Conversely if we define A, ¢
as the number of such permutations, the recurrence {1.3) and the symmetry relation (1.4) follow almost at once but
it is not so easy to obtain the generating function.

The symmetry relation (1.4) is by no means obvious from either {1.1) or (1.2). This suggests the introduction of
the following symmetrical notation:

{1.5) Alrs) = Ar+s+7,s+7 = Ar+s+7,r+1 = Afs,r).
it is then not difficult to verify that (1.1) implies
r.s X y
(16) Y Alrs) XL = £ 8
fyur’ {r+s+ 1) xe¥ — ye*

from which the symmetry is obvious. Moreover there is a second generating function

oo

r.s
(1.7) > Afrs) (g = 1+ xFy)(1 +yFicy)),
r,s=0 )
where «
Fixyl = £ _—e
xe¥ —ye*

The generating function (1.7) suggests the following generatization.
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72 EULERIAN NUMBERS AND OPERATORS [FEB.

x"ys _ o 8
(1.8) Z:o Alrsia, Bl (r—l—ﬂ}! (1+xFix,y))*(1+yFixyi)® ,
7 8=

where the parameters a,3 are unrestricied, Clearly
Alrs|1,1) = Alrs)

and
Alrs

aB) = Alsr|fal.
Mareover Afr.s|a, 3) satisfies the recurrence
(1.9) Alrsla,B) = (r+BJAlrs —1|a,B)+ (s +a)Alr — 1,s]a,B).

It foltows from (1.9) and A(0,0|a,8) =1 that Afr,s|a, B/ isa polyaromial in a,§ and that the numerical coeffic-
ients in this polynomial are positive integers. Algebraic properties of Afr,s|a,f) cerresponding to the known prop-
erties of Afr,s) have been obtained in [3]; also this paper includes a number of combinatorial applicatians. We shall
give a brief account of these results in the present paper. Of the combinatorial applications we menticn in particular
the foliowing two.

Let Pfr,s,k) denote the number of permutations of Z, 4.7 with r rises, 5 falls and k¥ maxima; we count a conven-
tional fall on the extreme right as well as a conventional rise on the left. We show

(1.10) Plr+1,s+1,k+1) = (’*j_—kz" ) ctresh,
where !
minr,s)
- r+s—2j i -
(1.11) Ates) = Y (71T ctresi;
=0

Cir +s,s) is equal to the number of permutations of Z,rs+7 with r + 7 rises, s + 7 falls and s + 7 maxima. Also we ob-
tain a generating function for P(r.s k).
The element a in the permutation (aya5 - a, /is called a /eft upper record if
a; < ag {1 <i<ki
it is a right upper record if
a; > ag fk <i<nl.
Let Afr,s;t,u) denote the number of permutations with 7 + 7 rises, s + 7 falls, r left and  right upper records. Then
we show that
(1.12) Alrs|a,B) =3 Alrs;tujat "

tu

a, 3/ have a simplie combinatorial description.

so that the coefficients in the polynomial Afr,s
If we put

Aplxy aBlxy* .

afB} = Z Alr,s

rts=n

it follows from the recurrence {1.9) that

Aplxyla Bl = [ax+ B8y +xy(Dy+ D )] Ap_g(xy|af).
Hence
(1.13) Anloy|a,B) = [ax+By +xy(Dx+D,)]"-1.
Thus it is of interest to expand the operator
Q4plax+By+xy(Dy+0,)]" .
We show that
n

(1.14) N5 = 3 Gl (oylxy)* Dy + Dy,

k=0
where

(e, B) _ 7 k

{1.15) Coi (xy) Kiat i (D0, +0,)Aplxyl .
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19751 EULERIAN NUMBERS AND OPERATORS 73

where
(a+Bl= (a+BNa+B+1) - (a+B+k~1]).

The case a + 3 equal to zero or a negative integer reauires special treatment.
As an application of (1.9) we cite
min{m.n}

aBl= 3 Lo ) (Dx+ 0K Amlay

(1.168)  Amenlxy kifa+ By

a,B)Dx+Dy)* Aptx,y|a,B).

For additional results see §8 below.
2. THE NUMBERS Afr,s)
Let
T = (3152 .an an/

denote an arbitrary permutation of Z,,. A rise is a pair of consecutive elements a;, a;+7 such thata; < az.,, 4a fall
is a pair a;,.a;+7 such thata; > a;.7. In addition we count a conventional rise to the left of a5 and a conventicnal fall
to the right of a,,. 1f whas r + 7 rises and s + 7 falls, it is clear that

{2.1) r+s = n+1.

Let Afr,s) denote the number of permutations of Z, g7 with 7 -+ 7 rises and s + 7 falls. Let 7 be a typical permu-
tation with r + 7 rises and s + 7 falls and consider the effect of inserting the additional elementn + 7. If it is inserted
in a rise, the number of rises remains unchanged while the number of falls is increased by one; if it is inserted in a
fall, the number of rises is increased by one while the number of falls is unchanged. This implies

(2.2) Alrs) = (r+ 1)Alr, s — 1)+ (s+ 1)Alr—1,5).
Next if m=(ajap - a,) and we put
by =n—a;+1 (i=12-,n,
then corresponding to the permutation 7 we get the permutation

= {bibs byl
which has r + 7 falls and s + 7 rises. It follows at once that
(2.3) Alrs) = Alsr).
Another recurrence that is convenient for obtaining a generating function is
+
(2.4) Alrs) = Alr,s— 1)+ Alr—1,5]+ 9 9. ( R ) AlikJAlr=j—1,5—k = 1).
J<r k<s
This recurrence is obtained by deleting the element 7 + s + 7 from a typical permutation with r + 7 rises and s+7 falls.
Now put
x" s r+s+1
(2.5) Flz) = Z Alrs) XX 2 e +7),
r,s=0
By (2.4)
Alrs) K52 P r+ - 2 Alrs) X2 X'y st 7zr+.s+1 bt x5 rtsH
+ k
E rs +)/ S I 2 Alns) fres+1)1
r,s=0 r,s=0 r,s=0
/ s 1 s+l _rtst]
X z
* Z’; ALK T vz ,}, 2 Alns) Xt —
k=0 r,5=0 .
This implies
(2.6) Fz) = 1+(x +y)F +xyF? .
Since F(0) = 1, it is easily verified that the differential equation (2.6) has the solution
Xz vz
Flz) = & =€
xe¥? — ye*?
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Hence, taking z = 7, we get the generating function

oo

X §

g* ~ g¥ _
@7 Lo 3 Ales) Ay

xe¥ —ye* o
It is convenient to put

X_ ¥
(2.8) F=Flxy) = =2
xe¥ — ye*
it is easily verified that
(2.9) (Dy+DyIF = F2
(2.10) (1+xDy+yD,)F = (1+xFN1+yFl,

where 0, =3/ox, D, =a/ay.
It is evident from {2.7) that

co

(1+xDx+yDy)F = ZOA(I’S} (—#
r,s=
We therefore have the second generating function
2.11) (1+xFxyN1 +yFixy)) = ZOA(rs) (Hs 7
1,8
We note that iteration of (2.8) gives _

(2.12) (Dy+D,)XF = kIFK*T

3. GENERALIZED EULERIAN NUMBERS

Put
(3.1) Bop = Dapliy) = (1+xFry))®(1+yFixy)P
(3.2) Bop = Z Alrs\aB) 7k H},
r,s=0
Then we have
= Afrs) ,
= Alr—1,5), Alrsi0,1) = Alr,s -1},
(3.3) Alrsla,Bl =
also
3.4) Afo,s|a,B) = B85 .
It is easily verified that

(3.5) (0x+Dy)®qp = (atPIFdyg
and generally
(3.6) (Dg+ 0y )" o5 = la+PIF Doy ,
where

fa+ Bl = (a+Bia+B+1) - (a+B +k—
In the next place we have
(xDy +yD,)®op = all +xF)* (1 +yF)P(x +XZDX #xyD, JF +B(1+xF)*(1 +yF)F y + xyDy +y20y)F

= [ax + By + (a+ [ IxtF] $y g .
Hence by (3.5)
(3.7) (xDy+y0, )@y p = [ax+By +xy(Dy+ D, }] Bg 5 .
This yields the recurrence

(3.8)
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We can alse show, after some manipulation, that

'(?+I%!} Z(S”) k=01

If we take s =0 and make use of (3.4) we get

. r
(3.10) (arh)” (SFBER=T) o5 (@#B k=T 4y 1 tjap) .
=0

if a+ @ is a positive integer, Eq. (3.10) becomes

r
(3.11) (a+x)’< ‘”55’17 7) =2, (Mﬁ””"’) Alt,r—t|a,B) .

a+rfB+r—1
=0
Fora=8 =1, Eq.(3.11) reduces to the known farmula

r . r
(3.12) e+ )" =% (‘:j;f ’) Al r—t) = E( xeet >Ar+1,t+1 .
=0 i =0

{3.9)

14xF = —L(Xy“ Je 14yF ==yle?
Th xer e xe¥ — ye*
en \
By g = X op) TR Xy > B styx) o S (atBle kxR gBly-x)

-+ o
/er—yex}aﬁ x—y—=x(1-g">) o K ey

k

_Z {a+5/k xk é(”/( ) (B+)ly-x) . Z fy- X}" i(a"/'j}n x* Z(H/( )34./)"

{x - y}k =0 k=0 : (x - y)k,-=g

= 7 4 (a"‘ﬁlknk t 3 y -kt R+t Yi n
T S () s e ()

n=0 k=0 t=0

5 o g n {a+8) s—k |
Z ()r(+s)’ E(_ }”(3*) +IL/$/( /;(_I ( r+s k)

r,s=0

The sum on the extreme right is equal te

(a+ﬁ+/—7 ) <a+B+r+s‘>’

so that / r=J
s B {0 ) ) o
r,s=0
Therefore
r
(313) - Z (7—”,-_/. ( CL+B'+/'— 7 ) < a+ﬁ+r+s ) (6+/}r+s .
=0 g
In view of (3.3) we have also
S
_ — +FB+j~1 +B+r+ .
(3.14) Afrsla,B) = % (—7}“( ¢ 5/. / )( ¢ SB_/.’ 5) (a+j)™*
=
Fora=8=1, Eq. (3.14) reduces to
sti
(3.15) A(I’S}-Z( ”s—j(r+s+2>(j+”r+s+1 Z{ Us—/+7(srij':21)l-r+s+7
j=0 =1
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in agreement with a known formula for 4, . .
Returning to the recurrence (3.8}, iteration gives

Alrsla, 8) = (r+B)2A(r,s-2 a, )+ [r+Bls+a—1)+{s+alr+B—-T)JAlr—1,5s—1
#(s+a)?Alr -2 sla,B).

af)

This suggests a formula of the type

k
(3.16) Alrs|a,B) = 3 Bl k—jAlr—j,s—k+jla,B)  (0<k<r+s),
=0
where B(j, k — j} depends also on r, 5, a, § and is homogeneous of degree k in s, 5, @, 3: Applying (3.8) to (3.11) we get
Blj,k—j+1) = (r~j+BJBli,k—jl+(s—k+j+a—1)Blj— 1, k—j+1).
Replacing & by j + k — 1 this reduces to

{3.17) Blik) = (r—j+B)Blj k—1)+(s—k+BJBG~1, k).
If we put .
Bljk) = (—1)/**B(ik),
(3.17) becomes _ _ _
(3.18) Blj, k) = (j~r—B)Bli, k—1)+(k—-s~a)Blj—1, k.

Since, by (3.17), .
BlLO) = (r+B), Blo, k) = (s+a)* ,

Blj, 0) = (-r—B)/, Blo, k) = (~s — a)k.

it follows that

Hence ~
Blj, k) = A, k|-s—a, —r —B)
and (3.16) becomes
K

{3.19) Afr, sla, B) = (—1/% E Al k~jl—s—a, —r=BIAlr—j, s —k+jja/ B8} (O<k<r+s)
i=0
For k=r+s Eq.(3.19) reduces 1o
(3.20) Alr,s,a,B) = (=1)"5Alr,s|~s —a, —r — §)
which can also be proved by using (3.13). Substituting from (3.20) in (3.19) we get
k
3.21) Aflr,sla,B) = Z Al k~fls—k+j+a,r—j+BJAlr—js—k+jla, B) fo<k<r+s).

j=0
We remark that (3.21) is equivalent to
(3.22) Oy 5 1‘){(7 +2), y(1+z) } = dyg { x +xyzF(xz, yz), y + xyzFlxz, yz) } B alxz, vz} .

4. THE SYMMETRIC CASE

When a=§ we define
{4.1) Alr, s|a) = Alr, sla, a) = Alr, sla, a)
and
Polx, y) = Poulx, v} = Poly, x/ .

Since ®,fx, y) is symmetric in x, y we may put

o . o
(4.2) Dofix, vy} = E Z Cln, jla) M@”;—L}f——/ ]
#=0 2j<n )
Since
) (xDy +yD, )y = aflx +y) @y +xy(Dy + D, } O,
an
_ % i)Y
(eDx +yDy ) = 35 30 Cln,jla) BLLEYT

n=1 2j<n

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

1975] EULERIAN NUMBERS AMD OPERATORS 77

(x +y)®y E 3. [,‘(,7_7/|a}__}’_ifiiﬁﬁ_2/_

7 .
n=1 2j<n !
— I n-2j -2f
V(D + D, )y = ‘, S Cn-1,j- 1)) 20 2//(()‘” Ifj‘fW ’ Z 3 Cln-- 1, )’(X“;)/" i
n= 7 2/<n n=1 2i<n
it follows that
(4.3)
The special case
o N _2.
(4.4) Floy) = 3 32 cln, ) Lt y) T
n=0 2n<j e

is of interest. |t is easily seen that
(4.5) Cin,j) =
In the next place it follows from (4.2) that

min(r,s)
(4.6) = 3 (7% etresila)
=0
and in particular, fora=7,
min(r,s) )
(&.7) Alrsi = Y ( ”;‘jl‘.z/> Clr+s,j).
j=0

To invert (4.7) we use the identity

Xn+y Z (__7}/

< n ") xy) i (x +y)™2

2f<n
We find that
Cln, kla) = Zb: (-afr B (k=) Al = rla)
s
{4.8) g (n#2k),
2k, kla) = 2 3 (~1)5Alr, 2k = r|a) + Alk, k|a) .
r=0

To get a generating functian for £, f|a) put u = x +y, v =xy in (4.2). We get after some manipulation

3 "y’ sinh 4T =47 {2
) AL = ?cash%ﬂ—u sinh Jnfu® — 4y

(4.9) 2 Cin+2ijle) 2ot N

n,j=0
The following values of Afr,s), C(n, j} are easily computed.
Afr, s) Cin, j)

1 1

i 1 1

1 4 1 1 2

1 11 11 1 1 8

1 26 66 26 i i 22 16
1 57 302 302 57 i 1 52 136

5. ENUMERATION BY RISES, FALLS AND MAXIMA

We consider first the enumeration of permutations by number of maxima. Let M(n, k) dencte the number of per-
mutations of Z,, with & maxima. Since we count a conventional fall on the right there is no ambiguity in counting the
number of maxima. For example the permutation {1243) has one maxima while (3241) has two.

Let 7 denate an arbitrary permutation of Z, with & maxima. If the element 7 + 7 is inserted immediately to the
left or right of a maximum the number of maxima does not change. If however it is inserted in any other pgsition,
the number of maxima becomes k + 7. Therefore we have

An evaluation version of novaPDFE was used to create this PDF file.
Purchase a license to generate PDF files without this notice.


http://www.novapdf.com/

78 EULERIAN NUMBERS AND OPERATORS {FEB.

(5.1) Min+1,k) = (n=2k+3IM(n, k- 1)+ 2kMin, k).
If we put _
Min, k) = 2" 2*1id(n, k),
{5.1) becomes

(5.2) Min+1,k) = 2(n — 2k +3Min, k — 1) + kM(n, k) (1 <k<n.
if we take a = 7 in {4.3) we get
(5.3) Cinjl =2(n=27+1)Cln -1, - 1)+ +1)C(n—1,j) 0 <j<nl.

It foliows that _
Min+1,k+1)=Cln k),

so that
(5.4) Min+1,k+1) = 2"2%¢(n, k).
Thus (4.9) yields the generating function
- S utvl u e —
(5.5) Z Min+2j+1,j+1) (higil { coshJu* —v — o ;smh\/uz -V } .

n,j=0

This result may be compared with [4].

We now consider the enumeration of permutations by rises, falls and maxima. Let Pfr, 5, k) denote the number of
permutations with r rises, s falls and & maxima, subject to the usual conventions. Let 7 be an arbitrary permutation
with 7 rises, s falls and £ maxima and consider the effect of inserting the additional element r + 5. There are four pos-
sibilities depending on the location of the new element.

(i) immediately to the right of a maximum:
r=r+1, s-s, k—k;
(ii) Immediately to the left of a maximum:
r—=r, s—s+1, k-—k;
{iii) in any other rise:
r—=r, s—s+1, k-k+1;
{iv) in any other fall:
r—r+1, s—s, k—k+1.

We accordingly get the recurrence
(5.8) Plrs k) =kPlr—1,sk)l+kPlr,s—1,k}+(r—k+1)Plr,s—1,k—1)+(s—k+1)Plr—15k~1).
It is convenient to put

(5.7) Plrs k) = (7L Bl s k).
Then {5.6) becomes

_ _kr—k) _ k(s — k} _
{5.8) Bir, s, k) Tre— 7k Bfr 7,s,k)+r——————+s_2k Bir,s—1,k)

+{r+s—2k+1)(Bir—1,s, k—1)+B(r,s—1,ki).
We then show by induction that
Bfr,s, k) = ofr+s, k),

that is, B(r, s, k) is a function of r + s and k. Indeed we show that
(5.9) Blr+1,s+1,k+1) =Clr+s k),
where C(r + s, kJ has the same meaning as in (5.3).

Substituting from (5.9) in (5.7) we get
(5.10) Plrtt,s#1,k+1) = (77503 Ol s, 0.

it follows from (5.10) that

Min+1,k+1) = 3 Plr+l,s+1,k+1) = 3 {’*f_‘,f") Clr#s,k) = 272K ¢(n, k)
ris=n rts=n

in agreement with (5.4)
We remark that forr=s=k
{(5.11) Plk+1,k+1,k+1) = Cl2k k) = A2k + 1),
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the number of down-up (or up-down) permutations of Zog+7 . It is well known that

2k+]

5.12
(5.12) }:A(zk ) e = tanx

Generating functions for Pfr, s, k) are furmshed by

o min(rs)
Xyt
(5.13) 22 Artiseikrn) Ko < Fuv),
r5=0 kG
and
oo minfr,s) P
(5.14) E Z p(,+7,5+7,k+,))<_1/‘_ (1+UFWU, VIT1+VFU V),
{r+s)!
r,s=0 k=

where
(5.15) U = Bix+y+JIx+yl* —axyz)

) V = Bix+y —JIx +yJF —dxyz)
and

vV
FlU,v) = &
veV — veV

8. (a,3)-SEQUENCES

Leta,B be fixed positive integers. We shall generalize rises, falls and maxima in the following way. In addition to
the “real” elements 1, 2, -, n we introduce two kinds of “virtual” elements which will be denoted by the symbols 0,
0’. There are a symbols 0 and § symbols 0", To begin with (n = 7/ we have
6.1) 00100

a a
We then insert the symbols 2, 3, ---, 77 in all possible ways subject to the requirement that there is at least one 0 on
the extreme left and at least one 0' on the extreme right. The resulting sequence is called an (a, B/-sequence. A rise is
defined as a pair of consecutive elements a, & with @ < b, here 2 may be 0. A fall is as a pair of consecutive elements
a, b with a > b, now b may be 0'. The element & is a maximum if a, 4, ¢ are consecutive and a,b is a rise while §, ¢ is
a fall. For example in

02301540'0'60"
we have
a=2, B=3 r=4 s5=3 k=1.
Then we have the
recurrence
6.2) Plr, s, kla,B) = (k+- .5, kla, -1P(r, s~ 1, kla, B)

Hr—k+i)Plr,s—1,k—1]a,B)+(s—k+1jPlr—1,5 k—1|a, B/
In the special case a = we put

6.3) Plr, s, kla) =

We aiso put

(6.4) Pl s kla) = (7222 ) a5 k|a).
recurrence

{6.5)

+{n — 2k +3)Mfn, k

In particular, for

Min, kla) =
(6.5) reduces to
(6.6) Min+1,kla) = 2(k +a— 1)M(n, k|a) + (n — 2k + 3)M(n, k — 1]a).
We find that
(6.7) Min+1,k+1la) = 272¢in, kja)
and
(6.8) Qlr+1,s+1,k+1|a) = Clr+s, k|a).
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Hence, by (6.4) and (6.8}, vs— 2k
(6.9) Plr+1,s+1,k+1la) = ( r ,_‘9__—2/( ) Clr+s,kla) .

A generating function for P(r+ 7, s+ 1, k + 7{a) is given bv
o  minfr,s}

(6.10) 2. X Arelseiklla) TEE = (1+ UFUVIP(1+ VR VIP
r,s=0 k=0
where U/, V/ are given by (5.15).
For a generating function for Plr+ 17,5+ 1, k+ 7lg, ) see [3].
7. UPPER RECORDS

Returning to ordinary permutations, let 7= (a7 a» -4,/ be a permutation of Z,,. The element 4, is called a /eft
upper record if
a; < ag (1 <i<kl;
it is called a right upper record it
ag > aj fk <i<n.

Let Afr, s ¢, u) denote the number of permutations with 7 + 7 rises, s + 7 falls, ¢ left and v right upper records. We
make the usual conventions about rises and falls. Also let Afr, s; ¢ denote the number of permutations with r + 7
rises, s + 7 falls and ¢ left upper records; let A(r, 5, v) denotc e number of permutations with r+ 7 rises, s+ 7 falls
and v right upper records.

To begin with we have

r-1 s—1
0.0 Anstrn =33 ( 08 VALK UAG -]~ Ts—k=1rAl=T50 (> 0)
=0 k=0
and
(7.2) Alr,s; 1) = Alr,s— 1) (s >1).
Put
rts+1
= __Z.Z___
Felz) Z Alr,s;t) = T ist T
r,5=0
Then, for ¢t > 0,
= r+7 s r+s+1 ik /+k+7 r+7 s+1_rts+i
, _ } xy T yo g
Fis1(z) ZOA(r,s,t} s + T Z Al k) B L 7 +k+7}’ ZA(rs Yy ,
7,6=
so that
(7.3) Fipylz) = Fulz)(x +xyFlz)),
where . y
Z p4
Flz} = £ =&~
xe¥? — ya*?
Alsg, by (7.2),
(7.4) Fifz) = 1+yF(2).

If we put

Glz) = 3 Felz\',
=1
it follows from (7.3) and (7.4} that
G1z) = NG(zMx + xyF(z)) + M1 +yF(z)}.
The solution of this differential equation is
(7.5) Glz) = Lf (14 xFtz™ -1}

Similarly if we put

oo

— r s rts+1 — —
Fulz) = E Atr,5:u) %1 +;,, Glz) = 25 Fule*

r,s=0 u=7
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we have _
(7.6) Glz) = L{t1+yrta -1} .
We now consider the general case. it follows from the definition that
(1.7) A(r,s,-t+7,u+7)=Z(/j,jj7)Aﬁ,k,-t)Z(r—j—7,s—k—7,-u} (t>0 u>0
ik
and _
§ Alr,s; Lu+1) = Alr,s— 1 u) (s >0 u >0
{ Ale,s;t+1,1) = Afr— 1,5 ¢t) fr>01t>0
Now put -
r s r¥s
Fo 2= 2. Alnstul %
r,s=0 ’
Then

Firturilz) = xyFelz)Fy(z) (t>0 u>0
Fius1lz) = yFylz) (v > 0)
Fieg,1(2) = xFylz) it > 0

Fia(z) = 7
Therefore, by (7.5) and (7.6),

oo oo

D atgt Y Aln st u) X2 8 BT+l = 1]+ aB Il # yF())® = 1]

tu=1 r.5=0 fres+ 1)l
’ ’ +aB (1 +xF(Z))* = 11 [(1+yF(z))P-1] = aB(1+xF(z))*(1 +yF(z))? .
Takingz = 7 we get )

o oa

(78) 3 o't 3 Alnsit ) KL = Gl xFxyl 1+ yFly)®
tu=1 t,s=0
where
Fix, y) = eV
It follows that xe¥ —ye*

(1.9) Afr, sla, B/ =EA(r,s;t, ulat-Tpu-1

tu

Thus the generalized Eulerian number Afr, s|a, 8/ has the explicit polynomial expansion (7.9).

If we put

Rin+1:tu) = Z Alr, s t, ul
rts=n+1
it is evident that A(n + 1, ¢, u} is the number of permutations of Z,+ 7 with ¢ left and v right upper records. By tak-
ingy = x in (7.8) we find that
{7.10) Rln+1:t+1u+1) = t:”)S;(n,Hu),
where Sy(n, t + u) denotes a Stirling number of the first kind.
In particular, if we put

Rin+1:0 = 3 Alrse,  Rln+1:0 = Y Alnsit),
rts=n rts=n
we get
(7.11) Rn;t) = Rin;t) = S;(n,t).
It is easy to give a direct proof of (7.11).

8. EULERIAN OPERATORS
Put
8.1) Anlx,yl = 3 Alesix"y® .

rts=n
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it follows from recurrence (2.2) that

{8.2) Anlxy) = (x+y+xy(Dy+ Dy ) An-1lx, y).
lteration of (8.2) gives
(8.3) Anloyl) = (x+y +xy(Dy+ D )" 1.
It is accordingly of interest to consider the expansion of the operator
(8.4) Q" = [x+y+xy(Dy+D,)]" .
We find that
n
(8.5) Q7 = 3" Cpulx, yixy)¥ (D + D, )%
k=0
where
_ 7 k
{8.6) cn,k()(, y) = m:ﬁ (DX‘/'DV} An(X, y)
More generally if we put
(8.7) =3
rts=n

it follows from (3.8) that

(3.8) Aplx, y|a,B) = [ax+By +xy(Dx+ D, )] A,
Thus
(8.9) +0,)]"-1,
so that it is of interest to expand the operator
(8.10) Q4 = lax+By +xy(Dy+0,)]" .
We find that
n

(8.11) Qs = 5 el o, yitw) (o, +Dy)*

k=0
where

(oc ﬁ} e

{8.12) x,y) = K@+ Bl Dy

provided a+ (3 is not equal to zero or a negative integer. Note that
Q =84y, 6‘,,/(()(y}—6‘(7 I ix,y).
As an application of (8.8) and (8.11) we have

min{m,n/}

E +ﬂ) (xy) (0 + 0, )5 A (x,y

(8.13) A a,B)-(Dx+ Dy )X-Aplx, y]a,B),

where again a + ( is not equal te zero or a negative integer.
Whena=8 = 0, {8.11) becomes

{8.14) (xy(Dy+D,)}" = Z c,g?,;w(x, ylixy) (0 + D, ) (n>1).
k=1
We find that
(8.15) cl%% (xy) = k,(k 77 (0x 0y S Btxy) (1 <k <n).
The formula
(8.16) (aﬁ)(x vl = Kilk =17 7), Z( 7>(Dx+Uylk‘7Ar-7(X,y)-An-r(x,yla,B) (1 <k <n

holds for arbitrary ¢, . Whena = = 0, ﬁ8.16) reduces to (8.15).
in the next place we consider the inverse of {8.11), that is,
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n
8.17) byl Dy +0,)" = 57 B o, vIE g
k=0
We find that ‘
(8.18) (Dy+ Dy )8/ xy) = nfa+B+n—1BES . (x,y)
= 4N ()
{8.19) Z Z—,Z Bn‘f‘kﬁ Gy =y )&k = (1 — xu) ™V (1 = yu) BV
n=G k=0
in the special case a=§ =0 we put
(8.20) bk = —— B9yl 0 > 1),
Then we have {n— 1)1 i’
n_.n
(8.21) bp1 = X—Xt%s Gn .
n
(8.22) bri2 = 3 : 0} Op-ji1
j=1

and generally

-

8.23 7
( ) bn+7,k = E j—,—bj,k_1 On-j+1 -
This may also be written in the form f=k-1
n
7
(8.24) botkk = 2 = bitk-1,k-10n-+1 -
Thus for example /=0
- 1 G - .
bn+3,n = Z (—;‘;—m} 0i+10)~ji+1Opn-j+1
o<i<j<n
= Y A ,
bptan = Z I 2)k 73 Oit1%i+1%-j+1%n-k+1
o<i<j<k<n
and so on.
For proof of the formulas in this section the reader is referred to [2].
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