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1. Introduction

The Euler numbers E; are the integers defined by

Sl n

=secx+tanx. (1.1)
n=0

In 1879, D. André [1,2] gave a combinatorial interpretation for the Euler numbers E,. These num-
bers count the number of permutations w = w7, ---m, of elements in the set [n]:={1,2,...,n}
such that the sign of m; — w1 equals (=1, 1 <i < n. Such permutations are called alternating
or up-down permutations. Alternating permutations have rich combinatorial structure and have been
studied extensively over the last century [7-11,13,16,22,30]. Particular emphasis has been placed upon
the enumeration of alternating permutations by various weights and conditions.

In this paper, we undertake a combinatorial analysis of several new g-analogues of the Euler
numbers. The resulting expressions provide new enumerations for alternating permutations. The asso-
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ciated generating functions are quotients of basic hypergeometric series and arise in several contexts
related to the work of S. Ramanujan [17-19,29]. In particular, the generating functions from Section 4
appear in the expansions of Ramanujan’s Hadamard product for the generalized Rogers-Ramanujan
series from page 57 of his Lost Notebook [25], [4, Chapter 13]:

o qnz ol 2n—1
> ]‘[( 4}11 ) (12)
o (q; Dn i1 =197

where
2n—1
Y1=—1 y2=0, y3= q+q° D ;gﬂl
1-y2(@’ ' @P3v2@  A-3yS@
ya=y1ys3. (13)
The functions v(q) and («; q), appearing in (1.2) and (1.3) are defined by
oo n—1
Y@=y """ (=] ]1-ad, lal<1. (14)
n=0 j=0

In [20], Ismail and Zhang observed that the polynomials appearing in the expansion (1.2), as the
coefficients of (q;q)j’ll/f‘z(q) in y;, are symmetric about the middle coefficient(s). We explain this
symmetry in Sections 4, 5, 7, and 8 by unraveling the combinatorial significance of these polynomials.

The series appearing in this paper arise in an entirely different setting in the work of Prodinger and
Cristea [23,24]. These authors employ generating functions to determine the probability that a random
word over the infinite alphabet {1,2, 3,...,} satisfies certain inequality conditions. They assume that,
within a word, each letter j occurs with (geometric) probability pg/~!, independently, for 0 < q < 1
and p =1 — q. In Sections 2-3, we derive direct combinatorial interpretations for certain generating
functions from [23,24]. Quotients of the series considered in the present paper also have beautiful
continued fraction representations [15,23,24].

For nonnegative integers A, B, C, D, consider the following g-analogue of tanx:

n An2+Bn 2n+1
o0 n+1 oo (=D"q X
Z fonpr(@x"1 2nm0 " o

(_])nan2+an2n '

;9 B (15)
s q)2n+1 0
n=0 2 n=o (@:@)2n

When (A, B,C,D) = (0,0,0,0), fant+1(q) is the g-tangent number Tpn11(q) of EH. Jackson [21].
In [18], Huber proves that the coefficients T§n+1 (q) of (q;q)z_n]+]¢*2(q) in yop4q in (1.2) are
fons1(q@) for (A,B,C,D) =(1,1,1,0). In this paper, we discuss g-tangent numbers corresponding
to (A, B,C,D) given in the following table. Let r;fﬁ] represent the probability that a word from
{1,2,3,...} of length 2n 4+ 1 defined in the preceeding paragraph satisfies the inequality condi-
tions o f.

fons1 (A, B) (C,D) Probability
< >

Tant1 ©,0 0,0) LT

Toni1 1.1 (1,0) Tt

Tonta (1,0) (1,0) T

The column on the right contains the numbers considered by Prodinger for which the series (1.5)
is an associated generating function [23, Theorem 2.2].

For each value of A, B, C and D, the quotient (1.5) induces a corresponding recursion relation for
the function f;11(q). From these formulas, we obtain the following related polynomials. For a poly-
nomial p(q), let p(q) denote the dual of p(q) (see [23, Remark 3.3]). Several of the dual polynomials
occur in connection with probabilities from [23].
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(A, B) (C, D) font1 Relevant relations Probability
0.1 ©.1) e, 9% 1 (@) =q"Tans1(q) -

(R )) @.-1) Tant1 Tant1(@) = Tans1(q) -

2.0) 2,-2) s T“‘i] @=q"2"T§% (@) -

o a-n T, L @=0"TS,@ G
am 1,-1) T TS @=a7""T5,,,@ 72n+1

In Section 2, a well-known arithmetic interpretation of the classical g-tangent numbers T,41(q)
is discussed. We provide an elementary proof of this interpretation that demonstrates fundamental
ideas used throughout the paper. A new g-analogue T"Eil(q) is also discussed in the same section.
In Section 3, we deduce combinatorial interpretations for new g-analogues of the secant numbers

appearing in [23,24] defined by

2n(@¥" [ (—1yngCr*+Dny2n\ ™
Z (@ Dan _<Z (@ D2n

n=0

(C,D) g Relevant relations Probability
(0,0) Son o
©,1) qsie S%5(q) = q"" San (@) -
(1,0 4S5, S5 oo
@ -1 Son (@ =" @ DSy (g 7Y 05’
@.-2) S5 San(@ =q"* V71855 @ -

A 3 = <>
a.-1 83 $5.@ =9""55,@ On

The values o, *F denote the probability that a given word of length 2n, under the aforementioned
hypotheses, satisfies the inequality conditions «8. It should be noted that the generating function
for the polynomials S9,(q) appearing in Section 3 differs by a factor of q~! from the corresponding
generating function for 0,5~ in [23].

In Sections 4 and 5, we describe combinatorics of the new g-tangent numbers T3 . ,(q) and

T3, H(q) Our arithmetic interpretations explain the symmetry arising among the coefficients of these
polynomials.

In Section 6, we deduce arithmetic interpretations for second-order tangent numbers TZn 1@,

(2)n(~2+)1 @, T;rﬁ)] (q) obtained by squaring the generating functions discussed in the previous sections.

We include similar interpretations for second order g-secant numbers. In [17,18], it is shown that the
coefficients of (q; q)z_n1+11/f*4(q) in ypn of (1.2) are scalar multiples of Tgn(ﬂ Q).

We indicate in Section 7 how closed formulas for the g-Euler numbers may be derived in terms
of the Bell polynomials. We also comment on an application of our results to a conjecture made by
Ismail and Zhang [20, Conjecture 4.3] concerning a more general class of polynomials appearing in
(1.2) within corresponding expansions of yj, j > 1.

Before proceeding, we introduce some necessary definitions and notation. A pair (i, 1) is called
an inversion of the permutation 7w = w7, - -7, if i < j and 7; > ;. We denote by inv(rr) the
number of inversions of the permutation 7r. The descent set D(;r) is defined by {i | 7; > 711}, and
des(m) denotes the size of D(;r). For a permutation 7, we define

o =135 --- and 7T, = Mo 7T4-- -,

where oy = co. Two kinds of half descents of 7 are defined by des(sr,) and des(r,).
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Define the g-binomial coefficient by

@:Dn :
[n} = [n] = { @D(@Dn—k’ ifoO<n<k,
k ki, 0, otherwise.

The following lemma is one of several combinatorial interpretations for the g-binomial coefficient.
We will refer to this lemma often in the remainder of the paper. For a proof of the lemma, see
[28, p. 132].

Lemma 1.1.
invry __ | N
L
T
where the sum is over all permutations w with D (i) C {k}.

A more instructive view of Lemma 1.1 follows by defining P,gk) , for a given n and k < n, to be the
set of all permutations 7t on [n] such that

T <N <3 < <M1 < Tk, Tl < TTp42 <+ <Tp-1 <Tp.
Then it follows from Lemma 1.1 that
inv(mw n
> a=[i)
7'[6[),(1’()

We denote by Ap the set of up-down alternating permutations 7 = 7717, - - - 77, on the set [n] with
7T <7y >m3 < ---, and we denote by A, the set of down-up alternating permutations 7 on the
set [n] with m1 >y <73 > ---.

2. The classical g-Euler numbers

Jackson’s g-analogues of the sine and cosine functions [21] are

i (_l)nxszrl i (_l)nXZI’l
= (@ Dantr /(1 — @) = (@ Dan/ (1 — ™

By considering quotients of these functions, we arrive at a g-analogue of the tangent numbers,
Tan+1(q), defined by

S 2n+1 S n,2n+1 0 n,2n

T -1 -1
Z 2n+1(Q)X _ Z( )"x / D% ) (2.1)
= @D+ = @ Dan+1 1 = (@5 Q)2n

If we replace x by x(1 —¢q) in (2.1) and let ¢ — 1, the corresponding identity reduces to the rela-
tion obtained by equating odd parts on each side of Eq. (1.1). Multiplying both sides of (2.1) by the
denominator on the right side and equating coefficients of x, we obtain

Tani1@ =) [Z”ZZ ! } D o1 @ + (D) (22)

The following combinatorial interpretation of the polynomials T»,+1(q) is well known [6,14,27,28].
We include a proof based upon the recursion (2.2) as an aid to the reader, since later results in the
paper have proofs that are similar in nature.
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T2k Tok+2  T2k+4 Ton
T2k—1
m T2 ‘/A\y/) e (/&\‘
Tok+1  T2k+3 Ton—1  T2on+1
Fig. 1. AY

2n+1°

Theorem 2.1. For a nonnegative integer n, we have

T (@)= Y ¢™%.

TE€AM+1
Proof. Let
fapi@= Y ¢™".
TE€AM 41

For n =0, it is clear that

i@ =1=T(q).

For any positive integer n, we will prove that fy,,1(q) satisfies the recurrence (2.2). For a positive

integer k <n, let .Ag;) 41 be the set of permutations 7 on [2n + 1] such that

T <72 <--- <Tk—1 < T2k,
Tok4+1 < TT2k42 > TT2k+43 < -+ <TT2n > TT2n41-
(k)

Fig. 1 shows the conditions for = € A, ;.
From Lemma 1.1 and the definition of fan41(q), we see that

i 2n+1
Z qmv(ﬂ) = |: U ] f2(n—k)+l (@ (2.3)
”GAg’?H

(k)

For a positive integer k < n, we denote by 5,

the set of permutations t on [2n + 1] such that

T <T <T3 <+ <0k > Tk41 < T0242 > T2h+43 < *++ <T2n > T2n41-

Fig. 2 shows the conditions for 7 € Bg,? 1

We now compute the generating function for permutations 7 € 5

Z qinv(n)_

(k)
7Byt

(k)
2n+1

From the definitions of A%, and B®

1 ni 1 We see that for any k, 1 <k<n,

Al gk gD

2n4+1 = P2n41 2n+1°
where BT = (77 | T T Th
a1 = {7 T <72 <-++ <Top < Mon41}. Thus
inv(w inv(w inv(r
I N 2
(k) (k) (k+1)
TeBy 4 TeAn TeByiq
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T2k Tok+2  T2k+4 Ton
Tok—1
s
Tok+1  T2k+3 Ton—1  T2on+1
Fig. 2. By, .

By iterating (2.4), we deduce

n
Z qinv(ﬂ):Z(_l)k—l Z qinv(n)+(_1)n Z qinv(ﬂ). (2.5)

1) k=1 (k) (n+1)
TeByi meAy i 7Byt

Note that BSI)H = Ajn+1. Therefore, it follows from (2.3) that (2.5) is equivalent to

a1 (@ = Z[z"“]( D oo (@ + (=D,

k=1

which completes the proof. O

The following theorem gives the generating function for alternating permutations 7 in Azp4q by
weight inv(r) + des(i).

Theorem 2.2. Define

(_1)nqnx2n+1

00 Tdes 2n+1 o =g X

Z T 2n+1 (q)X Zn =0 " (q;Q)2n41
(— 1)nqnx2n

= (@ Dmn Cn0 wam

Then

Tg§i1 (q) — Z qinv(n)+des(n).

7T E€AM+1

Proof. Recalling the definition of Ty,4+1(q) given by (2.1) and noting that des(t) =n for any 7 €
Aony1, we have

>0 T = " (@),

TEAM+1

By comparing the recurrence relations for Tdesﬂ(q) and Tap11(q), we see that Tdesﬂ(q)
q"Tony1(q). O

The dual functions corresponding to Ty;4+1(q) and Tg,‘ji_l(q) are discussed in the following theo-
rem.

Theorem 2.3. Define
o A 00 (_l)nq2n2+nx2n+1
Z T2n+1(Q)X2nH _ 2 nzo (@:@2n+1

@ Qa1 yoeo U
"= 2n=o @D2n

and
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(_1)nq2nzx2n+l

00 2n+1 co =) q X
ZTZSSH(‘DX” _ 2no @ D21

(G D2n+1 T oo M'
"= 2n=o (@ Da2n

Then we have
Ton41(@ =Tonr1(@) and  T55,(q) =g 2" TS5, (@)

Proof. We first note that the polynomials f2n+1(q) satisfy T1(q) =1 and

n—1
A 2n+1 2_
T2n+1<q>=2[2kil}( DGO Ty @)+ (1) (26)

For any alternating permutation 7 € Ay,+1, define 7 by

T = Ton+1TonTTon—1 - - - 2701

Then 7 is clearly an up-down alternating permutation. Furthermore
inv(mr) +inv(Tr) =n(2n+1).
Thus

Z qmv(n): Z qn(2n+1)—mv(n)

TEeAM+1 TeA41
n(2n+1 -1
=q" " DT (q7").

Therefore, it suffices to show that

f2n+1 @)= Q"(Z”H)Tznﬂ (q71)~

We now show that q"®"*DTy,,1(q7") satisfies the same recursion as Tont1(q). Substitute
q*F DTy 41(q™") for Tyeqq in (2.6). Then

n
2n+1 _k— 12— (n— _ 2
Z[Zk+1:| (—1)" k 1q2(n k)*—(n k)ql<(2k+1)T2k+1(q 1)+(_])nq2n +n
k=0 q

n—1

2n+1

:Z[ZIC—"_]] ( ])n k— qun +nT2I+l( ) ( 1)11 211 —+n
k=0 a

=" T (a7,

where the last equality follows from the recursion formula (2.2) for T2n41(q).
It follows from the recurrences for T2n+1 and T2n % that T2n+1(q) = q”Td“—’fH (). This identity is

equivalent to T4%,, (q) =q2"T4%,, (q) since Tani1(q) = Tant1(q) =g "T*(g). O

By equating coefficients of x*™*1 in the generating functions for T2, 1(q) and fz,hq (q), we obtain
a special case of a formula due to Gauss [3, p. 37].

Corollary 2.4. For any nonnegative integer n,

n n
22+j | 2n+1 | _ 2—j|2n+1
>4 [2j+1 —ng 2j |
]:

j=0
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The classical g-secant numbers enumerate alternating permutations on the set [2n] for n > 1 by
the number of inversions.

Theorem 2.5. Define
. Som@ (S (—1ymen
2n -
= - . 2.7
2 o (;0 @ Do ) @7

Then

Sm@= ) ¢"™.

weAn

For a proof of Theorem 2.5, see [5,26-28]. The following theorem gives the generating function for
alternating permutations 7 in Ay, by weight inv(w) + des(m).

Theorem 2.6. Define
-1
i SgES(q)XZn _ (i (_1)nqn+1x2n>
=0 (@ D2n = @@

Then

Sdes(q)_ Z qmv(n')+des(7r)

TeAn

Proof. Recalling the definition of S,(q) given by (2.7) and noting that des(r) =n—1 for any 7 € Ay,
we have

Z gmvemHdestm) — gn=1g, (q).

wehAny

By comparing the recursions for S3(q) and Szn(q), we see that S9(q) = ¢"~'Szn(q). O

The dual functions of Sy,(q) and Sd“ (q) are discussed in the following theorem.

Theorem 2.7. Let
N -1
io: sZn(q)in _ io: (_l)nqn(Zn—l)in
Z @om  \Z @D
and
i §gﬁs(q)x2” B 00 (_1)nq2n(n—1)x2n -1
=0 @ D2n = @D
Then

Sum@= Y q™™ and 3@ =Y gmom-dem,

A TeAn
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Proof. We first note that the polynomials §2n(q) satisfy §0(q) =1 and

n—1

A 2n L _ V1) A

Sa(@) =) j[Zk}(—l)" g DEy (). forn>1. (28)
k=0

For any up-down alternating permutation 7 € Ay, define 7 by

T =TonTon—1T2n—2 - T27T7.

Then 7 is clearly a down-up alternating permutation. Furthermore
inv(mr) +inv(Tw) =n(2n —1).
Thus

Z qinv(n)z Z qn(2n—1)—inv(n)

Ay T E€AM
— qn(2n71)52n (qfl )

The first statement in the theorem is equivalent to

Son(@ =q" VS (q7"). (2.9)

We now show that q"@n=Dg, (g~ 1) satisfies the same recursion as $2,(q). Substitute g*Gk=D s, (g~ 1)
for Sy in (2.8). Then

n—1
2n k=1 _(n— —k)— _ _
Z[zk] (_1)11 k 1q(n k)(2(n—k) 1)qk(2k ])SZk(q 1)
q

k=0

— Z [;Z} ( l)ﬂ*k*lqznzfﬂszk(qfl)

— qn(2n—1)52n (q—l)’

where the last equality follows from the recursion formula for Sy, (q).
We now show that

des (q) Z qinv(n)—des(n) ,
TeAy,

which is equivalent to

des(q) 2n(n—1)52n(q—l).

since des(rr) =n for a permutation 7 € Ay, and Sa,(q) = ¢"@DS,,(gY) by (2.9). We now show
that 2"~ S,,(q~") satisfies the same recursion as $9%(q), namely

des(q) Z[zn]( -l)n —k—1 z(ﬂ k) (n—k— 1)5d€$(q) fOl‘n}l. (210)
k=0

Substitute g~V Sy, (q~") for $% in (2.10). Then
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n—1

2n _k— k) (n—k— _ _
Z[Zk] (—1ynk 142 k) (n—k 1)q2k(k 1)52k(q 1)
k=0 q

n—1
2n —k— _ -
— [2’(] 1(_1)71 k 1q2n(n ])Szk(q 1)
0 qa-

k=
— q2n(n—1)52n (q—l),
where the last equality follows from the recursion formula for Sy;(q). O

3. New g-secant numbers

The following theorem provides a combinatorial interpretation for a new class of secant numbers.
Recall the definition of half descent des(ir,) for a permutation .

Theorem 3.1. Define
-1
3 S @ (35 (—1)"g"
= @D = (@D
Then, forn > 1,

Sgn(Q): Z qinv(n)+des(m,).

meAyn
Proof. Let
Zon (q) — Z qinv(n)-&-des(nu).
ey

From the definitions of inv(;r) and des(m,), it is clear that

£2(q) =1=S5(q).
The polynomials S, (q) satisfy S3(q) =¢~' and

n—1

2n —k—=1_(n—k)2
S5 @ =) [2k]<—1>" g s @, forn>1. (3.1)
k=0

We define go(q) =q~!. We will show that the polynomials go,(q) satisfy (3.1) for n > 1.
For a positive integer k <n, let Ag,? be the set of permutations 7 on [2n] such that

T <M >T3 <+ >Tk—1 < Tk,
T02k+42 > TTok+4 >+ > Tlon > TT2n—1 > T2n—3 > -+ > T02k41-

Fig. 3 shows the conditions for 7 € Ag’;).
(k)

Note that there are (n—k)? — (n —k) inversions in 7Ty, 17ok42 - - - T2, for the permutation 7 € A5
Thus, from Lemma 1.1 and the definition of g»,;, we see that

i _ 2n _k)2

3 gnemrdestmms )tk - [Zk]q(" Y g1(0). (32)
NEA(ZI,?

(k)
2n

For a positive integer k < n, we decompose A, into disjoint subsets as follows:
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T2k+2
T
o Tok—2 T2k ..kt Ton—o
/.\_ /\/. /N Tan
s s T i (@ Ton—g Mon-1
1 3 k-3 Tok-1 @ Tokes
Fig. 3. AJ.

Aé'ff = {7 | ok > Tok42} U T | ok < Top42}
= {70 | ok > okt > Tok—1} U{TT | ok > TTok—1 > Topt2} U T | Toky2 > ok > Tok—1}
= {7 | Tak > Tak42 > Takt1 > Wok—1} YT | ok > Taky2 > Tok—1 > Tok+1}
U | Tk > Tok—1 > Toket2 > Tok+1} U {0 | Tokq2 > ok > Tok—1 > Tog41}
U{T | Tokq2 > ok > o1 > Tok—1} YT | Wokq2 > Mok > ok > Mok—1}
= {70 | ok > k42 > Tokt1 > Tok—1} U {TT | ok > Tok—1 > Tok+1}
U{T | okt > ok > k1 > Tok—1} U | Wokq2 > Mok > Mok > Mok—1}
=8P uck upP ued. (33)
Note that Bg’? is the set of alternating permutations 7 on [2n] such that

T <T>T3 <> Tp—1 < T2k,
Tk > Tk+2 > «++ > T2n > TTon—1 > TT2pn—3 >+ ++ > Tk4+1 > TT2k—1,

from which it is clear that B;’;) is a subset of .A(Z’;fl). Fig. 4 shows the conditions for 77 € Bg,?.

We define Bg? = Apy,. For a permutation 7 € Bg;) with 1 <k <n, if mor_3 > my_1, then

T0ok—2 > TT2k—3 > TT2k—1,

which shows that such 7 satisfy the conditions of Cgf;l). Thus
I
Bé;) = {7 | T3 > Mok—1} U{TT | Tok—3 < o1}
k—1
=5V Ul | s < marea). (34)
We now compute the generating function for permutations 7 € Bg;?
Z qinv(n)+des(mn3~-7'r2k4)+(n—k).

neBé’;)
Let m € Bg,?. If 7wor_3 > moK_1, then

inv(r) +des(mwyms - - - Top—1) + (n — k) = inv(;w) + des(rq73 - - - Top—3) + (N —k + 1).
However, if 7,3 < w1, then

inv(m) + des(myms -+ - mwop_q1) + (N — k) =inv(w) + des(mwims - - - mwop_3) + (n—k+1) — 1.

In this case, we look for a permutation o such that

inv(ir) + des(iryms - - - Top_1) = inv(o) + des(o103 - - - O_3) + 1.
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7T2’? T2k+2

s
Uv’ Mok—2 L2kt
! 3 Tok—3 gk "
T2k—1
Fig. 4. BG”
Let m be defined by
Tok+m = MaX{Mokj | Togyj < Tok—2, j = —1}

Ton—2

Ton

There exists such an m since 7 is an alternating permutation, so that my,_1 < m_>. It follows that
Tok—1 K Toktm < Tak—2. We switch mo,_» and myk4m, and denote the resulting partition by 7. Switch-

ing mor_» with 7y, results in a decrease of the inversion number, namely

inv(m) =inv(mT) + 1.

Moreover, since ;41 = 72+ for i <k —1 and mo,_3 < mok_1,

des(173 - - o —1) = des(T17T3 - - - Tak—3).

Thus

inv(m) + des(mmyms - - - k1) = inv(T) + des(w17T3 - - - Tor—3) + 1.

If 7ok—» were switched with myy ., for m > 0, then w1 < Topm and moy >
definition of 77, we see that

T <72 >T3 <+ <TT_2,
ok > Tk > -+ + > Ton > Mong1 > Tan—1 >« > Mok1 > Tok—1,
Tk > Mok—2 > TTop—1 > Mok—3,

which shows 7 € D2n +1
i > 2k. Hence, from the definition of 77, we see that

ﬁ1 <ﬁ2 >ﬁ3 < <T_L'2k_2,
ok > Tk > - -+ > Top > Mong1 > Toan—1 >« > Mop1 > Tok—1,
Tk > Mok—1 > Tok—2 > Mok—3,

which shows 7T € 5%;;11) Thus, by (3.3) and (3.4), for any k, 1 <k <n

k
[ | 7w eBY my 3> man ) UR |7 eBY, w3 < a1}
_C(k 1)UD(k 1)U5(k 1)
1 k—1
_AfD g,

Therefore,

Tok+m- Hence, from the

If myr_> and my,_1 were switched, namely m = —1, then my,_» < m; for
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Z qinv(n)+des(n17r3~-n2k,1)+(n7k)

neBg;)
_ Z qinv(n)+des(n17r3-~-7rzk73)+(n—k+1)+ Z qinv(n)+des(m7r3--~n2k73)+(n—k)
T[EB;’;) neBé’;)
TT2k—3>72k—1 TT2k—3<T2k—1
_ Z qinv(n)+des(n17r3-~-ﬂzk73)+(n—k+1)+ Z qinv(fr)+des(7'r1ﬁ3---ﬁ2k73)+(n—k+1)
neBé’g neBé’;)
T2k—3>72k—1 T2k—3 <T2k—1
— Z qinv(ﬂ)+des(7rln3---n2,<_3)+(n—k+l)_ Z qinv(n)+des(7r17r3---n2k_3)+(n—k+1) (3 5)
neA(zljfl) neBé’:fl)

By iterating (3.5), for any n > 1, we deduce

Z qlﬂV(ﬂ)+d€S(ﬂo)_Z( 1)n —k— 1< Z qinv(n)+des(7r17r3-~-ﬂ2k_1)+(n—k))

neB(n) neA(z’;)

+(—1)n7] Z qinv(n')+n717
neBgl)

which is equivalent to

n—1
2n —k—1_(n—k)? 1 n2—
gzn(q)=2[2k]<—1>" g g (@ + (1" g

k=1

Z[ ]( D100 gy (q),

where the second equality holds since go(q) =q~!. O

Theorem 3.2. Define
3 Sh@e" (i (—1)"q"("”x2“)_
= @D = @D

Then, forn > 1,
5@ =0q"""55,(@).

Proof. Using the recurrences satisfied by S9 (q) and §gn(q), we can easily prove that §gn(q) =
ql~ ~159,(q) for n > 1. We omit the details. O

The other half descent des(it.) is discussed in the following theorem.

Theorem 3.3. Define
S5a(@) = Y gmirrdestme), (36)
weAn

Then we have

50 (@ =qS5,(@).
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Proof. For a permutation 7 € Ay;, define the map o by co(m) =2n+1—7m)2n+1 —mop_1) -
2n+1—my)(2n+1 — my). Then o (;r) is an alternating permutation in Ay, with

inv(r) =inv(o (;r)) and des(1,) + 1 =des(o (77)e),

since 0 () = (00)2n+1—m2p-1)2n+1—1m2-3)--- (2n+1—m3)(2n + 1 — 7). Therefore, it follows
that S§,(q) =qS5,(@). O

It follows from Theorems 3.1 and 3.3 that

= s, @ (& (Dt
S5

= @D — (@ D2n
4. New g-tangent numbers associated with odd indices

Define T3, ;(q) by
2
o 2n 00 (_1)nqn +ny2n+1
Z Tng,] (q)x " _ Zn:o (9:@)2n+1

@ PDant1 Zgo()(—:)ﬂq;zxzﬂ
= q:9)2n

n=0

Then, by the definition of 59 (q) in Theorem 3.1,

X TS @XM & (—1yngr it 2SS (g)x"

,; @Pam+1 = @D = (@D
Thus
n
2n+1 —k (n—k)>+(n—
T§n+1<q>=2[ * }(—w” kg 59 @), (4:1)
k=0

In [18], Huber proves that the coefficients (q;q)z_nlJr]w*z(q) in yyp+1 in (1.2) are Tgn_H (@), whose
combinatorial interpretation is given in the following theorem.

Theorem 4.1. For each nonnegative integer n, we have

T%H_](q): Z qinv(n)eres(m,).

T E€Am41
Proof. Let
fra@= Y g,
TEAM 1

For n =0, it is clear that

fil)=1=T{(@.

For any positive integer n, we will show that f;,4+1(q) satisfies Eq. (4.1).

For a positive integer k < n, let Ag:?ﬂ be the set of permutations 7 on [2n + 1] such that

T <T>T3 <+ >Tk—1 < Tk,

k2 > Toktd > -+ > TTon > Ton1 > Mon—1 > -+ > Tok1- (4.2)
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Tok+2

7r
Trok—o TM2k+4

/\N

Tokg—3  T2k—1

- Mon—2 Tn

7T2n 377271 1

Ton+1

k41 2k+3

. k
Fig. 5. ‘A(2n)+1

Fig. 5 shows the conditions for 7 € Aggﬂ.

From Lemma 1.1 and Theorem 3.1, we see that for k <n

i 2n+1 —k)2
Z qu(fr)eresmlm 7Tzk—1):|: o ]q(n k) Sgk(Q)- (4.3)

(k)
TeAy

We decompose A2n+1 into disjoint subsets as follows:

A;?-&-l = {7 | 2n > Won1} U{T | W2n < T2n1}
= {7 | Ton > Toany1 > Mon—1} U{TT | TTon > Ton—1 > Tonp1} U {TT | Ton < Ton41}
. (n) (n)
=By UDyn 1 Uy (4.4)

Note that Azp4+1 = BZn+l U DS,?H For k < n, we decompose ‘A2n+l into disjoint subsets as follows:
(k)
A1 = 7 | ok > Tk} VAT | ok < Tok41}
= {7 | ok > Toks1 > M1} U T | T > Tok—1 > M1} YU T | ok < TWoks1}

= {7 | ok > Mokq2 > Tok1 > Wok—1} U{TT | Tokq2 > Mok > Toky1 > Mok—1)
U{m | ok > Trok—1 > k1) YT | Tk < 41}

(k) c (k) (k)
= Bony1 YCony1 YD1 YUy (4.5)

Note that, since the permutations in Bg,? 1 satisfy the conditions of (4.2), Bg’,? 1 is the set of alternat-

ing permutations 7 on [2n + 1] such that
T <Tp>T3 <--- < Tk,
T2k > T02k42 > -+ + > T02n > T02n+41 > T2n—1 > **+ > TT2k—1-
Fig. 6 shows the conditions for 7 € Bgff oy
Furthermore, for any positive k, 1 <k <n+1,

(k) (k—1)
By 1 = A7 | Tak—3 > Wok—1} U7 | Tok—3 < Wok—1} = Dy VLT | k-3 < T2k—1},
where B™1D = Ay, 1. For k > 1, we now compute the generating function for permutations 7 €
(k)
By
Z qinv(n)+des(r[1n3--~n2k,1).
”eggr?ﬂ
(k=1)
Let w € BZn+1 If 7wok—3 > 7wok—1, Namely w € D, ;, then

inv(m) + des(mwyms - - - 1) = inv(w) + des(my7w3 - - - o _3) + 1.
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s
2k T2k+2
T

N

US| 3 T2k—3

k41
T2k—1

. k
Fig. 6. B;n)ﬂ.
However, if mop_3 < 7or—1, then

inv(m) + des(mmws - - - og—1) = inv(m) + des(mw1w3 - - - Top_3).

In this case, we look for a permutation o such that

inv(m) + des(mwyms - - - Tog—1) = inv(o) + des(o103 - - - O9—3) + 1.

Let the positive integer m be defined by

Tokym = MaAX{TTopyj | Tokyj < Mok—2, j = —1}.

Since mok_1 < mok—o, there exists such an m. We switch w4, with mor_» and denote the resulting
partition by 7. Switching my,_» with 7y, results in a decrease of the inversion number, namely

inv(m) =inv(mT) + 1.

Moreover, if ok, was switched with 7y, for m > —1, it is trivial that

des(717r3 - - - TTop—1) = des(7T17T3 - - - Tok—3),

since 7Tpj4+1 = Moi+1 for i <k and mop_3 < mop—1. If 7o was switched with my,_1, since o3 <
T02k—1 < T2k—2,

des(717T3 - - - To—1) = des(T17T3 - - - TTr—3).

Thus, in either case,

inv(ir) + des(mmyms - - - 1) = inv(T) + des(w17T3 - - - Tor—3) + 1.

From the definition of 7, if m,_, was switched with my,_q, then

1 <T2 >3 < -+ <Tok—4 > k-3 < M2k—2,
Tk > Mokq > -+ > Mon > Moyl > Ton—1 > -+ > Mok—1,

Tok—2 < k-1,

which shows that 77 € Séﬁ;ll) If 7or—2 was switched with my,, for m > —1, then it follows from the
maximality of mp,m, that

T <2 >3 <+ <Tok—q > Mok—3 < Wk—25

Tk > Tokq2 >+ -+ > Top > Mon1 > Mon—1 >+ > Tok—1,

Tk > Tok—2 > Mok—1 > Mok—3,

(k—1)

which shows 7 € Czn+1 . Thus, for any k,1 <k<n+1,
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{7‘[ ’ T € Bg,(,l)+], TTok—3 > 7T2k_1} U {J_T ‘ T € Bg;)Jrl, k-3 < 7T2]<_]}

(k—1) (k=1) (k—1)
=Cong1 YDyt Yo
(k=1) (k=1)
= A1 \ Bony1» (4.6)
where the last equality of (4.6) follows from (4.5). Therefore,
Z qinV(aneS(mn3~~-ﬂz:<_1)

reB®

2n+1
— 2 : qinv(n)+des(n1ﬂ3-~-ﬂ2k,3)+1 + 2 : qinv(rr)eres(ﬂln3<--7r2k,3)
(k) (k)
meByii meBy
TT2k—3>T2k—1 TTok—3<T2k—1
— 2 : qinv(n)+des(7r1m---n2k73)+1 + § : qinv(ﬁ)eres(ﬁlﬁg--~7?2k,3)+1
(k) (k)
meByi 7B
TT2k—3>T2k—1 TTok—3<T2k—-1
_ inv(mw)+des(mwymw3---ToK_3) inv(mr)+des(mwy w3+ Top_3)
_q< E q 1703+ 72k—3) __ q 1773 2k-3) | (4‘7)
(k=1) (k=1)
TeA 7By

By iterating (4.7), we deduce

Z qinv(n)+des(7ro)

reByy
n
— Z(_l)nfk< Z qinv(n)+des(n1n3~-~n2k71)+(nfk)+1) + (_Dn Z qinv(rr)Jrn’
k=1 ”EA(zl;)ﬂ T[EB;)-H

which is equivalent to

n
2n+1 —k (n—k)2+(n—
fn1@ = [ ~ ](—1)“ kg S (@
k=0

by (4.3) and the definitions of By ), BS), |, and S§(@ =q~'. O

Define 'Tgnﬂ (@) by

2 2n+1
00 o 2141 oo (=1)g" X7
Z Ton 41 (@X _ 2 n=o @ D201
(@ D2nt1 0o (=Dngnt-nxen
n=0 20 @

Theorem 4.2. For a nonnegative integer n, we have

T91@ =q""T9,1(@).

Proof. The theorem follows from the recursions satisfied by T3, +1(@) and T‘z’n m@. O

5. New g-tangent numbers associated with even indices

Let TS, +1(@) be the polynomial satisfying
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T2k+2
o Tok—2 T2k . T2k+4 Ton_o
. LB Te T
Tom—3 Ton—1 2n+1
! 3 Tok—3 T2k—1  T2k+1 T2k+3
Fig. 7. A% .
2
S 241 00 (71)nqn x2n+1
Z 51 (@X" Zn 0 @®2np
(@5 D2n+1 (=1yngrx2n
n=0 2ns0 G
From the generating function for TS, (), it follows that
n—1
2 2n+1 —k— k)2
TS (@ = (=D"q" +Z[2k+1](—1)” 1= T (@), (5.1)
k=0

Theorem 5.1. For a nonnegative integer n,

T5n+1(‘I): Z qinv(ﬂ)+des(ne)'

TE€AM41
Proof. Let
Fra@= Y g,
T A1

For n =0, it is clear that

fi@=1=T{(Q).
For any positive integer n, we will show that f;,41(q) satisfies the recurrence (5.1).
For a nonnegative integer k <n, let Ag()ﬂ be the set of permutations 7 on [2n + 1] such that
T <72 >T3 <+ <Tk > Tk+1s
Tk+2 > TT2k+4 > -+ > Ton > Ton41 > TTon—1 > * -+ > TT2k4 3.
Fig. 7 shows the conditions for 7 € Aé’,?ﬂ.
From Lemma 1.1 and the definition of fo,11, we see that

i 2n+1 k)2
Z qu(rr)ereS(ﬂoﬂzm Tok) — [zk P } q(” k) Fok1(Q)- (5.2)

(k)
e A2n+1

For k <n, we decompose AP

aniq into disjoint subsets as follows:

Aé'f}H = {7 | ok 1 < T2} U{T | T2kq1 > Tok2}
= {7 [ k1 < Takt2 < ok} UAT | Tak1 < 7ok < Tokg2} UAT | k1 > o2}
= {7 | o1 < TT2k+3 < Wokt2 < ok} VAT | Tok43 < Tokt1 < Wokt2 < ok}
U7 | Tak1 < Tk < Tok2} U AT | Wokq1 > Tok2}

B(k) Uc(k) UD(k) US(k)

2n+1 2n+1 2n+1 2n+1- (5‘3)
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2k Tokia

Uy T2k—2

N

T 3 Tok—3 Tok—1 W2k+'1'“"7f2k+3

.....7T2n+1
7T2n_37r2n_1

. k
Fig. 8. Bén)-f-l'

Note that BY

aniq 1S the set of alternating permutations 7 on [2n + 1] such that

T <72 >T73 < -+ <Tk > TMk+1,
T2k > T02k42 > *++ > T2n > T2n4-1 > TT2n—1 > «++ > T02k43 > TT2k+1-

Fig. 8 shows the conditions for 7 € BY

2n+1°
We define B;';)Jrl = Aon+1. For a permutation 7 € Bgl?ﬂ with 1 <k <n, if my_y < o, then
T0ok—1 < T02k—2 < TT2k,

which shows that such 7 satisfies the conditions of D*~Y. Thus

2n+1
(k)
By =17 | Tok—2 < o} U LT | o2 > 7ok}
(k—1)
=Dy yq ULT [ k-2 > o}

We now compute the generating function for permutations 7 € Bg?ﬂ
Z qinvw)+dES(ﬂoﬂzn4---nzk)

)

By

(k)

Let w € By, ;.

If mok_o < ok, then

inv(m) + des(mwomaTty - - - o) = inv(w) + des(Tom2 T4 - - - Wok—2).
However, if my,_5 > my, then

inv(mr) + des(mmoramy - - - o) = inv(ir) + des(mmoma s - - - Tok—2) + 1.
In this case, we look for a permutation o such that

inv(mr) + des(momamy - - - o) = inv(o) + des(0g0204 - - - Ogk—_2).
Let m be defined by

Tok+m = MIN{Tok4 j | Top+j > Tok—1, 0 < j < 2n—2k + 1}

There exists such an m since 7 is an alternating permutation, namely mok_1 < 7Tok. SO, Tok4m < Mok <
Tok—2. We switch 7o, with w1 and denote the resulting partition by 7. Switching mp,_1 with
Tok+m Tesults in increasing of an inversion, namely

inv(m) + 1 =inv(m).

Moreover, since my; = 7y; for i <k,

des(TToTa T4 - - - Tk —2) = des(TWoT27T4 - - Tok—2)-
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Thus

inv(ir) + des(mamy - - - o) = inv(iT) + des(woma s - - - Top—2) + 1

=inv(T) + des(om27T4 - - - Tok—_2)-

If w51 was switched with 7oy, for m > 0, then . ; < k. Hence, from the definition of 77, we

see that

T <T2 >3 <- <Top_2 > Mok-1,

Tok > Tok42 > -+ > Mo > Tong1 > Top—1 > -+ > Mok,

Tok—2 > T2k > Tok—1 > M2k41,

which shows, from (5.3), that 7 € ek e Tok—1 and 7y, were switched, namely m = 0, then

2n+1*

Tok—1 > 7 for i > 2k. Hence, from the definition of 77, we see that

1 <2 >A3 <+ <Mop—p > Mok—1,

ok > TTok42 >+ -+ > Ton > Mong1 > Toan—1 >« > Mok41,

Tok—2 > TTok—1 > ok > Mok41-

Note that, since 52“;111) C Agﬁ,j:l), we see that

glk=1) _

o1 = 0 | Tok—2 > Tok—1 > Mok > Wok+1}-

k—1)

Therefore, (5.4) implies 7 € 52(n+1 .

{m|n e B®

_ A(k=1) k—1) (k—1)
=Cyny1 YDy U

_ k=1 (k—1)

- A2n+1 \ BZI‘H—] .
Therefore,

Z qinv(yr)+des(7rgn2n4---7r2k)

(k)

410 72k—2 < 772k} U {ﬁ | T eB

(k)

q

q

Hence, by (5.3), for any k, 1 <k <n

n+1> T2k—2 > 7T2k}

inv(mw)+des(mwoma s Top—2)+1

inv(iT)+des(To2 T4 Tok—_2)

Byt
inv(rr)+des(moma w4 Tk —
— 2 q (T)+des(moma s Tak-2) 4 E
(k) (k)
TeBy 4 TEeBy
Tr2k—2 <72k TT2k—2> T2k
inv(w)+des(mmomy w4 ok —
— § q (7)+des(momama - Tok—2) 4 E
(k) (k)
TeByiiq TeByy
Trok—2 <TT2k TCok—2>T02k
— 2 : qinv(ﬂ)+des(ﬂgn2n4<--n2k,2) _ 2 : qfnv(ﬂ)+L‘I€S(T[07'[27'[4-~-712k,2)
reAk reB¥b

2n+1

By iterating (5.5), we deduce

Z qinv(yr)+des(7re)

()
7By

n—1
— Z(_l)nle] (
k=0

(k)
TeAyu

2n+1

Z qinv(n')+des(ﬂ0ﬂ2ﬂ4---n2k))+(_1)n Z qinv(rr),

0)
Byt

(5.4)

(5.5)
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which is equivalent to

n—1
fn1@ =) BZ 0 } 0" @+ (D" O

k=0

Theorem 5.2. Define

(71)nqnz+nX2n+1

o0 T 2n+1 o0
Z TS,H_](Q)X g _ 2n=0 (@:D2n+1

(@5 D2nt1 o ZOOOM :
n=

n=0 @D

Then, forn > 1,
T5n+1 @=q """ T5n41(@)-
Proof. Note that

n—1

A 2 2n+1 —k—1(n—k)2—(n—k) 4

T§n+1(q)=(_])nqn +n+§ :|:2k+l](_1)n k 1q(n k)2 —@n k)TSk+1(q)' (5.6)
k=0

To prove Theorem 5.2, multiply both sides of (5.6) by g"*! to obtain, for n > 1,

A 2 2n+1 —1,.n2
¢ TS @ = (D" [ ' ]<—1)” g

n—1
2n+1 Ch 2 N
+ Z |:2k +1 :| (—1yr kg To1 @- (5.7)
k=1
Note that

2 1 _ _ _
(_1)nq(n+1)2+|: n:‘ :I(_l)n ]qn2+1:(_1)n lqn2+](1+q+.+q2n ])

— (—1)"q" + [Z”T 1 ] (—1) g™, (5.8)

Inserting (5.8) into (5.7), we see that the recursion (5.1) for Tgnﬂ(q) is identical to the recursion for
qtt! fzenﬂ (@) in (5.7). O

6. Symmetries of the g-Euler numbers

In [20], Ismail and Zhang conjectured that the polynomials T, +1(q) are symmetric about the
middle coefficient(s). We prove their conjecture in the following theorem.

Theorem 6.1. The polynomials Top+1(q), T‘2’n+] (q), and T§n+1 (q) are symmetric about the middle coeffi-
cient(s).

Proof. For each alternating permutation 7w = 73 - - - Ton+1, the permutation T = w172, -+ - 71 1S
also an alternating permutation. Recall that des(re) = momy - - - 7won and des(7Te) = w72, - - - 2. From
the definition of 7, it follows that

n(2n+ 1) =inv(w) + inv(T),
2n(n+ 1) = inv(mw) + des(m,) + inv(im) + des(T,),
2n(n+1) + 1 =inv(rw) + des(e) + inv(iT) + des(Te).
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Therefore, the inversion map 7w — 7 is a bijection between
{7 |inv(m) =k} and {m |inv(m)=n@n+1)—k},
{7 |inv() + des(rmo) =k} and {m | inv(rr) + des(o) =2n(n + 1) — k},
{7 | inv(rr) + des(re) =k} and  {m |inv() + des(e) =2n(n+1) + 1 —k}.

If k=n(2n+ 1)/2, then {m | inv(;w) =k} = {mr | inv(;r) =n(2n + 1) — k}. Otherwise, the two sets are
disjoint. It follows that, if n is even, the coefficients of Ty,1 are symmetric about the term

{7 | inv() =n@n +1)/2}] - g"C+ D72,

If n is odd, the coefficients are symmetric about the terms corresponding to gql""+1/2] and
q"@mD/2F1 The coefficients of TS, ;(q) and TS, . (q) can similarly be seen to be symmetric about
the middle term(s). O

The g-secant numbers discussed in Section 3 are symmetric about the middle coefficient.
Theorem 6.2. The polynomials S5, (q) and §gn(q) are symmetric about the middle coefficient.

Proof. It suffices to show that S§,(q) is symmetric. First note that the alternating permutation with
the least weight is

w=132547---2n—1)(2n — 2) 2n,
with inv(r) =n — 1 and des(;r,) = 0; while the alternating permutation with the largest weight is
n=02n—1)2n2n-3)2n—-2) ---12
with inv(r) = 2n% — 2n and des(r,) =n — 1. Thus
_ 2_p_
S4@=q""+ ¢

It is clear that S9(q) =1 is symmetric. Suppose S5, (q) is symmetric about qu] for k < n. Since the
g-binomial coefficient [y] is symmetric,

2n _i
[Zk} (-’ S (@

is symmetric. The exponent of the middle term is
(n—k)? + (2nk — 2k*) +k* —1=n? - 1.
Therefore, S9,(q) is symmetric about q”2‘1. O

Note. It would be interesting to find a combinatorial proof of Theorem 6.2 analogous to that of The-
orem 6.1. We note in passing that the polynomials S»,(q), Sdes(q) and their dual polynomials S2,(q),
Sdes(q) appearing in Theorems 2.5, 2.6, and 2.7 are the only polynomials considered in this paper that
are not symmetric about the middle coefficient(s).

Definition. A polynomial p : C — C of degree n is said to be reciprocal if
a1
p(z) ==xZ"p 7) (6.1)

The following corollary follows from Theorems 2.3, 3.2 4.2, 5.2, and 6.1.
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Corollary 6.3. The polynomials TdefH @, TZn 1@, T2n +1(@, and S ,(q) are reciprocal. More precisely, if

F@ € (T8 (@), T34 (@, T5,,1 (@, 55,(@) |n >0}, and f has degree n, then
fa/9 = f@/q"

7. Higher order g-Euler numbers

The tangent numbers of order k are defined by the Taylor series coefficients in the expansion
of tank z about z = 0. Since
2
—tan’z= d— tanz,
dz>

dz
we see that for n > 1, the numbers
2n 2n+1
d 5 tan® z = dzinﬂ tanz (7.1)
dz z=0 dz z=0

each enumerate the alternating permutations on [2n + 1]. Equivalently, the first and second order
tangent numbers are identical. The g-extensions of second order g-tangent numbers, in contrast, gen-
erate polynomials distinct from those of first order. In the following theorem, we offer a combinatorial
interpretation for the second order g-tangent numbers arising in the previous sections.

Before we state the theorem, we define the permutation statistics «, 8, and y on Azp4+1 by

a(m) =inv(w) + max(wr) —2n — 1,
. 3 + SigN(Mmax(r)—1 — Tmax(w)+1)

B(mw) =inv(mw) + des(i,) + max(w) — >

y () =inv(m) + des(,) + max(w) — 2n — 2,

where max(7r) denotes the index of 2n+1 in 7r. Throughout the section, we denote nij =TiTip1 -7
for a given permutation 7.

Theorem 7.1. Let Toy41(q), TS, 1@, TS, +1(q) denote the g-analogues of the tangent numbers defined by
Theorems 2.1, 4.1, and 5.1, respectively. Define T(Z) @, T0 @ (q), T® (2)(q) by

Z T(Z) (q)z ( Z T2n+l (q)22n+1 >2

n=0 (qa Q)Zn n=0 (q5 q>2n+1
0 (2) (q)z ( Z 2”+1 @)z 2n+1 )2
(Q» @2n = @Dt ’

oo
n=0
3 TR @z _ (Z TS, (@22 )2.
= @ D2n (@; D2n+1
Then

o= Y ¢7 1BP@= Y 7 1= > ™.

TeAM 11 TEAM+1 TEeAM+1

Proof. For a permutation 7 in Azp4q, let w9, =2n+ 1 for some k, 1 <k <n. Then

inv(m) = |{(, j) |i <2k < jand 7r; > 7;}| + |{(, j) | i < j <2k and 7; > 77} }|
+{G, ) |2k <i < jand 7 > 75} | + [{(2k. j) | 2k < j}|

=|{G, j)|i <2k <jandm; > 7j}| + inv(m k=T +inv(7122,?:11) +2(n—k) +1.
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Thus,
a(m) =|{G, j) |i <2k <jand i > 7;}| +inv(z ) ~|—mv(n22,?111)

We now show that T(z) (g) is the generating function for permutations in Ay;+1 with weight «. The
polynomials T( )(q) satisfy

2
T3 (@) = Z [Zk ]TZk 1@ T2-1+1(@)- (72)
By Lemma 1.1, the g-binomial coefficient [2k2f1] in the summand on the right-hand side of (7.2)
counts the inversions between the two sub-permutations nlz"‘l and 7122,’:;"11, namely
I{G, j)|i<2k<jandm; > mj}|;
k—1 2n+1

Tok—1(q) and Ty;—gy+1(q) count the inversions of nlz and 773, o respectively. Therefore, T(z) (q) is
the generating function for permutations 7 in Ay;+1 with weight o (7). The arithmetic interpretatlons

for the polynomials To(z) (q@) and T*¢ ;i) (q) are similarly derived. We omit the details. O

In the next theorem, we present a corresponding interpretation for the second order g-secant
numbers studied in Sections 2 and 3. The proof for each interpretation is similar to that of Theo-
rem 7.1.

Theorem 7.2. Let S;(q) and S9,(q) denote the q-analogues of the secant numbers defined by Theorems 2.5
and 3.1, respectively. Define S;i) (q) and S"%) (q) by

e Son @2" _ <Z SZn(q>z2")2
= (@ Dan @@ /)’

n=0
i So%)(q)zbl B (Z Sgn(q)z2n>2
= @D = @D

Then

5(2)(q) — Z q(S(T[)

TEAM 1
0(2) Q) = Z qu(rr) — Z q“’(”),
TEAM+1 €Ay
where
2n+1—min(mw

8() =inv(w) —2- inv(yrr%l’i’;(;)ﬂ) ( * 5 ( )> — min(7) + 1,
min(r) + 3

V() = 8(1) + des(7o) — 2 - des(( ri'::(n)ﬂ)o) +n-— —

o) =8(r) + des(me) —2 - des((né';;(;)ﬂ)e)

min() + 2 + sign(Tmaxr)—1 — Tmax(r)+1)
2
+ sign(mwan41 — 1) +sign(my — 1) — 2

+n—
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Proof. For a permutation 7 in App41, let w1 =1 for some k, 0 < k < n. Then

inv(m)=|{(,j)|i<2k+1<jandm; > 7;}| + |{G, j) | i < j <2k+1and 7; > 7;}|
+[{a. ) |2k+1<i<jandm; > 7} |+ |{G.2k+1) | i <2k + 1}
=|{G.j) i <2k+1<jandm; > m;}| +inv({¥) + inv(mse ) + 2k.
Thus,

sery={G. j)|i<2k+1 < jandm; > m;}| +inv(m ) — inv(my ) ) + <2(n2—k))

=|{G, j)|i<2k+1<jand 7; > 7;}| + inv(r; )—i—mv(nzzlsz]) (7.3)
where 721 — 772n+1772n o437 2k +2-
We now show that S (q) is the generating function of permutations in Ap,4+1 with weight §. The
polynomials S( )(q) satlsfy

(2)
S (@ = Z [2k} S2k(@) Sa(n—io (@)- (74)
By Lemma 1.1, the g-binomial coefficient [ ] in the summand on the right-hand side of (7.4) counts
the inversions between the two sub-permutations 712" and 7122]?:21 namely
G, j)|i<2k+1<jandm; > mj};
_2n+1

Sok(q) and Sy(n—k)(q) count the inversions of nlz and 7w respectively, since 7r12k € Ay, and

2k+1"
77221?:1 € Aym—k). Therefore, S%(q) is the generating function for permutations 7 in Ap;y+1 with
weight 8 (7).
To obtain the claimed arithmetic interpretation for the polynomials S";ﬁ) (q), note that, with the
convention that des(¥) = 0, where ¢ denotes the empty permutation,

des(TTan+172n—1 - - - Tmin(r)+2) + SigN(Tont1 — 1) — 1
2n —min(r) — 1
- 2
Hence, by (7.3), we find that

— des(Tmin(r)+2Tmin(r)+4 -+ T2n+1)-

min(w) + 3
2
=38(m) +des(mims - - - Tmin(r)—2) — des(nmin(n)+2ﬂmin(n)+3 - TTon41)
2n —min(mw) — 1
2
=68(m) +des(mims - Tmin(r)—2) + des(wan+172n—1 * Tmin()+2)

v() = 8(r) + des(7,) — 2 - des((m ;’};nm) )+n—

+sign(mwon1 — 1) — 1
=|{(, ) |i <min(r) < j and 7; > 7} +inv(7tlmin(”)_1) + des( (7, min(z)— 1)0)

+inv(r r?'lr:n(ﬂ)+l) + des(( rirllr-:—(}r)-&-])o) +sign(mone1 — 1) — 1,
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Mt 1 . _
where nm’;:(ﬁ)ﬂ = Ton+172n -+ Tak43Tmin(r)+1- Therefore, since S§(q) = q~!, by Lemma 1.1, Theo-

rem 3.1, and the definition of 50%)

SR@= Y ¢'™.

TEAM+1

(q), we see that

By squaring the generating function for S§ (q) defined by (3.6) and using the fact that S§ (q) =
Sgn(q), we readily observe that the weight w(sr) corresponds to the same enumeration for Ap;41q
as v (). We omit the details. O

8. Concluding remarks

Define the Bell polynomials B (X1, X2, ..., Xp—k+1) Via the generating function [12]
o¢] m [o¢] n k_n
XmZ u“z
exp(uz i )=1+zzsn,km,xz,xn_m> 2
m=1 n=1 k=1

Then, by Faa Di Bruno’s formula [12, p. 137] and Theorem 2.5,

(T @)2n <IN
Son(q) = an)! (1-1-;(—1) V!an,v(dl,---,aznvﬂ)), (8.1)

where

o — { (=D*2k1/(q; @), ifkis even,
““o, if k is odd.

From (2.1) and (2.7), we obtain

T @=Y [2”5 ! } (~1)"I52(@). (82)

j=0

Closed formulas and relations for the other g-Euler numbers can be similarly derived.

As mentioned in the Introduction, the generalized tangent numbers T3, +1(@) are the polynomi-
als arising in the coefficient of ¥~2(q) in (q: @)2n+1Y2n+1 Of (1.2). Constant multiples of the second
order extensions TO%)H (q) appear in (1.2) as the coefficient of ¥ ~#(q) in the corresponding ex-
pansion of (q; q)2ny2n for n > 2 [18, Theorem 3.4]. Ismail and Zhang [20, Theorem 4.1] prove that
each y; can be expressed as a polynomial in certain elliptic parameters over the field of rational
functions in q. The authors of [20] suggest that polynomials appearing in the numerators of these
expansions, denoted by D s :(q), have interesting combinatorial properties. Our study of T, +1(@) ex-
plicitly addresses the combinatorics of the polynomials Dy 0,1(q) and Dy ,2(q). Recursion formulas for
y;j appearing in [17,18] show that, in general, the polynomials D, s((q) arise as linear combinations
of finite products [] ]-(Tgnj 1 (@))™i. The results of the present paper explain the symmetry of the

polynomials appearing in expansions for y; observed by the authors of [20].
9. Addendum

A point of clarification is necessary to reconcile the polynomials appearing in [20] with those of
the present paper. The polynomials D; 5 :(q) arise as coefficients in the series expansions for the zeros
of

o0 qnzxn

R(x,q) :=

: (91)
=5 @ @n
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Due to minor misprints, the polynomials D, o, appearing in [20, p. 374] are not in accordance with
the polynomials T3, . ;(q) studied here. For completeness, we include a corrected version of the rele-
vant results in [20, Sections 3 and 4]. A more detailed discussion appears in [18, §4].

Theorem 9.1. Let
0 <ii(@) <ixq) <---<in(@) <--- (9.2)
be the zeros of R(—x, q), and define &,(q), X, u such that
in(@:=q""6@, X=4q". u=X/Va©. (93)
Let ¥ (q) be defined by (1.4) and ¢(q) = Y e . q" ? Denote
0: a3: a2. a®x2
h(x) = X ! 1¢>1(,q,q2,q>2<) (9.4)
A =@v=@) 191(0;q: 9%, qx*)
and
am (g 1)y -m,1/2| ¢*(@) — 16qy*(¢*)
x) = 9.5
g0 = Zw 2l @) (95)
Then, provided the aforementioned series converge,
X=uexp(—gohou). (9.6)
Moreover, if we denote by u(X) the inverse function X — u determined by (9.6), then
£1(q) = exp(—2g o ho u(X)). (9.7)
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